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Lesson: 1

Moment of Inertia-1
1.1 Some definations:-

Inertia:- Inertia of a body is the inability of the body to change by itself its state of
rest or state of uniform motion along a straight line.

Inertia of motion:- It is the inability of a body to change by itself its state of
motion.

Moment of Inertia:- A quantity that measures the inertia of rotational motion of
body is called rotational inertia or moment of inertia of body. M.I. is rotational
analogue of mass in linear motion. We shall denote it by I. Let there are n particles

of masses m;, then moment of inertia of the system is

O d, I=m; df +m,d; +..+m_d’
.,
-, my - i‘,midi2
ds . ms i=1
d, I=3 md’

L
where d; are the | distances of particles from the axis.

(i) MLI. in three dimension: - Let us consider a three dimensional body of volume
V. Let OL be axis of rotation. Consider an infinitesimal small element of mass d,
then

mass of small element d,,, = pdv

where dv = volume of infinitesimal small element and

p is the density of material. Then moment of inertia of

body is dm

Izmclmel2

or I= Idez dv




(ii) MLIL. in two dimension

Here mass of small element d,,, = pdS

and moment of inertia is I =demd2
S

or I= de2 ds
S

where dS = surface area of small element

(iii) ML.I. in one dimension

Consider a body (a line or curve) in one

dimension. Consider a small element of length

ds and mass d,,. Then mass of small element,
dm = pds

M.I. of small element = dy,d*

. ML.L of body I= Idmdz

or I= Ipdzds

ds

Radius of gyration:- Radius of gyration of a body about a given axis is the L

distance of point P from the axis where its whole mass of body were concentrated,

the body shall have the same moment of inertia as it has with the actual distribution

of mass. This distance is represented by K. When K is radius of gyration,

I'=1
= MK? =m (17 +1; +...+1°)

. omn( 15 A1)

n

M 1 D)
n

2 2 2
N KI\/rl +15 4.t
n

=  MK?




where n is the number of particles of the body, each of mass ‘m’ and ry, 15... 1, be
the perpendicular distances of these particles from axis of rotation. k 5
Where M = m x n = total mass of body.

00—
I

me_ |
I

Hence radius of gyration of a body about a given axis is equal to root mean square
distance of the constituent particles of the body from the given axis.
Example:-M.I. of a uniform rod of length ‘2a’ about an axis passing through

one end and 1 to the rod:-

O
2a
]
A 3x B
<X >
L

Let M = mass of rod of length 2a.

OL = axis of rotation passing through one end A and L to rod.

Mass per unit length of rod = 2M
a

Consider a small element of breadth dx at a distance ‘x’ from end A.

Mass of this small element = 2M6X
a

M.IL. of small element about axis OL or AL = 2M Sx x°
a

2a
M.I. of rod about OL = IM x% dx
0 2a

M |:X3j|23
2a| 3 o



[= ——=_Ma’

= IoL = g 1\/[212

Example:- MLI. of a rod about an axis passing through mid-point and L to rod

Here LL' is the axis of rotation passing L
through mid-point ‘0’ of rod having 2a
length 2a. ob
Consider a small element of breadth 6x at a distance ‘x’ from A sx B
mid-point of rod O. <
Mass of this small element = 2M8x L
a
M 2
. M.IL of small element about LL' = 2— OX. X
a

a

.. M.IL of rod about LL' = M Ixzdx

2a
—a

a 372
‘. ILL, = 2_M dex :M X_
ay al 3 0

, Ma’
= —a =
3a 3

= Iy = %1\/[3.2

Example:-M.I. of a rectangular lamina about an axis (line) passing through centre

and parallel to one side

PQ




Let ABCD be a rectangular lamina of mass ‘M’ and NL be the line about which
M.L is to be calculated.
Let AB=2a, BC=2b

: ) M
Mass per unit area of lamina = —
4ab

Consider an elementary strip PQ of length (BC = 2b) and breadth dx and at a
distance ‘x’ from G and parallel to AD.

Mass of elementary strip = £ 2b dox
4ab

= —0&x
2a

2
M.L. of this strip about NL = b?(Mass of strip)

2 2
= Isz—2a:Mb
2a 3 3

Example:- M.I. of rectangular

lamina about a line L to lamina and \

passing through centre : b d

Let GL = axis of rotation passing through G < >y
centre ‘G’ and L to lamina ABCD. Consider a x
small element of surface area S = 0xdy A

Here L distance of small element from axis GL, d = y/x* +y*

.. Mass of small element = pox Oy



M.IL. of this small element about GL
=p dx dy (x> +y?)

b a
.. MLL. of lamina = I J-p (x> + yH)dx dy
—b-a

= 4pﬁ(x2 +y?) dx dy
00

4pa

- T(a2b+b3): 4pab

2412
—— (@ +b
3 ( )
.M, ) . _

. I—?(a +b°) [using mass of lamina M = 4p ab]

1.2 Moments and products of inertia about co-ordinate axes:-

(I) For a particle system

Q V4
\‘\\m
TP(x.y.2)
000,00 !
\\\(\\7 ) : y
I P'(x,y,0)

Consider a single particle P of mass ‘m’ having co-ordinates (x, y, z)

Here d= 1 distance of particle P of mass m from z-axis

=PQ=0P' = \/)(2+y2

Therefore, M.I. of particle of mass ‘m’ about z-axis

=md’=m (x> +y?)



.. MLL. of system of particles about z-axis
Iz = 2md® = Zm(x* + y?)
And Standard notation for M.I about z-axis is C, i.e., C = Zm (x> + y?) = L,
Similarly, we can obtain M. I. about x and y-axis which are denoted as under:
About x-axis, A = E(y2 + zz) = Iox
About y-axis, B =Im (z* + x°) = Loy
Product of Inertia
The quantities
D =% myz
E = Z mzx and
F =% mxy
are called products of inertia w.r.t. pair of axes (oy, 0z), (0z, ox) and (ox, oy)
respectively.
For a continuous body:

The M.I. about z-axis, x-axis and y-axis are defined as under

C= mp(x2+y2)dx dy dz
\%

A :J-”p (v* + Z%)dx dy dz
\%

B = ij (z +x%)dx dy dz
v

Similarly, the products of inertia w.r.t. pair of axes (oy, 0z), (0z, 0x) and (ox, oy)
respectively are as under

D= =”Ipyz dv .E =”Ipzx dV andF = =J.J.J.pxy dv
For laminas in ;y plane, we putV z =0, then '

A= ”p y? dxdy
S

B= ”p x? dx dy
S

C= [[p e +ydxdy
S

D=E=0, F=”pxydxdy
S



1.3 MLL. of a body about a line (an axis) whose direction cosines are <A, y, v> :-

Let a is a unit vector in axis OL

whose direction cosines are <A, p, v>. ’ <A, W, v>
Then N d

4 =M +pj+vk (1) K (x,y,2)
Let P(x, y, z) be any point(particle) of mass of the body. () y
Then its position vector T is given by

@:P:Xi+yj'+zf< ...(2)
1 distance of P from OL, X

d=PN=0Psin0 = |Fxi| ..(3)

=  d= (Xi+yj+2zK)x (M + pj+ vk)

= |(vy = u2)i+ Az —vx)j+ (ux - Ay)k|

= \/(Vy_,,tz)2 +(Az—vx)” +(ux —Ly)’

= d= \/kz(y2 +z2)+ (2% +x2) +vi(x +y?) = 2uvyz — 2Avxy — 2Auxy
Therefore, M.1. of body about an axis whose direction cosine are A, |, V is
I, =Zm{M(y* +2°)+ (2" +x7)+ v (X +y7)
—2uvyz — 2AVvXZ — 2 UXy}
=  IoL=AM+Bp?+Cv? = 2uvD — 2AvE — 2AuF
1.4 Kinetic Energy (K.E.) of a body rotating about O:-
Let axis of rotation be OL through O, then angular velocity about OL is

W=wa

Then K.E., T = z% m (V. ¥)

:Zm|€1><§?|2 w? © P=WxP=waxf
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w? ¥ md? [using equation (3)]

N |~

1
f— TZEWZIOL

This is the required expression for kinetic energy in terms of moment of inertia
1.5 Parallel axis theorem
Statement:- For a body of mass ‘M’, we have
C=C +Md
where C' = M. I of body about a line GL through C.G.( centre of mass) and parallel
to z-axis
C = M.L of body about z-axis (i.e. a line parallel to GL) and at a distance ‘d’ from
GL. z

Proof :

Let M = Mass of body and P is any point whose co-ordinates w.r.t. oxyz are (X,y,z),

G is the centre of mass whose co-ordinates w.r.t. oxyz are ((X,V,Z) ).

Let us introduce a new co-ordinate system Gx'y'z’ through G and Co-ordinates of P

w.r.t. this system are (x',y’,z"). Let FG be the position vector of G and r; position

vector of mass m; w.r.t. oxyz system. Now by definition of centre of mass of body,

P _ xmr,
L =i
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when centre of mass cocides with origin at G w.r.t new co-ordinate system G x'y'z’,

we have % =0 . Therefor

m =0 = 2Xmn=0
M
- Xmx —0, zmy —0, Xmz _0
M M M
where
P’: X'i+y'3'+z'lz
and P=x§+y}+zf<
So, we have
Ymx =Xmy =Xmz' =0 ...(D)

Now d’=(GN)’=(0G)’ - (ON)’ = X* +y* +2Z° -7’

=X? +y? .2
Co-ordinates of P w.r.t. (0x, oy, 0z) axes is (X, Y, )
Co-ordinates of P w.r.t. (Gx', Gy, Gz') axes is (X', y', Z')
Thenx=X+x",y=y+y,z=2z +7
Thus, M.I. about z-axis is

C=3m(x’+ y2)

=Zm[(X+x')" + (¥ +y')’]
=  C=Im[X*+x2Xx+y +y?+2yy']

=Im(x?+y?) + Im(X*+ 7)) +2X Zmx’ + 2yZm y’

C=3mx?+y?)+ (X*+7°) Tm+0 [from (1)]

= C=C"+Md [using (2) and £m = M, total mass]
Similarly, M.I. about x and y-axis are given by

A=A +Md

B=B'+Md’

where d is perpendicular distance of P from x and y-axis
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For Product of Inertia
Here Product of Inertia w.r.t. pair (ox,0y) is
F=Zmxy=EXm(X+x')(y+Y")
=Xm(Xy+x'y+xy'+x'y')
=¥Xmx'y' + Xy XZm+X Xm y+y Zm x’'
=FF+MXy +0 [using (1)]
= F=F+MZXy
Similarly, for products of Inertia w.r.t. pair (oy, 0z) and (0z, ox) respectively, we
have D=D'+Myz and E=E+ MzX.
1.6 Perpendicular axis theorem
(For Two dimensional bodies or mass distribution)
Statement:- The M.I. of a plane mass distribution (lamina) w.r.t. any normal axis is
equal to sum of the moments of inertia about any two L axis in the plane of mass
distribution (lamina) and passing through the intersection of the normal with the
lamina.
Proof :
Let ox, oy are the axes in the
plane of lamina and oz be the normal
axis, i.e., Xy is the plane of lamina.
Let C is the M.I. about L axis, i.e., 0z axis
Here to prove C=A+B

By definition, M.I. of plane lamina about z-axis,

C= ” p(x*+y?) dS [for a continuous body]
S

= ”p x> dS + ”p y* dS
S S

= C=B+A
For mass distribution,

C=3m (x*+y’) =Emx’ + Zmy”



13

= C=B+A
For two dimensional body, D=E=0and F =Zmxy.
Converse of perpendicular axis theorem :
Given C=A+B
To prove it is a plane lamina.
Proof:- Here A = Zm(y” + z°)
B =3¥m(z’ +x%), C=3IM(x*+v?)
Now given C=A +B
= I(x*+y)=2m(y* + 2% + Em(z* + x)
=¥m(y’ + 22° + x%)

= Imx’ + Zmy2 = Zmy2 +25mz* + Tmx’

=  2Emz’ =0

=  Emz’ =0 for all distribution of mass.
For a single particle of mass ‘m’,
mz’=0 =z=0asm=#0
= It is a plane mass distribution or it is a plane lamina.
1.7 Angular momentum of a rigid body about a fixed point and about a
fixed axis:- The turning effect of a particle about the axis of rotation is called
angular Momentum.

Let O be the fixed point and OL be an axis passing

- L

through the fixed point.

W = angular velocity about oL

. v R(m)
b= position vector of P(x, y, z)
(fixed Y

= P=0P =xi + yj+zk X point)
Also linear velocity of P, V=wxF ...(D)

The angular momentum of body about O is

ﬁ:E(?xme):Z[?xm(\gx?)] ...(2)
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ﬁ =3m[Fx(Wxb)]
=>m [(FF)% - (FW)F]
[0 AX(BxC)=(A.C)B—-(A.B)C]
= ¥m 2% —(P.\Q)P]
= H=Emr)®-smEHF ..(3)
If  H=hi+h,j+h,k
@=w1§+w23+w312 ...(4)
Then F.& = W X+W,y+ W3z
.. from (3),
hy i+h, j+hyk=(Em ) (wi+w, j+w; k) -
Xm(wix + way + wsz) (xi + y} + zlA<)
Equating coefficients of i on both sides,
hy =3m x>+ y* + 2%) w; — Tm(wWix + way + W3z)x
=Im(y’ + Z)w; + Zm x°w; — Zmw, X° — m(wWoy + Wiz)X
= Zm(y2 + zz) w1 — (Zmxy) wy — (Em xz)w3
h; = Aw; — Fw,; — Ew;
Similarly,
h, = Bw, — Dws — Fw;
h; = Cw; — Ew; — Dw, ...(5
h, A -F -E||lw,
h,|=|-F B -D||w,
h, -E -D C ||w,
Inertia matrix (symmetric 3 x 3 matrix)
1.8 Principal axis and their determination
Definition :- If the axis of rotation ¥ is parallel to the angular momentum ﬁ , then

the axis is known as principal axis.
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If W Wja=wa
a =| 1}{) |a = l}-i —n ¥ , Where n is a constant
= H=nw
1.8.1 Theorem:- Prove that in general, there are three principal axes through a
point of rigid body.
Proof : For principal axis,
ﬁ:n\% = H=nw ...(D)
Let ll:i =Ha, W=wa
where a is a unit vector along principal axis of body through O.
By definition of f—i ,
ﬁ = Z(P X me)
= H=Em?)§-zmEHP
Using ll:i ¥ , we get
n \9 = (Zrnr2 )\% — Zm(?.\g)g
Using W=wa,
n wa=3Ymr’ wa— Zm(P.w Q)P
Cancelling w on both sides & rearranging,
(=mr? —n)a = =m(Fa)f (2
Let E:x§+yj+zf<, é=7\i+uj+vf< ...(3)
where <A, p, v> are direction cosine of principal axis.
=  EmP-n)Ai+pj+vk) =ImAx +py +vz) (xi+yj+zk) ]
Equating coefficients of i on both sides,
= [Em(x’ +y* + z°)-n] A = Em(Ax> + puxy + vxz)
= [Em(y* + z°)-n]A = Em[pxy + vxz] [canceling m Ax* on both sides]
= (A-nA—-Fu—-Ev=0
Similarly (B—n)u—-Dv-FA=0 ...(4)
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(C—n)v-—EA-Dup=0
or (A-n)A—Fu—-Ev=0
-FA+(B-n)p-Dv=0 ...(5)
—EA-Du+(C-—n)v=0
Equation (5) has a non-zero solution only if
A-n -F -E
-F B-n -D|=0 ...(6)
-E -D C-n
This determinental equation is a cubic in n and it is called characteristic equation of
symmetric inertia matrix. This characterstic equation has three roots nj, ny, n3 (say),
so nj, Ny, n3 are real. Corresponding to n = (n;, nz, n3) (solving equation (5) or (6)
for <A, u, v>).
Let the values of (A, u, v) be
(A1, py, Vi) > n=n,
(A2, W2, V2) > n=ny
(A3, 13, v3) > n=n3
These three sets of value determine three principal axes a,,a,, a; given by
a, :Xp§+up j+vpﬁ wherep=1, 2, 3.
1.8.2 Theorem :- Three principal axes through a point of a rigid body are mutually
orthogonal.
Proof : Let the three principal axes corresponding to roots nj, ny, n3 of
characteristic equation
A-n -F -E
-F B-n -D|=0
-E -D C-n

A A A

be a;,a,,a,.

Let n,,n,, 5 are all different.
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Then from equation,

(Emr’-n) 4= Zm(f’.é)f)

We have
Emr? —n)a, ==m(FA)F (1)
(Emr® —ny) 4, ==m(Fa,)F (2
(Emr? - n3) 4, = Em(F.4,)F .3

Multiply scalarly equation (1) by a, and equation (2) with a, and then substracts,
we get

(n;—mny)a,a, =0
= a4, =0 asn #m
Similarly a,,a, =0 and a,a, =0
= a,, a,,a, are mutually orthogonal.
Remarks :- (i) If nj# n, # n3 then there are exactly three mutually L axis through 0.
(i1) If n, = n3 (i.e. two characteristic A
roots are equal). There is one principal
axis corresponding to n; through 0.

Then every line through 0 & L to this

a, is a principal axis. Infinite set of
principal axis with the condition that
a, is fixed.

(ii1) If n; = n, = n3, then

Any three mutually L axes $
through O(centre of sphere) are é

principal axes.
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1.9 Moments and products of Inertia about principal ‘Axes and hence to find
angular momentum of body.

Let a,,a,, a, are the principal axes.

Let us take co-ordinates axes along the Y
principal axes.
P=0P =xXa, +Ya, + 74,
P?=X2+Y2+Z7?
From equation
(Emr’-n) a = Zm(?.é)f)
We have
Eme - ny) 4, ==m(F.a,)F ()
(Zmr’ —ny) 4, =Em(¥.éz)g ...(2)
(Zmr® —n3) 4, =Em(ﬁé3)y ...(3)
From (1),
(Emr® —n))a, =Em[(X4, + Ya, + Z4,).4,[X4, + YA, + Za,]
=Y¥mx(Xa, +Ya, +Za,)
Equating coefficients of a,4a,, a;,
Im(X? + Y+ Z%) —n; = ImX?
0=ZmXY
0=ZmXZ ...(4)

or n =Im(Y? +Z% = A*
& F*=0, E*=0
Similarly from (2) & (3), we get
n, =B*, D*=0, F*=0
& n3=C* E*=0,D*=0
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where A*, B*, C* are M.I. and D*, E*, F* are product of Inertia about principal
axes.

Inertia matrix for principal axes through O is

n, 0 0 A* 0 0
0 n, 0[=|0 B* 0
0 0 n, 0 0 C*

Definition: Three mutually L lines through any point of a body which are such that

the product of inertia about them vanishes are known as principal axes.
Expression for angular momentum (ll:i)
Here D* =E* =F* =0, then from equation,

h; = Aw; — Fw; — Ews
we have

h; = A*w; — F*w, — E* w3
= h; = A*w,; [® F*=E*=0]
Similarly h, = B* w», hy = C* w3

H=ha +h,a,+h;a,

=A*w; a,+B*w,a, +C*w,a,

where (w1, W, w3) are components of angular velocity about (a,,a,,a;).

A*, B*, C* are also called principal moments of inertia.

1.10 Momental Ellipsoid:- We
know that M.L,, Io. of a body
about the line whose d.c.’s are
<A, W, V>1is

Io. =1= A\ + Bp* + Cv? — 2Dpv

— 2Evh — 2Fhp (D
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Let P(x,y, z) be any point on OL and OP =R, then lli = R(?ﬁ + u} + le<) = xi+ yj +7k

= x=%, ng, v=§ Q)

Now let P moves in such a way that IR” remains constant, then from (1), (2), we get
Ax* + By? + Cz* — 2Dyz — 2Ezx — 2Fxy = IR? = constant

Since coefficients of x%, y%, z* i.e. A, B, C all are positive, this equation represents

an ellipsoid known as momental ellipsoid.

Example:- A uniform solid rectangular block is of mass ‘m’ and dimension 2a x 2b

x 2c. Find the equation of the momental ellipsoid for a corner ‘O’ of the block,

referred to the edges through O as co-ordinates axes and hence determine M.I.

about OO’ where O’ is the point diagonally opposite to O.

Solution :
z
(0,0, 2¢)
_ 01(2a,2b,2¢)

2¢ prat ’

-~ 2b (0,2b,0)
2370(0,0,0) y
(2a,0,0)

Taking x, y, z axes along the edges of lengths 2a, 2b, 2¢, we obtain
A= ”J.p(yz +z%)dv
v

2a2b2c
= Ijjp(y2+zz)dz dy dx
000

2a2b 2¢
II (y z+—J dy dx
00

0

2a2b

—pjj(y 2c+38c jdydx
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2a2b

2c J. J.[y2 +%CZJ dy dx
00

22 y3 4 2b
=n.2¢c || Z—+=¢? dx

0 0

pic j (8b> + 4¢? 2b) dx

0
= p—8bj(b2 +¢%)dx

_ 16bC (bZ +c )23 - (SabC p) ( + Cz)

A——(b2+ %)

Similarly B = 4TM(CZ +a?), C :4TM(a2 +b?)

2a2b2c

D= mpyzdv p[[[yz dzdydx

000

2a2b 2 7?b
—2cpjjydydx 2¢c pj[ } dx
0

2a 2a
=c’p J‘4b2 dx = 4b*c? pjdx

= D = 4b’c’p. 2a = (8abc p)bc = M be
Similarly E =Mca, F=Mab

Using these in standard equation of momental ellipsoid, we get
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% (0% + A2+ (2 + %) y? + (22 + D)2
— 2M[beyz + cazx + ab xy] = IR ...(1)
which is required equation of momental ellipsoid.
To find M.I. about OO’ :-
using x = 2a, y =2b, z=2c as O'(2a, 2b, 2¢)

and R? = 4(212 +b2+ cz)

from (1),
4M 2 2 2 2 2 2 2 2 2 2.2 2.2 21.2
T[(b +c)4a” +(c"+a")4b" +(a”"+b")4c"]-8M(b°c” +c’a” +a’b")
I , =
00 4’ +b% +c?)
L 3M 2(2a’b* +2b%c? +2c?a?)—3(a’c? +a’b? +b’c?)
©0 42 +b2 +¢?)
S o= 2M (b%c? +c?a’ +a%b?)
00" =

3 (a?+b%+c?)



23

Lesson-2 Moment of Inertia-2

2.1 Equimomental Systems:- Two systems are said to be equimomental if they
have equal M.I. about every line in space.
2.1.1 Theorem:- The necessary and sufficient condition for two systems to be
equimomental are :

(1) They have same total mass.

(11) They have same centroid.

(ii1))  They have same principal axes.
Proof:- Part A : The condition (i) to (iii) are sufficient. Here we assume that if (i)
to (iii) hold, we shall prove that two systems are equimomental. Let M be the total

mass of each system.

I system

M(<h, 1, v>)

M<A, 1, v>)

Let G be the common centroid of both the system. Let A*, B*, C* be the principal
M.I. about principal axes through G for both the systems. Let A be any line in space
with d.c. <A, u, v>. We draw a line A" similar to A passing through G. Let h = L
distance of G fromA.
M.I. about A" for both the system is

Ly = A*A? + B*p? + C*v?

[® Product of inertia about principal axes i.e. D* = E* = F* = (0]
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So by parallel axes theorem, the M.I. of both the system about A is

I, =L, + Mh®
=  L=A*+B*u + C*v + Mh?
Hence both the system have same M.I. about any line of space. So they are
equimomental.
Part B:- The conditions are necessary. Here we assume that the two systems are
equimomental and derive condition (i) to (iii). Let M; and M; be the total masses of
the two systems respectively and G; & G; are their centroid respectively.
Condition (i) A
h

M,
M,

G»

Since the systems are equimomental i.e. they have same M.I., ‘I’ (say) about line
G1Gy(in particular). Let A be the line in space which is parallel to G; G; at a
distance h. Then by parallel axes theorem, M.L. of Ist system about A = I + M;h” and
M.I. of IInd system about A =1+ Mzhz.
Since the two systems are equimomental, therefore we have,

[+ M;h> =1+ M,h*
= M, =M, =M (say)

This implies that both the systems have same total mass.

Condition (ii) H, H,

Ial
\/
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Let G;H,; and G;H; be two parallel lines each being L to G; G,. Let I* be the M.I.
of either system about a line G;H; and L to G;G; (through Gy)
Using parallel axes theorem,
M.L. of Ist system about G,H, = I* + M (G,G,)*
M.I. of IInd system about G,H, = I* — M (G,G»)’
As the systems are equimomental, therefore
I* + M (G1G2)* = I* M(G,G,)*
=  (GiGy)*=0asM =0
= G; =G, =G (say)
= Both the systems have same centroid.
Condition (iii):- Since the two systems are equimomental, they have the same M.I.
about every line through their common centroid. Hence they have same principal
axes and principal moments of inertia.
2.2 Coplanar distribution:-
2.2.1Theorem:- (i) Show that for a two dimensional mass distribution (lamina), one
of the principal axes at O is inclined at an angle 0 to the x-axis through O

such that tan 20 = i

B-A
where A, B, F have their usual meanings.
(i1)) Show that maximum and minimum values of M.I. at O are attained along
principal axes.

OR

Theorem: - For a 2-D mass distribution (lamina), the value of maximum and
minimum M.I. about lines passing through a point O are attained through principal
axes at O.

Proof :-
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through O are (x,y), then for mass distribution, we have

M.L. about x-axis i.e. A = Zmy”

M.I. about y-axis i.e. B = Zmx* ...(1)
and  Product of inertia F = Zmxy
We take another set of L axes ox’, oy’ such that ox’ is inclined at an angle 6 with x-
axis.
Then equation of line ox' is given by

y =X tan0

= ycosO—xsin@=0 ...(2)

Changing 6 to 6 + g, equation of oy’ is

—ysinB—-xcosB=0
= ysinO+xcos6=0 ...(3)
Let P(x', y') be co-ordinates of P relative to new system of axes ox’, oy’, then
PL =y’ =length of L from P on ox’

_ ycosb—xsinb

vJcos?0+sin’ 0

=ycosB—xsinH ...(4)

Similarly x’=PN = length of L from P on oy’
_ ysinf+xcosb
\/cos* 0 +sin” 0

=y sinO + x cos 0 ...(5)

Therefore,
M.I. of mass distribution (lamina) about ox’ is
Iow = Zmy'> = Zm(y cos 0 — x sin 0)?
=3 m(y*cos’0 + x” sin’0 — 2xy sin 0 cos 0)
= cos’0 = my” + sin’® £ mx” — 2 sin6 cosd Tmxy
= A cos°0 + B sin’0 — F sin20 ...(6)

Similarly M.I. of mass distribution (lamina) about oy'is given by
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Loy = A cos’| =+0 |+ B sin?| =+0 |~ Fsin 2| = +0
2 2 2

= A sin’0 + B cos’0 + F sin20 A7)
Product of inertia w.r.t pair of axes (ox’, oy’),
Iyy = Zmx'y’
= Xm(y sin0 + x cos0) (y cos® — x sin0)
= Iy = sinb cosO Zmy2 — sin0 cosO T mx>
— sin’0 Tmxy + cos’0 Tmxy
= A sinf cosf — B sin6 cos0 + (cos’0 — sin’0)F

sin 20

= (A-B) +F cos20 --(8)

The axes ox’, oy’ will be principal axes if
Iy =0
Using equation (8),

%(A—B) sin20 + F cos20 =0

= tan20 = i
A
T L ...09)
2 B-A

This determines the direction of principal axes relative to co-ordinates axes. We
shall now show that maximum/minimum (extreme) values of Ioy, I,y are obtained
when 0 is determined from (9),

We rewrite, I, and Ioy as

! (A+B) —% [(B—A) cos 20 + 2 F sin 20]

N |

on'

N | —

Loy (A +B) +% [(B-A) cos 20 + 2F sin 20]

For maximum and minimum value of Ioy, Loy,
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d d
—{.)=0 and —(1.)=0
de(OX) de(Oy)

1e. 4 [(B—A) cos 20 + 2F sin 20] =0

de
= —(B —-A)25in 20 + 4F cos 20 =0
= tan 20 = 2F
B-A

Similarly % [(B—A) cos 26 + 2F sin 20] =0

= —(B—A) 25in 20 + 4F cos 20 =0
= tan 20 = _2F
B-A

(1)

So extreme values of I,x and I,y are attained for O given by equation (11) already

obtained in (9).

Therefore, the greatest and least values of M.I. for mass distribution (lamina)

through O are obtained along the principal axes.

The extreme values are obtained as under

We have, tan 20 = sin 29 =£
cos20 B-A
sin20  cos20 1
2F B-A  J4F? +(B-A)’
= sin 20 = 2F
VAF? +(B—A)?
B-A

& cos 20 =

JAF? +(B-A)?
Now writing

on' =

%(A +B) - % [(B—A) cos 26 + 2 F sin 20]

Using values of cos 20 and sin 26 , we obtain the extreme values of I, and I,y as

under
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L. =1(A+B)—— (B-A)B-A) | 4F?
2 2| J4F2 +(B-A)’ |J4F>+(B-A)
1 (B—A)?* +4F?
=—m+B——
2 73 [J4F2+(BA) ]
zé(A+B)—%[1/4F2+(B—A)2]

%(A+B) + %[J4F2 +(B-A)?]

Example 1:- A square of side ‘a’ has particles of masses m, 2m, 3m, 4m at its

Similarly I,y =

vertices. Show that the principal M. 1. at centre of the square are 2ma®, 3ma?, 5ma’.

Also find the directions of principal axes.

Solution : F\\y' y -
—a a \\ \\ /’i{ 2 i)
12°2) ampC %2
m m %!
0 0 X
m_a ~a 2m
P —~—,—= a —a
[ 272 j Q33 j

Taking origin O at the centre of square and axes as shown in the figure, we have

A = M.L of system of particles about x-axis.

oot o2 2] ol ol

: e

ma

I
N | L

= A

2 —a : —-a : a : a 2
B=2 mx;"=m|—| +2m|— | +3m|—| +4m| —
2 2 2 2
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= B=§ma2 ...(2)

C=B+A=>5ma’

For a two-dimensional mass distribution, D = E = 0 and

osm o 2) 2222 2

ma’ (2ma’) 3ma’ 4ma’ , 3,
= F= + + - =ma” ——ma
4 4 4 4 2
= =
2

Let ox’, oy’ be the principal axes at O s. t. Zx'ox = 0.
Then, we have o = A cos’0 — 2F sin6 cosO + B sin’0

Ly =A sin”0 + 2F sin® cosd + B cos>0

and Iyy = — (A -B) sin20 + F cos26

1
2
Since ox’ & oy’ are principal axes, therefore I =0

= %(A—B) sin 20 + F cos 260 =0 .-(3)

= tan29=£

B-A

(3) = cos 20 =0 [®A=B:§ma2]

= 20= = 0=—

z
2 4

= Diagonals OR & OS are principal axes.

5 1 —ma’ (1) 5 (1 . .
Therefore, Ior= —ma“| — [—2 — |+ —ma“| — using equation (I
OR 5 [ 2] ( > J( 2) 5 ) [ g¢q (D]

= IOR = 31’1’132

and Is = 2ma’ 01, =§ma2 lj—Z.lma2 lj4—§m212 lj
) 2 2 2) 2 2
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M.I. about z-axisis C=B + A

= C=Iprt Ios = 3ma’ + 2ma’

= C = 5ma’.

Example 2 :- Show that a uniform rod of mass ‘M’ is equimomental to three

particles situated one at each end of the rod and one at its middle point, the masses
of the particle being %, % and 2TM respectively.

Solution:- Let AB = 2a is the length of rod having mass ‘M’.
L

A

M -
— 3
6

B
2M VM
6

Let m, M—2m, m are the masses at A, G, B respectively. This system of particles
has same centroid and same total mass M. This system of particles has the same
M.L (i.e. each zero) about AB, passing through common centroid ‘G’. Therefore,
systems are equimomental.

To find m:- we take M.I. of two systems (one system is rod of mass ‘M”) and other

system consists of particles.

2
M.IL. of rod about GL = Ma

M.L. of particles about GL = ma” + 0 + ma®
=2ma’

As systems are equimomental,

2
2ma’ = Ma

M
= m=—

6
& M-2m= M—M = M

3 3

So masses of particles at A, G, B are %,%,% respectively.
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Example 3 :- Find equimomental system for a uniform triangular lamina.

Solution:- Let M = Mass of A lamina. A
Let L distance of A from BC=h ,
B mmmmCex

ire. AD=h
First find M.I. of A lamina ABC about BC. X
M= 1 ah o, where ¢ = surface density of lamina B D C

2 <—a——>
= c= 1\;[1 (density = Mass/area)

a
)
Now B'C _ h-x
BC h

= B'C' = ath=x) _ length of strip

Area of strip B'C' = QSX
M a(h-x)dx
3
2

2M
= h_2 (h — X)SX

Mass of strip =

M.L. of strip B'C’ about BC = 211—1\24 (h—x)x> 8x

M.I. of A lamina ABC about BC

h
ZJ.%(h—x)xzdx
h
0
- h
_ M b xt
h*| 3 4

R 12

2M(-h* h*) 2Mh*
+_ [
h? | 4 3

= = —Mh? (1)
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Now we apply this result to general case of finding M.I. about any line A in the

plane of lamina.

Let hy, hy, h; are length of L drawn from corners (or points) A, B, C respectively of
AABC.s. t. h; <h, <h;

We extend BC to meet a point ‘D’ on line A'. We draw a line A" through A and
parallel to A.

Distances of C and B from A’ are h; —h;, hy, — h;

Let M; is the mass of AACD and M, is the mass of AABD

This = M=M—-M,
1
oM o AD(h; —h))
1
M, . AD(h, ~h))
L M _hy-h
M2 h2 _hl
h3_hl h2_hl h3_h2

h;~h, ’ ’ h; ~h,
We denote I, as the M. 1. of AABC about A and I,- as the M.I. of AABC about A’
and I as the M.I. of AABC about a line parallel to A or A’ through centre of mass
(G) of AABC. So then

I,y = M.I. of AACD — M.I. of AABD



34

1
M;(h; — hy)* — < M,(h, — h)?

N -

M (h; _hl)3 —(h, _h1)3
6

using equation (2
h,—h, } [using eq 2]

[ (h;—h,)
_(h3 _h2)

O\|Z

} [(hs — hy)* + (hy — hy)* + (hs — hy) (hy = hy)]

[@ a’ — b’ = (a —b) (a’ + b* + ab)]

[h3 +h7 —2hh, +h] +h{ —2hh, +h,h; —hh, —hh; +h]]

M
6
M 2 2 2

(h; +h, +h;)

3

Now L distance of G from A =

and L distance of G from A" = (hl+h3—2+h3—hlJ

Using parallel axes theorem,

Li=Ig+ %(hl +h, + h3)
and Ly=Ig+ %(h2 + h; — 2h))?
I = % (3h{ +h3 +h; +h,h; —3hh; —3h,h, +4h—2c+h;h;)

N= Ig=1L - % (hy + hz — 2h;)?
Put equation (8) in (6),
L=1 + %(h1 +hy + h3)? — %(h2 + hy — 2hy)?

= %[3hf +h3 +h3 +hy hs — 3hsh; — 3hyhy]

- % (hy + h3 —2h;)* + % (h; + hy + hy)?

..(3)

(@)

.05

..(6)

(D

..(8)
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M i3n2 4 h2 £ h2 +hyh, —3h hs — 3hihe] + L [h2 +h2 +h2 + 2hihy
6 1 2 3 2773 1 9 1 2 3

+ 2hyhs + 2hsh; — h? —h3 —4h? —2h,h; + 4h h,+4h;h]

M

= L= ?[hf +h3 +h3+h; hy+hy hy +hy hs]

2 2
N IX=M h, +h, N h, +h, N h; +h,
3 2 2 2

J

= M. L. of mass % placed at mid-point of A and B +

M.IL. of M.I. of mass % placed at mid-point of B and C +

M.I. of mass % placed at mid-point of C and A.

i.e. which is same as M.I. of equal particles of masses £y at the mid-points of sides

of AABC.

Example 4:- Find equimomental system for a uniform solid cuboid. OR

Show that a uniform solid cuboid of mass ‘M’ is equimomental with

(1) Masses % at the mid-points of its edges & % at its centre.

. M . 2M . )
(11) Masses Byl at its corners & = at its centroid.

z
Solution:- [3,7
Bs 5 (2a,2a,2 as(0,2a,2a)
(2a,0,2a)0i = 9B
B3 +G (aza,a) T B6
PoT ol X | Y1Bio 012(0,2a,0)
Let length of edge of cuboid = 2a " B B2 y
! | Bs
X (23'50)0) B4

Coordinates of mid-point of edges of cuboid are

Bi=1(a, 0,0),B2=(0,a,0),B;=(0,0,a), fs=(2a, a, 0), Bs =(a, 2a, 0)
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Bs = (0, 2a, a), B7 =)0, a, 2a), Bs = (a, 0, 2a), B9 = (2a, 0, a), Bi1o = (0, 2a, a)
Bi1 = (a, 2a, 2a), B2 = (2a, a, 2a)
Let G be centroid & p is the density of cuboid, then M = pV = p(2a)’ = 8pa’, ...(1)
Now we find M.I. and Product of Inertia of cuboid about co-ordinates axes.

Therefore, A = M.I. of cuboid about x-axis

2a2ala

_ J’”'p(y2 +Zz)dV:ij'[(y2+Z2)dX dy dz

000
_ 8 2 3 __8 2 :
— Ea (8pa )_gMa [using (1)]

Similarly B =M. L. of cuboid about y-axis = gMa2

C = M.I. of cuboid about z-axis = g Ma’®

Now D = product of inertia of cuboid w.r.t. pair (oy, 0z)

2a2a2a

- D= ”jpyzdxdydz=(da3p)a2
000

= D=Ma’
Similarly E=F = Ma*

. . . : : . M
(1) Now consider a system of particles in which 12 particles each of mass V! are
situated at mid-point of edges.

i.e. at B; (1= 1 to 12) and a particle of mass % at G.

Total mass of this system = 12 M +M
24) 2
M M
= — + —_—
2

= The two systems have same mass. Also the centroid of these particles at 3; and G
is the point G itself which is centroid of cuboid.

= the two systems have same centroid.
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Let A" = M.I. of system of particles at (B;, G) about x-axis.

=Sm(y’ +2°) + % (2a%)
- %[0+az+a2+a2+4a2+5a2+5a2+4a2+a2+5a2+832+532]

M
+ —(2a
2( )

= A= M(40a2)+Ma2 _ Y a2 =S v
24 24 3

Similarly B’ = M.I. of system of particle about y-axis = Zm(z” + x°)

- B'= gMaZ

Similarly C' = g Ma®

Now D’ = M.L of system of particles w.r.t. (0y, 0z)

=2Xmyz
M 2 2 2 2 2 2w, M 5
:£[0+O+O+Oa +0+2a"+2a"+0+0+2a"+4a” +2a’]+ ?(a )
= D' = M(12212)+M212 :M32+Maz :Ma2
24 2 2 2

Similarly E'=F’ = Ma’

= Both the systems have same M.I. and product of inertia referred to co-ordinate
axes through O.

Using parallel axes theorem, both systems (i.e. cuboid & particles) have identical
moments and products of inertia referred to parallel axes through common centroid
G. So both the systems have same principal axes and principal M.I.

Therefore both the systems are equimomental.

(i) Now let A" = MLIL. of system of particles at (a; & G) about x-axis

= %(0 +4a” + 42’ + 4a” + 8a’ + 4a’ + 8a%) + %M (2a%)
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4 4,

M “Ma’+ = Ma
3 3

(32 Ma?) + 4 Ma* =
4 3

Similarly B" =C" = gMa2

Also D" =P.I. of system of particles w.r.t. (oy, 0z) axes

=%[o +0+0+o+4a2+0+4a2]+%(a2)

= iMa2 +%a2 :lMa2 +2Ma2
24 3 3 3
= D'=Ma’

Similarly E” = F”" = Ma®

= Both the systems have same M.I. and product of inertia referred to co-ordinate

axes through O.

Using parallel axes theorem, both systems (i.e. cuboid & particles) have identical

moments and products of inertia referred to parallel axes through common centroid

G. So both the systems have same principal axes and principal M.I.

Therefore both the systems are equimomental.

Self Assessment Questions

1. Find Principal direction at one corner of a rectangular lamina of dimension

2a and 2b.

2. Find equimomental system for a parallelogram or parallelogram is

equimomental with particles of masses M/6 at mid-points of sides of ||*" &

M . : :
Y at the intersection of diagonals.
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Lesson-3 Generalized co-ordinates and
Lagrange’s Equations

3.1 Some definations
3.1.1 Generalized Co-ordinates
A dynamical system is a system which consists of particles. It may also include
rigid bodies. A Rigid body is that body in which distance between two points
remains invariant. Considering a system of N particles of masses m;, my,....my or
m; (1 £1<N). Let (x, y, z) be the co-ordinates of any particle of the system referred
to rectangular axes. Let position of each particle is specified by n independent
variables qi, qa,....qn at time t. That is

X = X(q1, q2,--- qnst)

Y =¥(q1 q2,--- o3 V)

z=7(q1, Q2,-..qn; 1)

The independent variables q; are called as “generalized co-ordinates” of the

system. Here we use ‘-’ to denote total differentiation w.r.t. time.

dq, dqj :
=1L =— etc.j=1,2,3....n
& dt 4% dt L )

da.

The n quantities & = % are called “generalized velocities”.

3.1.2 Holomonic system :- If the n generalized co-ordinate (q, q2,...qn) of a given
dynamical system are such that we can change only one of them say q; to (q; + 8q)

without making any changes in the remaining (n—1) co-ordinates, the system is said

to be Holonomic otherwise it is said to be “Non-Holonomic” system.
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3.1.3 Result :- Let system consisits of N particles of masses m; (1 <1<N) & q; (j =
1 to n) are generalized coordinates.

Let E be the position vector of particle of mass m; at time t. Then

E=F@,qamt (1)
Then @‘:d—g
dt
= %= ok da, + ot da, ot of da, +8_E
oq, dt  dq, dt oq, dt ot

= E‘z@fga—g+«f§a—g+...+§ga—g+a—g
aq; aq; aq, ot

We regard &, & ...& , t as independent variables. So,

® &

ok oq;

3.1.4 Virtual displacement:- Suppose the particles of a dynamical system undergo

a small instantaneous displacement independent of time, consistent with the
constraint of the system and such that all internal and external forces remain
unchanged in magnitude & direction during the displacement.

3.1.5 Virtual Work & Generalised forces:- Consider a dynamical system
consisting of N particles of masses m; (1 <1 < N). Let m; is the mass of ith particle

with position vector lf: at time t, it undergo a virtual displacement to position
'fi)+8lfi’.
Let ﬁ = External forces acting on m;

E' = Internal forces acting on m;

Therefore, virtual work done on m; during the displacement SE is
(ki +Bof

. Total work done on all particles of system is,

sw= 3 + B .of
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where OW is called virtual work function. If internal foces do not work in virtual

displacement,

then iﬁ' SE =0
i=1

N
SO dW = Zlgl SE
i=1

Let Xj, Y;, Z; are the components of E and 9x;, Oy;, 0z; are the components of SE

Le. E =(X;,Y,,Z) and SE =(9x,,90Y;,0Z;)
N
Then J&W = Z(X15Xi +Y;0y; +Z;6z;). If the system is Holonomic ,i.e., the co-
i=1
ordinate g; changes to q; + 6q; without making any change in other (n—1) co-
ordinate.
Let this virtual displacement take effect & suppose the corresponding work done on
N
the dynamical system to be Q; 8q;, then Q;dq;= ZESE
i=1

Now, if we make similar variations in each of generalized co-ordinate g, then
n N
sW =30, 5q, = > F.of
j=1 i=1

Here Q; are known as Generalised forces and 6q; are known as generalised virtual
displacements.

3.2 Constraints of Motion:- When the motion of a system is restricted in some

way, constraints are said to have been introduced.

Constraints
Holonomic Non-Holonomic
Co-ordinates are related by Co-ordinates through

equations f( E, EEI ,£) =0 inequalities
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Holonomic
Scleronomic Rheonomic
1. Time independent i.e. Time dependent i.e. derivative
derivative w.r.t tis Ww.r.t. t is non-zero.
Zero
2. Independent of Constraints depends explicitly
velocities (& KR on time

Example of Holonomic constraints
1. (ﬁ — PJ)2 = constant

. oo=0

*sin>o

2. Rk,
Example of non-Holonomic constraints
Motion of particle on the surface of sphere. Constraints of motion is (r* — a”) > 0

where a is radius of sphere.

3.3 Lagrange’s equations for a Holonomic dynamical system:- Lagrange’s
equations for a Holonomic dynamical system specified by n-generalised co-

ordinates q; (j = 1, 2, 3..... n) are

dfor| ot _,
dt\ o& | oq;

where T = K.E. of system at time t and Q; = generalized forces.

Consider a dynamical system consisting of N particles. Let mj, E be the mass,
position vector of ith particle at time t and undergoes a virtual displacement to
position E +8E .

Let E = External fore acting on m;

E’ = Internal force acting on mj;

Then equation of motion of ith particle of mass my is
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Bobiom

The total K.E. of the system is,

T= EZml %Z

Also we know that
ok of
o 0q;

Consider

(D

Q)

[® & are independent of qj]

(@)

.05
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P
_fh | pok [using (4)]
q; aqj
P P
pot d|pok]| (pok .
= R dt{&a %} &aqj] fusing (5)]
_1d[ o pa] 1] o B
- 2dt{8cf§(&) | 2qu (&)}

Multiplying both sides by m; & taking summation overi= 1 to N.

- ekttt

i=1 o&\ 25
N of dafer) or .
= (E + E’) L=— - [using (1) & (2)] ...(6)
; oq; dt (Gq i) oq;
Also we have the relation,
n N N
W =0, 8q, =50, => bl = > (R + Fof e
=1 i=1 i=1

Since the system is Holonomic, we regard all generalized co-ordinates except g as

constant. Then, (7) gives

Qj dq; = i(ﬁ +E’)5E ..(8)
i=1
N
e py ot
=  Q §<1+1)8qj

N b

= Q=xE+h 9)
i=l q;

from (6) & (9), we get

afar) om0,
dt\ o& | oq,

This is a system of n equations known as Lagrange equations.
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3.4 Example:- Planetary Motion :-

(m)
P(r,0) P — Planet
pm S — Sun(fixed)
2
¢
S(fixed) Initial line

Let (r, 0) be the polar co-ordinates of P w.r.t. S at time t.

pm
I.2

Under the action of inverse square law of attraction, force =

radial velocity = &
transverse velocity = r§

Here (1, 0) are the generalized co-ordinates of the system and K.E. is
T=%m(&+r2(&') © 0>=&+r’§]

where 1, O, &@& are independent. As the system is Holomonic, the virtual work
function is given by

— um
5w=( If; j5r+0 [® W =2Q, 5q; =Q, 3q, +Q, 8q, = Q, r +Q, 50]

— um
= Q: ’L;
r
Qe=0
Now 6—T=§[1m(&+r2§3)}
or or|2
A —.
or
and 6_T:0
00
%:m& a—;L=mr2§

Therefore Lagrange’s equations are
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sy o
and %(%J—Z—gzqe )
(= <= mré ~—E% -0
and m& mrf = "1

r2

()= m& mr = _p;_rzn

= &ré@:_—zu

T
d >
and(4):>a(r &=0

3.5 Lagrange equation for a conservative system of forces
Suppose that the forces are conservative & the system is specified by the

generalized co-ordinate g; (j = 1, 2,....n). So we can find a potential function

V(4ai, 92,---» Gn)

such that 5W = -0V, where 6V = a—Vﬁq1 +6_V6q2 +...+a—VéSqrl
aq, a9, a4,

N

0q;
0q; !

= OW = — [
i=1

n n aV
= 2Q; 8= —quj
i

1\ 0
-0V
:> = —
0q;
Therefor, Lagrange’s equation for a conservative holonomic dynamical system

becomes
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d| oT oT oV

dt{ o& | dq; aq;

d| orT
or —

dt| o&

—i(T—V)zo
aq;

Let L=T-V where L =Lagrange’s function
or L=K.E.-P.E

d{ oT | oL

= = |-==0
dt| od | 0q;

Since V does not depend upon &, & ,..., &,
ov 0

o&
dfa) a
dt| od | 0q;
3.6 Generalised components of momentum and impulse

Let gj (j =1, 2,...n) be generalized co-ordinate at time t for a Holonomic
dynamical system. Let T = T(qi, q2,...., qn, &, &....& ,t). Then, the n quantities p;
is defined by

oT :
pj = —— are called generalized components of momentum.

We know that Lagrange equation is

dfer) or g
dt| od | 0q;

d oT
= —(p)———=0
dt 0q;

1, 1 P 1
NowT=§mV =—m&%=§m(182+3§3+2?2)
Then px—ﬁ—T:

19) 4
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Similarly py=m& pz=m#&
For generalized forces Q; (j = 1, 2,....n) for dynamical system, the n quantities J;

defined by

Lt |:J.Q i dt:l =J; (finite) when limit exists are called generalised
Qj—)oo 0
=0

impulses.
Since OW = ZQJ- 84
=

[ow dt=y aqjﬁ Q dt}
=l 0

0

Lt [6Wdt=> 8q.| Lt [Q. dt
Qjor ; I o _m'([ i
=0 0

n
=
where U is called impulsive virtual work function.
3.7 Lagrange’s equation for Impulsive forces
It states that generalized momentum increment is equal to generalized impulsive

force associated with each generalized co-ordinate.

Derivation:- We know that Lagrange’s equation for Holonomic system are

dfer) ot o
dt\ o& | oq,

d oT
= a(Pj)_aqu—Qj (D)

Integrating this equation from t =0 to t =t we get

T aT T
(Pi)i=x — (Pi)i=0 = J-_dt + IQJ dt
0 aqj 0

Let Qj—, 70 in such a way that
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Lim IQ dt=1J; (finite) (G=1,2,.....,n)
J~>oo
0

Further as the co-ordinate q; do not change suddenly,

L (=0

1:%0 0 an

Writing Apj = Lt [(pi)ex — (Pi)ol.

We thus obtain Lagrange’s equation in impulsive form
Apj = Jj, _] = 1, 2,....1’1

3.8 Kinetic energy as a quadratic function of velocities

Let at time t, the position vector of ith particle of mass m; of a Holonomic

system is E , then K.E. is

oo
T= %Zmi & (D)
i=1

where N is number of particles. Suppose the system to be Holonomic & specified

by n generalized co-ordinates q; , then E = F (91> 925+-++> Gn» 1)

ot _«g_l aaci «&%% )
From (1) & (2),
z(? ﬁi iiJ
. %:1 mi(%ﬁjz+§mi§(@§_£+...+¢&§£}

= T= %[(allafﬁ +ay,® +..+a, & +2a,&E +....)
+2(a; &+a,d+....+a & )+a] ...(3)
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i=l1

equation (3) shows that T is a quadratic function of the generalized velocities.

Special Case :- When time t is explicitly absent, then F = E (q1, 92,----qn)

1

p db ok o ok ok
&=—"= 1 +& +otd——
dt aq, a9, aq,
and a—E:O
ot

From (3), we get

1
T= E[allcf% +ay® +..ta,, & +2a,&E +...]

1 n n
= _Zzars ‘R‘«&
2 s=1 r=1
Thus the K.E. assumes the form of a Homogeneous quadratic function of the

generalized velocities &, & ..., .

In this case, using Euler’s theorem for Homogeneous functions

oT oT oT
&@+4§@+...+@@:2T

= &p +&py+..+&p, =2T

3.9 Donkin’s Theorem :-Let a function F(u;, uy,...., u,) have explicit dependence

on n independent variables u;, u;...u,. Let the function F be transformed to another

function G = G(vj, va... vy) expressed in terms of a new set of n independent

variables vy, v,,... v, where these new variables are connected to the old variables

by a given set of relation
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ViZE,iZI,Z.....n ..(D)
ou;
& the form of G is given by
G(Vy, Va.... Vp) = Z:uivi - F(up, uy....uy) ...(2)
i=1

then the variables uy, us... u, satisfy the dual transformation
oG

Ui:g (3)

1

& F(u, ;... uy) = Zui v, —G(vi, Va....vp)
i=1
This transformation between function F & G and the variables u; & v; is called

Legendre’s dual transformation.

Proof : Since G is given by

G(vi, va,...., Zuk vi —F(up, uy,...., up)
Then ngévi uka—F(ul,u2 u )}
ou, < 0V, < OF Ou
225 2 oV, 2o
k=1 i=1 k=1 OUx aV;
— a_G: aV_ +Zuk 8k1 a_H%
oV a4 ov; i1 Ouy 0v;
- ouy - OF Ou,
k=1 ‘9" i ouy OV,
Zaukﬂ — a_F% [@ (1):>Vk_aF}
o1 OV Ouy ko1 Ouy OV ouy
=1
oG
= —=u
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3.10 Extension of Legender’s dual transformation

Further suppose that there is a another set of m independent variables o,
o...0, present in both F & G.
= F=F(uy, uz....up, o1, 0y.... Om)

G =G(vy, Va... Vp, O, O....0m)
then there should be some extra condition for Legendre’s dual transformation to be
satisfied. These conditions are

oF _-0G

6(1  du,

J

,j=1,2...m LHS.

Consider G = G(v1, V3...Vp, Oy, O... Oy)

n
= Zui v, —F(uj, uz...up, oy, 00... 04y) R.H.S.
i=l

From L.H.S.
- 0G D 6G
8G = ;Eisvi +j§=1187jé‘>aj (1)
From R.H.S.,
6G=§:ui 6vi+§vi 5111—;;3: du, 2%8 ...(2)
Equating (1) & (2),

oG OF OF
z&v OV Za—JSa Zu du; +ZV du; _zau ou; za—éaj

i=l j=1 =l j=1 O0;

= Vi = F are satisfied provided
ou;
oG

ov.

1

oG _—aF

and =
oo, i oo, i
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Lesson-4 Hamilton’s Equations of Motion
4.1 Introduction

So far we have discussed about Lagrangian formulation and its application. In this
lesson, we assume the formal development of mechanics turning our attention to an

alternative statement of the structure of the theory known as Hamilton’s

formulation. In Lagrangian formulation, the independent variables are q; and qi ,
whereas in Hamiltonian formulation, the independent variables are the generalized
coordinates q; and the generalized momenta p;
4.2 Energy equation for conservative fields

Prove that for a dynamical system

T + V = constant
where T =K.E.

V =P.E. or ordinary potential
Proof : Here V=V(q1, q2,..., qn)

T=T(q1,q2 ... Qu, ‘f‘b‘fﬁ‘fﬁ)
L=T-V=L(q1, Q-.-qn, &.&,.....,&)

If Lagrangian function L of the system does not explicitly depend upon time t, then

a_
ot

ie. L = L(q;, «fg) forj=1,2,...n

The total time derivative of L is

% Z cg Z ...(D)

1 0q; —
We know that the Lagrange’s equation is given by

EFL} ALy _..(ID)
dt| o& | oq;

‘é‘fﬁl dt[ J] Z [using (ii)]
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d{<, OL

— ——L | =0 .1
DA ;“ﬁ od; } )

C:i—lfzo where H= Z«%T{i_L
is a function called Hamiltonian

H=) &p;-L .(A)

=
oL .
[® @ = p; = generalized component of momentum]

Integrating (1),

ZK&— — L = constant ...(2)

o

Now Z“?ﬁ Z‘fﬁ

=2T ..3)
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from (2) & (3),
2T — L = constant.
= 2T — (T-V) = constant [6L=T-V]

= T + V = constant.
Also from (A), H=T + V = constant.
. Total energy T + V =H, when time t is explicitly absent.
4.3 Generalised potential
For conservative forces, Potential function V = V(qy, qz...qn), therefore
OW =3V

_ _z[s_Zesxij - —z(a%v]aqj

]

Also 6W =XQ; 8q; where Qj are generalized forces.

oV
= D.Q;dq;= ‘Z[a]&h

4.4 Cyclic or Ignorable co-ordinates
Lagrangian L=T-V
If Lagrangian does not contain a co-ordinate explicitly, then that co-ordinate is
called Ignorable or cyclic co-ordinate.
Let L=L(qi, q2...qn, K, &,... 4 ,1)
Let gy is absent in L, then
oL
a =0

Lagrange’s equation (equation of motion) corresponding to qx becomes

d( oL oL
—| == 1-0=0 = —— = constant = p
dt| ok o
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4.5 Hamiltonian and Hamiltonian variables:- In Lagrangian formulation,
independent variable are generalized co-ordinates and time. Also generalised

velocities appear explicitly in the formulation.
L(qka afi 5 t?)

Like this Lagrangian L(qj, afﬁ , t), a new function is Hamiltonian H which is function

of generalized co-ordinates, generalized momenta and time ,i.e.,

H(q;, pj» 1), where pj= 6_L
o
Also we have shown that

H=ij¢g—L

This quantity is also known as Hamiltonian. The independent variables q;, q2,...qn,
P1, P2-..Pn, t are known as Hamiltonian variables.
4.6 Hamilton’s Canonical equations of motion

Lagrange’s equations of motion are

dpoL ) b =0, j=L2,...n
dt 8@& 8qJ
Now H=H(q;, pj, t) ..(1)
H=Yp, &-L(q;.&.1) o)
=1
The differential of H from (1),
cH OH cH
dH = dq; + p;+——dt ...(3
2 % 2o, Wit (3)
from (2) =

—0L

dei[pjd«fg,+¢gdpj]—za—qu Z cfg—dt
= aq; ok

n a a a
= dH=Z%d«?§+Z¢&3 dp; - Z&;d% {®pj=aTI§J (4
j

j=1 j=1
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From Lagrange’s equation, %(p ==
i

= L= — ...(5)

Using (4) & (5), we get

Zc[%dpj & qu—%Ldt ...(6)

j=1

Comparing equation (3) & (6), we get

_@fﬁ ﬁﬁ_ an ...(7)

a_H_—aL
ot ot

The equation (7) is called Hamiltonian’s canonical equations of motion or

and wherej=1,2,...n ...(8)

Hamilton’s equations.
Result:- To show that if a given co-ordinate is cyclic in Lagrangian L, then it will

also be cyclic in Hamiltonian H.

If L is not containing qx  ,i.e., g is cyclic, then ;—L =0
dx

then & =0 = px = constant
From equation (1), H(g;, p;, t)
— H(QI, q27' MRS qk—]a Qk+1,- cee qna pla p29~ oo pk—la pk+1 . --pna t)

If H is not containing t ,i.e.,
H = H(qj, Pj)

then d—H = Z

B+ ZaHﬂs

Using equation (7) or Hamilton’s equation

E _yoH i _ZaH(an]

aq;

0q; op
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(11—1;1 =0 = H = constant.
If the equation of transformation are not depending explicitly on time & if P.E. is
velocity independent, then H = E (total energy)
Which can also be seen from the expression as given under

E=F(an q.. an)

P.E., V=V(qi,q»..... qn)

1Y 6
KE., T=§Zmi&
i=1

Now ngi 6E ¢fﬁ

i1 04,

1 & n 8E :
- -3y

i=1 im 09;
= (quadratic function of &, & .....,&)

Therefore by Euler’s theorem for Homogeneous function, we have
Z@i 6_T =2T
o

H=>p &-L=> ‘%—L = Z«?g% ~L=2T-L

—  H=2T-(T-V)=T+V=E

= H=E

Example:- Write the Hamiltonian & Hamilton’s equation of motion for a particle in
central force field (planetary motion).

Solution : Let (r, 0) be the polar co-ordinates of a particle of mass ‘m’ at any

instant of time t. Now L =T-V(r) where V(r)=P.E.

= L= %m[& +r2 @] - V(@) ..(D) P(,0)

As  qj=r,0 m)
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Pj = Pr, Po

oL oL
Now p;= 6—&=m&,pe =£L=mr2§z ...(2)

H= ijcfﬁ—L:pr & p, @y‘—%m(& +r28)+ V(1)

=m& + mr’® —%m(&)—%mrzﬁr + V(1)

N | —

m(& +12€)+ V() ..(3)

= H=T+V

from (2), &= ipr
m

1
d ——> Po
mr

Then H= lm
2

B 2 2
(&j +r2(—p92J } + V()
m mr

2
2, Po

p: +—2} + V(r), which is required Hamiltonian
r

Hamilton’s equations of motion are,

JcH
éﬁ_apj’ ﬁﬁ_ 8(1]

—0H

The two equations for & are

OH _p,

p;

=&

m

Similarly = 0 = Po__ g
r

0 m

and two equations for 18{, are,
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—oH _ ps  OV()

8 =

or mr’ or
and g = % =0 = Pe = constant

4.7 Routh’s equations

Routh proposed for taking some of Lagrangian variables and some of
Hamiltonian variables.
The Routh variables are the quantities

t, 9 do> &, Pa

j=12,...k

a=k+1,k+2,...n
k is arbitrary fixed number less than n. Routh’s procedure involves cyclic and non-
cyclic co-ordinates.
Suppose co-ordinates qi, qa,...., gk (k <n) are cyclic (or Ignorable). Then we want
to find a function R, called Routhian function such that it does not contain
generalized velocities corresponding to cyclic co-ordinates.

L=L(q1, 2. ...qn &.&.,...& 1)
If qi, q2....qx are cyclic, then

L(Qkt1se-e> Gns K. &5 ,... &, 1)

so that

oL D oL oL
L= Ldq + > Eak + St
j:kz;laqj : ;5“33 B

K oL 1oL L) oL
= dL-) —d& [= Y —dq. + > —d&+ —dt ..()

j=k+1 k+1 a‘?{[

Routhian function R, in which velocities &, & ....§ corresponding to ignorable co-

ordinate qy, qp,...., dx are eliminated, can be written as

R= R(qk+la gk+25-+++5 Qn, @i_ﬂ,....@?ﬁ,t)
so that
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dR = ia—quj Z &% de + —dt ..(2)

j=k+1 aq j j=k+1

Further we can also define Routhian function as
K
R=L-> &,
i=1

k k
We want to remove Zq j or Zcﬁ from L to get R.
j= =

k k
dR=dL - > & dp;—> p;d&
j=1 j=1
=dL - Z d«g Z«fg dp;  [using (1)]

= dR= Za—qujJr zad@ —dt Ze&]dpJ ...3)

j=k+1 94 jek+1

Comparing (2) & (3) by equating the coefficients of varied quantities as they are

independent, we get
oL OR oL OR @)
0q; 0q; Ok O

AL _R kil k+2..n

at ot
Put (4) in Lagrangian’s equations,
> i[aLJ L i=1,2,...n
| dt| o 6qJ
we get,
S| df OR 8R
> = =0
| dt a‘fﬁ aqj
or i R 8R =0 |,j=k+1,...n
dt Oafi 6qJ
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These are (n—k) 2™ order equations known as Routh’s equations.
4.8 Generalised potential
When the system is not conservative. Let U is Generalised potential, say it depends

on generalised velocities () i.e. we consider the case when in place of ordinary
potential V (q;, t), there exits a generalised point U(g;, t, @fﬁ) in terms of which the

generalised forces Q; are defined by

d

Q=—F—5—,
ou ou

dt
Lﬁ@fJ aq;

[® L = T-V for conservative system, L = T-U for non-conservative
system]|

Here U is called generalised potential or velocity dependent potential.

Here Lagrange equations are i( oT J ‘9T Qj d (GU] 6U

o 8q i dt| od 8q i
= i_—(T U) ——(T U)=0
dt 6@[% aq;
= dpoL ) b =0 [® L =T - U for non-conservative system|
dt 8@& aq j

4.9 Poisson’s Bracket

Let A and B are two arbitrary function of a set of canonical variables (or
conjugate variables) qi, q2,...., qn, P1> P2----Pn , then Poisson’s Bracket of A & B is
defined as

OA OB OA OB
[A, Blgp = -
" ;{aqj dp;  Ip; 6%}

If F is a dynamical variable, i.e.,

F =F(q;, pj, t), then



63

_:_(q-,p-’t):Z(—&_F_ﬁﬁj_i__ (1)
Using Hamilton’s canonical equations,
oH —6H
>y BT
j q;
- from (1), gzz oF 0H OoF oH | oF
dt dq; dp; Op; 0q; ) o
dF OF
E =[F, H]q,p +

If F is not depending explicitly on t, then
OF

0,
ot
dF OF 0H OF oH
SO — = Z _
= [F, H]qp

4.9 Properties
1. [X, Ylgp =LY, Xlgp
IIL. [X,X]=0
1. (X, Y+Z]=[X, Y] +[X, Z]
IV. [X,YZ]=Y[X, Z]+Z[X, Y]

Solution :- I. By definition [X, Y]qp, = Z
|

oX oY X oY

[Y, Xlgp= Y

i

oY X 0JY X

_ o ex ey ax oy

= [Y, Xlqp =X, Y]
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0X 0X o0X oX

I X Xlep= 2| 557550 | =9
[ Jap ZJ: 0q; op;  Op; 0q;
0X oC 0X oC

Also  [X, Clgp= Z oq. dp. ép. oq. -0
] UREE o

ML [X, Y+ Zlgp = [ax oY +7) X 6(Y+Z)J

apj an'

X | oY N lo/4
apj an' aqj'

0X oY 0oX oY 0X 0Z o0X 07
J daas)

5qj i ﬁp 6qJ aqj' apj apj aqj

+[X, Z]

= [X,Y+Zlgyp= (

V.  [X,YZ]y,p= Z

J

_|ox(yoz L ov) ax(,ov oz
aq;\ dp;  p;) Ip;\ Oq;  Oq;

4|y | X2 X e XY X oY
7\ 94; 9p;  Op; dq; 7\ 0q; dp;  Op; Oq;

= Y[X, Z] + Z[X, Y]

X O(YZ) 0X (YZ)
dq; Op;  Op; 0q;

Also
(1) [di> 9jlap =0
(i1) [pi, pj]q,p =0

i) g plen=5 1, i=]
iii i» Pilap = 8 = .
di> Pila.p j 0, P%]

Solution:-

. 1 oq; aqj _ oq; 8q]} 1
O 18 s g[aqk b Opy 0dy -
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Because q; or g is not function of py
. oq;
:> % = O, & =

(1) = [ai, qilgp=0
.. i ap i ap
(D) [pi Pilap = Z{ i S
L 09y Opx  Opy 04
As p;, p; 1s not a function of gy
op; =0 %
oqy 0q

=0

= [Pi> Pilgp=0

_ aqi apj aqi (313]]
N i> Pilgp = B
(iii) oW [di, Pilap ;( oq, Op,  Op, 0qy

_Z(aql_ J Z%%

0q, Opy T 0q Opy
- ZSik S j =Z5ij =8y
k k
= [qi, Pilqp = 05 = {

Some other properties:-

If [, v] be the Poisson Bracket of ¢ & v, then

9 _| % oy
(H at[<I>,\v] {at,\v}[(p,at}

dy
(2 [¢ v]= [dt } {cp, dt}

Solution:- (1) %[(I), y]= 0

- 22{3_@5&_5_@@}
T 0t 0q; Op;  Op; Oq;
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O (o | 00 0f0y
ot\ oq; \ op; ) 0q; ot\ op;

_(a_wj L% 0
o] oq; op,

&) a3

9 _| % oy
= at[d),w] [&,\v}[@, 8‘[]

(2) Similarly, we can prove

4= [do L[, v
dt (6. ] {dt’w} {(p’ dt}

4.9.1 Hamilton’s equations of motion in Poisson’s Bracket:-

If H — Hamiltonian
oH
then [q, H]q, = o =&
—OH
[p, Hlgp = a— =R

From Hamilton’s equations,
- 6H cH
& =4
op

, dq9; oH 0q; oH
L4 H1= Z{aqlap apaq}
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oa.
[q; HI= 251'1% { i=0}

_oH
op;

Also  [p;, H] = 8

But  [p;, H]=0

= pi=0 = pj= constant

4.10 Jacobi’s Identity on Poisson Brackets (Poisson’s Identity):-

If X, Y, Z are function of q & p only, then

[X,[Y, Z1 + Y, [Z, X[+ [Z, [X, Y]] =0
Proof : [X, [Y, Z]] + [Y, [Z, X]] = [X, [Y, Z]] - [Y, [X, Z]]

_ {X,z(ay oz _ov oz H

710d; 0p;  0p; q;
oX 0Z oX oZ
{Y,Z{a - H (D)
7(09; 9p;  Op; q;
L SN Z_p YL
7 0q; 9p; 7 Op; 0q;
Xz g Xz _y
7 0q; Op; 7 0p; 0q;

S (D) =X LY, Z1]1 - 1Y, [X, Z]]
=[X, E-F] -[Y, G-H]

=[X, E]-[X, F]-[Y, G] +[Y, H] ...(2)
oY o7 oY oz
Let E= = __
;aqj 0p; (; aqj}[; 8ij
E= E] E2

Slmllarly F= F1 Fz, G= G] G2, H= H1 H2
RHS of (2) becomes
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[X, E] - [X, FI-[Y, GIH[Y, H] = [X, E; Eo]+[Y,H| Ho]-[X,F1F>]-[Y, GiGo]
= [X, E1] E» H[X, E2] E1 —[X, Fi] F2 - [X, F2] F1 -[Y, G1] G2
—[Y, G2] Gi + [Y, Hi] Ho + [Y, Ho] Hy

RHS of (2) is = [

oY oZ

)

)

j

&%

ik

j

)
apj aqj

2

i

Rl

Using properties [X, E; E2] =[X, E1] E; + [X, E2] E,

J

oY oZ oz oY
X, YL V2T XL |y
i 2 aqj ap; { 2 apj 0q;
@ 0Y | oz o7 < oY
| x, YLy _xy LIy
L z aPJ] 0q; { z an} ap;
Ny, XIS |y 525X
i aq; | = 0q; i |7 0q;
Ay, SXISZ |y v 2y X
L apj | an an apj
7| 94; (| 9p; ap; |) Opil| 9q; aq;
N Z{GY {x, az}_ oY {X, az} oX {Y, az}+ oX {Y, oz }
71995 9p; | Opi| 0q;| Oq;| Op;| Opj| Oq;
.0
Using the identity,

oX

91X, v]= [—, v+ x, &
ot ot

%]

Then, we find that R.H.S. of equation (3) reduces to
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0q;; Op; dp; 0q;

+ 0 (All other terms are cancelled)

0Z 0 0Z o[X,Y]
= Y- = T X Y]+
7| }

_ oz ax,Yl oz aX,Y]
7199 o by dq
= _[Za [Xa Y]]
or  [X,[Y,Z]]+[Y,[Z X]]=-[Z [X, Y]]
= XY, Z+ Y. [Z, X]] + [Z, [X, Y]] = 0

Particular Case
Let Z = H, then
[X, [Y, H]] + [Y, [H, X]] + [Y, [X, Y]] =0
Suppose X & Y both are constants of motion, then
[X,H]=0, [Y,H]=0
Then Jacobi’s identity gives
[H, [X,Y]]=0
= [X, Y] is also a constant of Motion. Hence poisson’s Bracket of two
constants of Motion is itself a constant of Motion.
4.11 Poisson’s Theorem

The total time rate of evolution of any dynamical variable F(p, q, t) is given

by
CELIBT ¢
dt ot

Solution : E(p,q’t)=a—F+ &* +6_F183
dt ot i _6% apj

oF | oF 0H oF oH
L _
ot 57 0q;9p; Op; 0q;
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E X
dt ot

If F is constant of motion, then ili—l: =0.

Then by Poisson’s theorem,

oF +[F,H]=0
ot
. o . oF
Further if F does not contain time explicitly, then > =0

= [F,H]=0

This is the requirement condition for a dynamical variable to be a constant of
motion.

4.12 Jacobi-Poisson Theorem :- (or Poisson’s Second theorem)

If u and v are any two constants of motion of any given Holonomic dynamical

system, then their Poisson bracket [u, v] is also a constant of motion.

Proof:- We consider %[u,v] = % [u, v] + [[u, v], H] ...(1)
using the following results,
0 ou ov
a[u,V] —[5, v}[u, E} ..(2)
[u, [v, Wil + [v, [w, u]] + [w, [u, v]] =0 -..(3)
d ou ov
()= a[u,v]—[a,v]{u,a}—k[[u,v],H] ...(4)

Put w=Hin (3), we get

[H, [u, v]] = ~[u, [v, H]] = [v, [H, u]]
= —[[v, H], u] = [[H, u], v] = [[u, v], H] ...(5)
from (4) & (5), we get

d ou ov
a[u,v] = [E,V} +{u, E} —[[v, H], u] = [[H, u], V]
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_ %,VHu, %} +[u, (v, HJ] + [[v, H], v]

_[ou ov
= E +[u,H],V}+[u, 2t +[V,H]:|

d [ du dv
= " —[u,v]= -t ,V:| + {u,a} ...(6)

du dv .
Because E and _t both are zero as u & v were constants of motion.
d
6) > —J[u,v]=
(6) " [u, v]
= The Poisson bracket [u, v] is also a constant of motion.

4.13 Derivation of Hamilton’s Principle from Lagrange’s equation:- We know

that Lagrange’s equations are

dpo ) (1)
dt| o& | aq;
ty t

Now 5det=j5L(qj &)dt

Y 4

= STLdtztjg Z[a—La +§% cfﬁ]]dt

I
= '—..5’
I

quL }dw jz—&g dt

]

2

jZ—s dt+ zggsqj Z%[a—L q;dt ...(2)
J tp J

t
Since, there is no coordinate variation at the end points.

= Sajf, =8a;|,, =0
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ty t .
So (2) = st dt= j[ a—L—dia—LHqu dt
5} 1 i an dt a«%

2 t
= 5 [L dt=[0 8q; dt [Using (1)]

t il
=0

4.14 Derivation of Lagrange’s equations from Hamilton’s principle

t
We are given 9 ILdt =0
t

As 8q; are arbitrary & independent of each other, So its coefficients should be zero

separately. So we have

oL dfeoL || _
Z[—‘[T&ﬂ

= dro —a—L=O forj=1,2,....n
dt| od | 0q;
4.15 Principle of Least action

Action of a dynamical system over an interval t; <t <t; is

ta
A= jo dt

t
where T = K.E.
This principle states that the variation of action along the actual path between given

time interval is least, i.e.,
©
5 [2T di=0 (D)
o1
Now we know that T + V = E (constant)
V=PE.and L=T-V
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By Hamilton’s principle, we have

t t
J'SL dt=0 or jS(T—V)dtzo

4 4

t
=N J-S(T—E+T)dt=0

31

- f[&(zT) ~8E] dt=0

3|

t
= J-S(ZT) dt=0 [using E =constant .. OE =0]
t

9]
= 6jo dt=0

t

4.16 Distinction between Hamilton’s Principle and Principle of least action:-
Hamilton’s principle 6S = 0 is applicable when the time interval (t, — t;) in passing
from one configuration to the other is prescribed whereas the principle of least
action i.e. 0A = 0 is applicable when the total energy of system in passing from one
configuration to other is prescribed and the time interval is in no way restricted.
This is the essential distinction between two principles.

4.17 Poincare—Cartan Integral Invariant :- We derive formula for W in the
general case when the initial and terminal instant of time, just like initial & terminal

co-ordinates are not fixed but are functions of a parameter a.
t
W(a)= [LItqt, o), &(t, a)]dt
f

let = '[1(0(), = tz((l)
& =&(a) att="t

q? =q§(a) att=tp
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Now oW = SIL dt=1,06t, —L; ot; + J.Z|:6L q; %qu:| dt

il t j
Integrating by parts

Then W =L, 8t + D p;[8q;]_, —L;8t, — D pi[8q;]i-y,
J J

2aloL df oL
Now q; = qj(t, o)

oq.:(t, 3
t=t]

& (64—, = [%qj(t,a)} da .2
t=ty

On the other hand, for the variation of terminal co-ordinates

q; =qjqlt(a), o]

0q ;
8ng = ¢f§ 5t, +[a—aj(t,a)} dal

t=tp

= 3q =[8q;], +& 3t, [using (2)]
= [3q)l, =395 K 3t ..(3)
Similarly [3q;].,, =06q; — & dt, @)

Put (3) & (4) in (1), we get

SW =L,8t+ » pj(dq; — & dt,) — Ly 8ty
j

- (00~ IZ[a—L—i(aLHS dt

tp J an a‘%

= SW{iijqJ—Hﬁt} IZF—L—%FLHS dt (5

j=1 OqJ 6«%
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2
where {ijqu—HBt} =Zpl2 6q?—H28t2 - Zp}éqg + H; oty
j j

=l 1

Now we know that—H=L—ij¢f§[
j
Hi=Li- Yo
j

and -Hy=L,- ) pi&
i

In the special case for any a, the path is extremum, the integral on R.H.S. of

equation (5) is equal to zero and formula for variation of W takes the form

2
SW = {ij 6qj—H6t:l ...(6)

=l |
Integrating, we get

W= j{ipj 3q; —Hét} dt

=1

which is known as Poincare Cartan Integral Invariant.
4.18 Whittaker’s Equations :- We consider a generalised conservative system i.e.
an arbitrary system for which the function H is not explicitly dependent on time.
For it, we have

H(q;, pj) = Eo (constant) ...(D)
where j=1,2,....n
(2n — dimensional phase space in which g;, pjare coordinates)

Then basic integral invariant I will becomes

= 1= ij i 0q; [O for a conservative system, &t = 0] ..(2)
=l

solving (1) for one of the momenta, for example p;.

p1 =—ki(q1, q2,-- -+, qn, P2-..Pn, Eo) ...(3)
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Put the expression obtained in (2) in place of p;, we get

I= J‘{ij 3q; +p; 8ql}
2

= J‘{ij qu' -k, 8611} (3
=2

But this integral invariant (4) again has the form of Poincare — Cartan integral if it is
assumed that the basic co-ordinate and momenta are quantities q; & p; j = 2, 3...n)
& variable q; plays the role of time variable (and in place of H, we have function
k). Therefore the motion of a generalised conservative system should satisfy the

following Hamilton’s system of differential equations (2n — 2).

dag. _ do.
&= 0k ok P i=2,3... .5
dt Jp; oq; dq

The equations (5) were obtaioned by Whittaker and are known as Whittaker’s
equations.
4.19 Jacobi’s equations :-

Integrating the system of Whittaker’s equations, we find q; & p; j = 2,
3,....n) as functions of variables q; and (2n —2) arbitrary constant C,, C,.... Cpps.
Moreover, the integrals of Whittaker’s equations will contain an arbitrary constant

Ey ,i.e., they will be of the form
qi = 9; (q1, Eo, C1, Cy.... Con2)
(G=2,3,....n)

pi = vi(qi, Eo, Ci, Ca.... Con) ...(6)
Putting expression (6) in (3), we find

p1 =i (q1, Eo, Cy1, Cs..... Con2) ...(7)
From equation

dq, _cH dq,

=— = dt=
. )
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= t=J. dql + C2n,1 (8)

where all the variables in partial derivative [G_Hj are expressed in terms of q; with
1

the help of (6) & (7). The Hamiltonian system of Whittaker’s equations (5) may be

replaced by an equivalent system of equations of the Lagrangian type:

d GP, _ P =0, j=2,3,...n ...(9)
dq, an' aqj

These are (n —1) second order equations where

! dq,

and the function P(analogous to Lagrangian function) is connected with the

function K, (analogous of Hamiltonian function) by the equation

p=p(q1, Q2-.--qn> 955--qp)

PZij q;—K, ...(10)
=2
The momenta p; must be replaced by their expression in temrs of q', = jﬁ yeeenes
di
, _dq,
q, =dn
dq,
which may be obtained from first (n—1) equation (5).
From (3) & (10),
n , 1 n
pP= ZPJ’ q;+p :_zpi &
=2 &r i=l
1
= P=— (L+H) ..(1D)

For conservative system,

L=T-V,H=T+V
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= L+H=2T

Then P=2—T ...(12)
&
&KE., T= Zalkm
1k1
= &G(q,,9;--5-95--) -..(13)
where
G(q1, G2- - --Gn, q&---q;---q;)— Zalk qiq} ..(14)
1kl
From (1) & (13), we find
H=E
T=G&
- ( F
= ...(15
& G (15)
and P= 2T 2&G—2G¢F‘;
& &

=2./JG(E-V) ...(16)

Differential equation (9) in which function P is of the form (16) and which belong
to ordinary conservative system are called Jacobi’s equations.
4.20 Theorem of Lee-Hwa-Chung
I 1= [D[A; (d Pr ) 3G+ Bi(t, qi pIdpi]
i=1
is a universal relative integral invariant, then I' = ¢ I, where c is a constant and I, is

Poincare integral.
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For n=1, I'= I(A6q+B8p)

= I’=cfp8q=cll

|:Il = J.i[Pi dq; ]}
i=1

and [} = J.péiq —Hot from Poincare Cartan integral.
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Lesson-5 Canonical Transformations

5.1 Introduction:-The Hamiltonian formulation if applied in a straightforward
way, usually does not decrease the difficulty of solving any given problem in
mechanics; we get almost the same differential equations as are provided by the
Lagrangian procedure. The advantages of the Hamiltanian formation lie not in its
use as a calculation tool, but rather in the deeper insight it affords into the formal
structure of mechanics.

We first derive a specific procedure for tranforming one set of variables into some
other set which may be more suitable.

In dealing with a given dynamical system defined physically, we are free to
choose whatever generalised coordinates we like. The general dynamical theory is
invariant under transformations qi—Q;, by which we understand a set of n variable
expressing one set of n generalised co-ordinates q; in term of another set Q;.
Invariant means that any general statement in dynamical theory is true no matter
which system of coordinates is used.

In Hamiltonian formulation, we can make a transformation of the
independent coordinates q;, p; to a new set Q;, P; with equations of transformation
Qi = Qi (¢,p,t), Pi=Pi (q,p,t)

Here we will be taking transformations which in the new coordinates Q, P are
canonical.
5.2 Point transformation
Qj = Qi(g;, V)
Transformation of configuration space is known as point transformation.
5.3 Canonical transformation

old variables — new set of variable

i pj = Qj, P
Here  Qj=Qj(qj, pj» V)
Pj=Pj(qi, Di» '[) (1)

If the transformation are such that the Hamilton’s canonical equations
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& = oH P =— oH
op; "’ g
Preserve their form in the new variables i.e.

oK -0K
R

K being Hamiltonian in the new variable, then transformations are said to be

canonical transformation.

Also if
H= Zp i «fﬁ —L in old variable, then in new variable,
K=>PpP&-L

where L' = new Lagrangian

Now g(a_LJ v
dt{ o6& | Q,
i.e. Lagrange’s equations are covariant w.r.t. point transformation & if we define P;
as
Q%)
o
=17

oP,

p;

- I%:—aK(Qj,Pj,t)
aQ,

t
Hamilton’s principle in old variable, 6 IL dt=0
f

ty
8[[>p;&-H(@.p.oht=0 o)
t

and in new variable,
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sf[ZPj & —k(Q,P, 0t =0 ..(3)
t

5J2{(ij‘fﬁ‘H)‘(ZPj(§Lj‘k) t=0 ..(4)
t]
Let F=F(q,p,t)

)
d ¢
S J-EF(qa pat) = 8[F(qa pat)]tlz

3|

t

=0

t

[Since the variation in q; and p; at end point vanish]

L @)= ST{(ij«g—H)—(ZPjég—K)i—f}dtzo

= (o -1)-(Zri k)= (9)

In (5), F is considered to be function of (4n + 1) variables i.e. g, p;, Q;, P;, t.

But two sets of variables are connected by 2n transformation equation (1) & thus
out of 4n variables besides t, only 2n are independent.

Thus F can be fuinction of Fi(q, Q, t), F2 (q, P, t), F3(p, Q, t), or Fa(p, P, t)

So transformation relation can be derived by the knowledge of function F.
Therefore it is known as Generating Function.

Let Fl = Fl(q7 Qa t)

sz‘fﬁ—H=ZPjé‘j—k+%(q,Q,t) ...(6)
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J

&, OF g, O g |, O
and  —H(p,Q.0) = Z( q an(§3]+ = (7

. from (6) & (7), we get
oF,

D Y ) LYl

or Zl:@—p :lﬁf{[—FZ{PJ—FaQ }@ +H- K+8;1=o (8)
i i

0q;
Since q; and Qj are to be considered as independent variables, equation (8) holds if

the coefficients of gj and Q; separately vanish i.e.

oF,
0q;
and Pj=M ...(10)
oQ;
and K=H+m ..(11)
ot
equation (11) gives relation between old and new Hamiltonian. Solving (9), we an
find Q;= Qi(q;, pj» t) which when put in (10) gives
Pj=Pi(q;, pj, V) ..(12)

equation (12) are desired canonical transformation.

5.4 Hamilton—-Jacobi Equation :-If the new Hamiltonian vanish, i.e., K = 0, then
Q; = 0, (constant)
P; = B; (constant)

Also H+@=K 0
ot

oF,
=  H(g,ppt)+ —-=0
(a5, pj> t) P

Using (11), H[qj,aFl,t]+@ 0
0q; ot
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This partial differential equation together with equation (9) is known as Hamilton-
Jacobi Equation.
Generating function is also called characteristic function

Let F; is replaced by S, then

8S S as’tj:(), O

§+H
6t qlaq2:“'5qn96q1 ,6(12 [XERT) aqn

The solution S to above equation is called Hamilton principle function or
characteristic function. Equation (9) is first order non-linear partial differential
equation in (n + 1) independent variables (t, qi, q2,...,qn) and one dependent
variables S. So Therefore, there will be (n + 1) arbitrary constants out of which one
would be simply an additive constant and remaining n arbitrary constants may
appear as arguments of S so that complete solution has the form

S=S(q, t, ) + A ...(10)
where o; = oy, 0p,..., O, are n constants and A is additive constant.
Jacobi proved a theorem known as Jacobi’c theorem that the system would volve in
such a way that the derivatives of S w.r.t. a’s remain constant in time and we write

95 _p (constant) (i=1,2, ....,n)
oo,

o = Ist integrals of motion

Bi = IInd integrals of motion
5.5 Statement of Jacobi’s Theorem

If S(t, qi, o) is some complete integral fo Hamilton Jacobi equation (9) then
the final equations of motion of a holonomic system with the given function. H may
be written in the form

aq; da,;

where f3;, o are arbitrary constants

Proof: Given the complete integral for S given by (10), we wish to prove
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Consider

d( oS o[ oS 0 0S
e AR
dt\ da; ) ot\ oo, 0q; \ O

:i[_H{t, qj,ﬁzpjlr OS_ & [using (9)
oo, 0q;

d(asj_—aHaqj_ H 'S, 0'S g
aq; O a(ag}&aiaqj da,0q;

0q.
Since g;’s and o;’s are independent, we get a—qJ =0
oL

1

2
i(ﬁ]: |:_8_H + q@{l oS _ 0, Using Hamilton’s equation of motion

dt\ Oa ﬁpj 8ai6qj
oH
&:_
{J op;

:ﬁ = constant = f3; i=1,2,...,n)
oo,

i

Remark :Consider total time derivative of S(g;, a;, t)

T TS

0q ; ;
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But we know that a; = 0 since o are constant. Also B _ p; &H+ % =0 gives

6qj

oS

— =—H, we have
ot

ds
2 & -H=L

= S= IL dt + constant

The expression differs from Hamilton’s principle in a constant show that this time
integral is ofindefinite form. Thus the same integral when indefinite form shapes
the Hamilton’s principle.

5.6 Method of sepration of variables:-

. : cH ) : :
For a generalised conservative system EZO' Then Hamilton’s Jacobi equation

has the form
% 1 4, 2 )0
ot 0q;

If Hamiltonian does not explicitly contain time, one can linearly decouple time

from rest of variables in S and we write

S (ql, (€ [P »qns t) = Sl(t) + V1 (ql, q2, .-.... qn)

and its complete solution is of the form
S =-Et+ V(Qh Q2,- sy qna A1,...5 On-1, E)
[S = function of t + function of q

S=-Et+ V(qi, 92,---, dn, A1s.-.., Oy, E)

Example:- Write Hamiltonian for one-dimensional harmonic oscillator of mass m
& solve Hamilton-Jacobi equation for the same.

Solution :- Let q be the position co-ordinates of harmonic oscillator then & is its

velocity and

KE., T= %m &
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PE., V=— kg’
5 kd

Lagrangian
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[k is some constant]

1 1.
L=T-V=—-m& -—k
2 & 24

The momentum is

Then, the Hamiltonian is

H= ZPi‘f?‘L

=p @?C—Gm& —%quj

Also for a conservative system,

1
2

2 2
Total Energy = P.E. + K.E. = lmp—+—kq2 -1 L kq® | = Hamiltonian
2 m’ 2| m

2

= H(q,p)=p—+
2m

Replacing p by a5 in H,
aq

2
o 351 (o
oq) 2m\ oq

as 1(@5)2 kq?
+— +—

ot 2mlog) 2

kq”
5 ..()

2

2
+ki. Then from §+H qi,ﬁ =0, we get
2 ot oq

i

=0 )
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We separate variables
oS dS oS dv
(@9 =V(@+Si() === o4 dq

Putting in (2), we get

2 2
(Z)DL d_V +ki+£=0
2m| dq 2 dt

ds, -1{dv) kq’
> —=——] -
dt 2m\ dq 2
L.H.S. is function of t only and R.H.S. is function of q only,

But it is possible only when each side is equal to a constant (—E) (say)

Let %:—E ...(1)
1 (dav) 1
—| —1| +=kq’ =E ...(1)
2m| dq 2
(1) = S; =—FEt + constant

2
(ii) = (d_Vj = Zm[E —lquJ
dq 2
v _ \/Zm(E—lquj
dq 2
1

V(q) = I\/Zm(E —%qujz dq + constant

Therefore, complete integral is

S(q, 1) = Si(t) + V(q)

1

S(q, t)=—-Et+ J\/Zm(E —%quJz dq +constant

Further by Jacobi’s theorem

Here oy =E
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oS oS
aal_Bl aE_B1

oS 2m d
e L

K
\/g(t +P,)=sin" (\/gq]

[ =sin{\/§(t+sl>}
qE,t) = \/% sin[\/%(tﬂ?)l)}

The constants B, E can be found from initial conditions
The momentum is given by

_ 88 _a(S,(0+ V(@)
P oq - oq
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= \/mi2E—Kq2 ),

which can be expressed as a function of t if we put q = q(t).

Example:- Central force problem in Polar co-ordinates (r, 0)
Here K.E, ¥
T= %m[rz + (r@z} P(r%@)
0
P.E., V(r) S
ThenL=T-V

L =%m[& + rZ&]— V(1)

oL
Pr= 7k [a1=r,& =& q:=0, & =&p;=py, po]
przrnlg 3&:&

m
oL ) p
= — =mr’® = 6= 0
P~ ok mr?
Therefore, Hamiltonian is
H= Zpiﬁf]L—L
= pr&kpe&—%m(&+r2§gJ+V(r)

2 2.2

_ &_'_ Po mp, mrp¢
Pg Pe— 2 2.2
m mr-  2mr 2m°r

+ V(1)
2 2 2

2
+p_e_p_r_p_92+\/(r)
m mr- 2m 2mr

2 2
=l|:p_r + p_92j| + V(r)
mr

m

2
=i{p3+ p‘z}wr)

2m mr

H —J equation is
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§+H:O
or

S 1 (asjz 1(asj2
ot 2ml|\ or r* 00
+V(r)=0

Using the Method of separation of variable, we have
S=Si(t) +R(r) + ®(0)

2 2
ds, _-1 drR + iz do ) V(1)
dt 2m|\dr r-\ do
L.H.S. is function of t and R.H.S. is function of r & 6 but not of t, therefore it is not

possible only where each is equal to constant = —E (say)

as,
dt

and :{(d_R) () }_sz_E
2m|\ dr r-\ do

2 2 2
= d (d—RJ —er(r)+r2E=L[d®J

= =-E =S8 (t) =— Et + constant

2m \ dr 2m E

L.H.S is function of r only and R.H.S is function of 6 only

2

So each = constant = —(say)
2m

a0 _
de
Then r equation gives

2 2 2
d (d—R] —er(r)+Er2=h—
dr 2m

h = CD(G) = h0 + constant

2m

(i—fr{)z = {Zm(E ~-V)- Irl—j}

dR

o =[2m(E—V)—h2r_2F
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R = I\/Zm(E—V)—hzr’zdr+constant

Therefore, complete solution is

S=S;+R+®

S =-Et+ho+ J.\/ 2m(E—V)-h’r?dr + constant, is required solution

oS
Now, — =constant

= —t+ I mdr h =B1(Say)
\/2m(E -V)-—
r
The other equation is
oS
— = constant
ch
-2
=0 + %I (_ 2hr )dr = Bz(say)

1
m(E-V)-hr2]
Example:-When a particle of mass m moves in a force field of potential V. Write
the Hamiltonian.

Solution:- Here K.E. is

T

1
Sml + 8+ &)

= 7&=p—x,3&= p—y,&;p—z and P.E. is V (x,y,2)
m m m
= H=T+V

|
H= E(pi +p 42 )+ V(x,y.2)

Example :- A particle of mass m moves in a force whose of potential in spherical
coordinates V is -pcos0/r’ . Write Hamiltonian in spherical coordinate (r, 0, ¢).

Also find solution of H.J. equation.

Solution:- L = %m[& + 12 +125in” 0 ]— V(r,0,¢)
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aL
o8

=m&

Pr

oL 2 2 .2
= —=mr ,Pe=mr"sin” 0
P g & .pg &
Hamiltonian is given by

o= L(pz +§+ Pi j_ucosG

2m| " r? r*sin’0 r’
" oS oS oS
Writing p, = —, =—, =—
8P o Do Po o0

Required Hamilton Jacobi equation is

2 2 2
ﬁL@ i@l Sl Lo
ot 2mj|\ or r-\ 00 r=sin” 0\ 0¢ r

Let S (t, 1, 0, ¢) = Si(t) + Sa(r) + S3(0) + Sa(¢) in (1)

6, 1 (dsz T 1(ds,Y 1 (ds,) pcos®
Ll +— + +

ot 2m | dr r*\ do r’sin® 0 d¢ r’

L.H.S. is function of t only, R.H.S. is function of r, 6, ¢ and not of t, it is possible

only when each is constant (= — E) (say)

o, _
dt

2 2
1 J(ds, +i ds, N 1 ds, _ucosGZE
2m |{ dr r’\ do r’sin’ 0\ do r’

Multiplying 2mr? and rearranging terms, we get

2 2 2
r{di —2mr’E = - S, ) _ . 12 as, +2mpcos 0
dr do sin“ 0 d¢

L.H.S. is function of r only and R.H.S. is function of 6 and ¢. It is possible only if

-E = S, =—-Et+constant

each is equal to constant.

2
rz(ﬁ] —2mEr’ =B, ...(2)
dr
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as, )Y 1 (ds,Y
& | —=| - L 42 0= ...(3
(de] sinze[dd)J mpcost =P, @)

= Szzj 2mE+B—21 dr +constant
\ r

2
(95 = 2mypcosOsin® 0 — P, sin’ O —sin’ 0 95,
do do

L.H.S. is function of ¢ whereas R.H.S. is function of 0 and it is possible when each

2

is equal to constant.

2
ds, ds,
= | e op, = D (4
(d(PJ B2 a0 B, 4)
and  py= 3 (5
do

= S4=7py ¢ + constant

p, =B, [from (4) & (5)]

and S; = I\/Zmu cos® —p; cosec’dp—PB,dO + constant [using (5)]

The complete solution is

S=-Et+ jwl2mE+B—21dr+J.\/2mpcose—Bl ——p, cosec’0 db
r

+ ¢ py + constant

5.7 Lagrange’s Brackets
Lagrange’s bracket of (u, v) w.r.t. the basis (q;, p;) is defined as

0q; op; Ip; q;
ou ov Ou Ov

{u, vigpor (u, v)gp = Z{

j
Properties: (1) (u, v) =—(v, u)
) (@, q)=0
3)  (Piup)=0
“4) (9 p) =9
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_ (9959 0pjaqj) _ opj dq; a4 Opj | _
(V) %(au N ou ov ? u v ouov, oY

90k 9Pk 9k 0Pk . .
(2) (qi, q§) = . - [ Since q’s and p’s are independent
%(5% aqj  oqj od
=0. :%=0 and%O]
aqj aq;

(3) Similarly we can prove that
{pi’ p_l} =0

OOk 9Pk _ Ik Pk | _ Z% opy _
odi op; opj Og;

@ {apy = D

Zskiﬁkj = 8ij
k K

T 0q; .ﬁpj

5.8 Invariance of Poisson’s Bracket under Canonical transformation:-

Poisson’s bracket is

The transformation of co- ordinates in a 2n — dimensional phase space is
called canonical if the transformation carries any Hamiltonian into a new
hamiltonian system

To show :- [F,G]q,p = [F, Glop

Poisson’s brackets is

If q, p are functions of Q & P then q=q (Q, P) & p=p (Q, P) and F & G will also
function of (q, p), we have, G = G(Qx, Px), we have
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oF [ oG Q. , & .8pk}
oq.|6Q, oP. 0P, OP,
[F, Glop= 2. ' )
: _6_F{8G .an+aG_aPk}
op.| 0Q, oq, &P, aq,

oG {GF aQ, _a_F_an}
an oq; oOp; O0p; 0q;
e [aF P, OF apk}

=) {G—G[F,Qq]q,p + S, q‘p} (D)

To find [F, Qlg,p & [F, Pi]q,p
Replacing F by Qi in (1)

[Qi, Glo.p = z

oG
£ Q, ol Lo+ Py [Qi’Pk]q’p

_o+ ¥ %5
~ 0P,

oG
15 G AN
[Qi, Glgp = P

= [G, Qi]q,p I

oF
_ ...(2
>, )

and [Fa Qk]q,P =

Replacing F by P; in (1)

[PI,G]——E = [G, P]—a—G
oQ; aq;

oF

and [F, Py]= Oq ...(3)

Put these values from (2) and (3) in (1), we get:-

F. G] :Z_aG OF , oG oF
PP o, OP, aP 00 )

ik
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= [F, Glqp
5.9 Poincare integral Invariant:-

Under Canonical transformation, the integral
1=[>"dqdp, (1)
S

Where S is any 2 — D (surface) phase space remains Invariant
Proof :- The position of a point on any 2— D surface is specified completely by two

parameters, €.g. u, v

Then %= qi(u,v)} (2
pi = pi(u>V)
In order to transform integral (1) into new variables (u, v), we take the relation
da; dpi=Mdudv .(3)
A(u,v)
;o

0ai.p) | u ou

where ———~ = as the Jacobian.
o(u,v) |04 O
ov ov
Let Canonical transformation be
Qk = Qk(qa P, t)a Pk = Pk(qa P, t) .. (4)
then dQyxdPy= Mdu dv ...(5
A(u,v)

if J is invariant under canonical transformation (4), then we can write

”quidpi =Jj;dQKdPK

o [[E Ao [[5 A0,

§ T ou,v) V)

Because the surface S is arbitrary the expressions are equal only if the integrands
are identicals,

1.€.,
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In order to prove it, we would transform(q,p) basis to (Q, P) basesthrough
the generating function F»(q, p, t), With this form of generating function, we have

oF, OF
= —2&Q ==
p 2 Qg P,

p, _ 0 (0F, -y 0°F, 09, 0°F, 0P,

ou oOul 0q; < \0q;.0q, Ou 0q;.0p, Ou

g 01 _ O [OFy -y 0°F, 09 0°F, 0P,
ov  ov\ 0q; < \0q..0q, Ov 0q,.0p, OV

94 by
Now, Y 9P)_slou o

- 6(u,v) _i aq, %

ov oV

aq; 0°F, 8qk+ 0°F, 0P,
ou 0q,0q, Ou 0q,0P, Ou
T10q, 0°F 0q, . 0°F, 0P,
ov 0q.0q, Ov 0q,0P, ov

oq, O0°F, dq, oq, O°F, 0P,
ou dqéq, fu |, 50| Ou q,dP, du
ik 0q; 82F2 0q, ik 0q; 82F2 oP,
v 0q.0q, Ov ov  0q,0P, ov

0°F
+y ou  Ou (7
o v
We see that first term on R.H.S. is antisymmetric expression under interchange of i
and k, its value will be zero,
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1.e.,

i 09 ody
Za_F ou oul_y dF | au
ix 09,09, % % o 0q,.0q; %

ov  Ov ov

aq; 0q,

--¥% °F |'ou ou
ki 0q,0q, % %

oV ov

0d; 99

or Z OF lou ou =0
ix 09,09, % %
ov  ov
Similarly replacing q by P we have from (8)
oP. 0P,
Z azF E E =0
&~ 0P 0P, 8P 8P
o ov

Now equation (7) can be written as

o) oP. P,
ap)_< OF |ou ou
panly n &

i@(u,v) % OP.OP, 6P 81

o ov
ﬁql OB
du
+
Zaqap dq; P
o ov

0’F, P, O’F, oq, 0P,

_ \|OPP, ou  0Pdq; du  du
| 0°F @Jr 0’F, 8q, 0P,
oP.OP. ov OPOq, ov  Ov

N a[aFj %

C| 0K | P
ovlop, ) ov

0q;

09;

..(8)
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oF
Put —2 =
! P, R

6Q, 0P,

vl au o |_voQuP)_
Ek:an B, ; o) R.H.S of (6).

ov ov

Which proves that integral is invariant under canonical transformation.
5.10 Lagrange’s bracket is invariant under Canonical transformation:-

The Lagrange’s bracket of u & v is defined as

0q;  0q;
:Zauav
~|op;  Op;
ou ov

Since ZM is invariant under Canonical transformation.

. 6(u,v)

So Lagrange’s bracket is also invariant under canonical transformation
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Lesson-6 Attraction and Potential
6.1. Attraction of a uniform straight rod at an external point:-
AB be arod
ZAPB=0a- P
X o
0 p
PVy
A Q’ébXQ ——————————— x B M

Let m be the mass per unit length of a uniform rod AB.

It is required to find the components of attraction of the rod AB at an

external point P.

MP=p

Consider an element QQ’ of the rod where

MQ =x

QQ ' =dx

ZMPQ =60 ,
In AMPQ

tan9=M—in = X=ptand ..
MP »p

PQ  pQ

= pQ= P = PQ=psech LK)
cos0

Mass of element QQ” of rod = m dx
= mp sec’0 dO ...(using*)

2
The attraction at P of the element QQ" is = mass __ mpsec do along PQ

(dis tan ce)’ (PQY’

Therefore, Force of attraction at P of the element QQ" is
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mpsec’ 0d0 )
= —II))Q soc’0 ...[using(**)]

m

p
...(D)

Let AMPA =aand ZMPB =

-]
B

let X and Y be the components of attraction of the rod parallel & L, to rod, then

do along PQ

do

< | B

X = jﬂsmede
3 D

& Y = J.Ecosede
3 D

X= 2[—cos@]g zm[cosﬁ—cosoc]

p
= 2{2sinOLT_BsinocT_B} -(2)
p
and Y= E[sin o = E[sin(x —sin ]
p
= E{2005OLT-FBsinOLT_B} --(3)
|y

Resultant force of Attraction R is given by

R=+VX*+Y?
R =20 2B [...using 2&3]
p
= 2—msinL—APB
p
X

Resultant R makes angle tan™' Y
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or l(O‘ + B)With PM |:@ tan’1(§] = [tan_l(tan a—_FBJ:H
2 v )

i.e. it acts along bisector of angle ZAPB.

Also = ——— @COSB=L,COSQ=l&USng(2)
PB PA

Cor :- If the rod is infinitely long, the angle APB is two right angles & Resultant

. 2m
attraction = — L, to the rod.
p

6.2 Potential of uniform rod :-

By definition, the potential at P is given by

- Iﬂdx
V= J~mpsec 6
s psecO
ZImsecedG
p
=m| logtan E+9
4 2)],
=m| logtan T2 —log tan E+E
4 2 4 2

=m log

-

o

=
7\

|

+

la |13
N

(=R 1]

+

tan
[2 4

6.3 Potential at a point P on the axis of a Uniform circular disc or plate:-

N—

We consider a uniform circular disc of radius ‘a’ & P is a pt. on the axis of
disc & the pt. P is at a distance r from the centre 0, i.e., OP =r, OQ = x, PQ =
Vr* +x* let us divide the disc into a number of concentric rings & let one such

ring has radius ‘x’ & width dx

Then, Mass of ring is = 2I1x dxp
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where p density of material of disc p = mass/Area

2nx dxp

Vel +x?2

Therefore, Potential at P due to this ring is given by ,dv =

Hence, the potential at P due to the whole disc is given by

a

x dx

[T

V=2Ip

=—pj x(x? +12 2dx
2 0

V=2Ip Wa’+r’ —rJ
Let Mass of disc =M

=Ha2p

= szM2
a

Then V = 2_r2n Va’ +r1’° — r] is requiredpotential at any pt P which lies on the axis of
a

disc.
6.4 Attraction at any point on the axis of Uniform circular disc :-

Here radius of disc = a

OP =r, PQ= vx*+r°
0Q=x
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We consider two element of masses d,, at the two opposite position Q and Q’as
shown. Now element d;, at Q causes attraction on unit mass at P in the direction
PQ. Similarly other mass d,, at Q" causes attraction on same unit mass at P in the
direction P Q" and the force of attraction is same in magnitude.

These two attraction forces when resolved into two direction one along the
axes PO and other at right angle PO. Components along PO are additive and
component along perpendicular to PO canceling each other
Mass of ring = 2I1x dx p
Attraction at P due to ring along PO is given by

d? _ ( dm)cose

(PQ)
P cosQ2nxdxp r.2nxdxp ro.
df = = along PO [® cos0 = —inAOPQ ]
(PQ)’ (PQ)’ PQ
_ 2mparxdx
VR
(r2 +x° )2

Therefore, the resultant attraction at P due to the whole disc along PO is given by

P 7rprJa‘(2x)(r2 + xz)% dx
0

p[ o + rz)i}

a

0

2mpr 1 along PO
T ya®+r?

Let M = mass of disc of radius a
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2

Where a is the angle which any radius of disc subtends at P

Particular cases :-

1. Ifradius of disc becomes infinite, then o = g

and
p
f= 2—2 1—cos E}
a 2
2 o .
= —;— =constant [here, it is independent of position of P]
a

2. When P is at a very large distance from the disc, then a—0

p
Therefore, f = 2—1\2/[(1 —cos0)
a

=0
6.5 Potential of a thin spherical shell :-
We consider a thin spherical shell of radius ‘a’ & surface density ‘p’ let P be a
point at a distance ‘r’ from the center O of the shell. We consider a slice

BB'C'C in the form of ring with two planes close to each other and

perpendicular to OP.
Area of ring (slice) BB'C'C
=211BDxBB’

where Radius of ring, BD =a sinf B’
width of ring, BB'=a d0 B .
Therefor,Mass of slice (ring) is

=2[T a sinB add p @) D r . P

= 2I1a* p sin6 dO

C

Hence, Potential at P due to slice (ring) is

_ 2ma’psin6d6
X

dv (D
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Now, from ABOP,
BP’ = OP”+ OB” — 20P.OB cos0
x> =r*+a’ — 2ar cos0
differentiating

2x dx = 2ar sine de

= dx = sin 0d0
ar
. 2ma’
Putting in (1), we get dV = 2ma_px dx
x.ar
2mapdx
— ~mapax )
r

Therefore, Potential for the whole spherical shell is obtained by integrating equation
(2), we have

V= I 27ap dx

r
_ 2map J- dx

r
Now, we consider the following cases :-
Case(i) The point P is outside the shell. In this case, the limit of integration extends

fromx=(r—a)tox=(r+a)

Hence V= 2map J.dx
r r=a
V= 4na2p

Here, Mass of spherical shall = 4ITa” p

Then V = M
r

Case(ii) When P is on the spherical shell, then limits are from x = 0 to x = 2a

(herer=a)
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a 0
_ 4ma’p M
a a

Case(iii) When P is inside the spherical shell, limit are from x =(a —r1) to (a + 1)

V=4Hap=M
a

6.6 Attraction of a spherical shell

Let us consider a slice BB'C’C at point P, the attraction due to this slice is

2na’psin 6dO

2
X

d%) = along PB

The resultant attraction directed along PO is given by

P 2ma’psin0do

df =—————cosa,
X
. xdx
We know that sinf d6 = ——
ar

In ABDP, cosa = E = ﬂ.
PB X

d

tQ— 2ma’pxdx (r - acos@j
ar.x’ X
We know that
x> =a’ +r* — 2arcos0
x% —a? + r* = 21> — 2arcosd
x?—a’+r’
2r

=r—acosf

2 2 2 2
Then,dtgzzna pxdx (x a“+r )

ar.x’ 2r, X

_ Tcap(x2 —a’ +r2jdx

T X2
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2 2
r X

Hence the attraction for the whole spherical shell is obtained by integration

p 2.2
Therefore, f= nip I [1+ ! za }dx
T X

Now we consider the following cases depending upon the position of P
Case(i) When point P is inside the shell, the limits of integration are x = (r — a) to

(r+a)

r 7 X
f = nip [x+(1r2 —aZI_—lﬂ

r X )]
_4ma’p M
e P2

Case(ii) When pt. P is on the shell, the limit of integration are x = 0 to 2a

p 2a 2 .2
fznazp J(l+r 2a de
T 0 X

Here integration is not possible (due to second term is becoming indeterminant),

because when P is on the shell, then

r=a;x=0
Hence to evaluate the integral, we consider that pt. P is situated not on the surface
but very near to the surface

Let r=a+0, where d is very small

] ) p 2a+d 2a+d 2 a2
Then attraction is f= @{ J.dx + .[ m X

I 5 5

nap #0228
= —2|:za + I —de:|
r T X
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na I _1 2a+8 |
— Tap 2a+2a8(—j

X Js

map | ) 2a8  2ad |

a
| 2a+d O |

2
= 27[2; 0 2— 0 as 0—o,thenr=a
r 2a+9
_4m’p _ M
a’ a’

Case (iii) Poin. P is inside the shell, limitsare x =a—rtoa+r

p a+r 2 2
f=Tap j{ur a }dx
r a-r

2
X

So, there is no resultant attraction inside the shell.

6.7 Potential of a Uniform solid sphere:- A uniform solid sphere may be
supposed to be made up of a number of thin uniform concentric spherical shells.
The masses of spherical shells may be supposed to be concentric at centre O.

Case I :- At an external point

Therefore the potential due to all such shells at an external point P is given by

m m
_1_|__2 +_“

T T

V:

where m;, m, ... etc are the masses of shells.

V= l(m1+m2+...)=M
r r
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where M is the mass of solid sphere.
Case II:- The point P is on the sphere.

Incasel,putr=a

M .
= —, where a =radius of sphere
a

Case III:- At an internal point. Here point P is &
considered to be external to solid sphere of ‘Yf
radius r & internal to the shell of internal

radius r, external radius = a.

Let V| = potential due to solid sphere of radius r
V, = potential due to thick shell ofinternal radius r and external radius a

Then V,= mass of sphereof radius r

r

4ar’p 4
3 r 3
To calculate V,
We consider a thin concentration shell of radius ‘x’ & thicknes dx. The

potential at P due to thin spherical shell under consideration is given by

2
AP _ g dx p
X

Hence for the thick shell of radius r & a, the potential is given by

V,y= 4npj.x dx

22
= 4np(a 3 d J =2np(a’ — 1)
Therefore, the potential at P due to given solid sphere.

V=V, +V,= %np (3a® - 1)

where M = Mass of given solid sphere = %na3p
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= p = M
4ma’

Hence V= —. 3a°—-r)=——3a"-r
3 4na’ ( ) 2a’ ( )

6.8 Attraction for a uniform solid sphere
Case I : At an external point
m, m,

=—L+—=+...
I'2 I'2

M
g:—z, M:m]+m2+....
r

M = Mass of sphere and m; , my.... Are masses of concentric spherical
shells
Case II: At a point on the sphere,

Here we put r = a in above result

We get E:M

a2
Case III: At a point inside the sphere.
The point P is external to the solid sphere of radius r and it is internal to thick
spherical shell of radii r and a.
And we know that attraction (forces of attraction) at an internal point in case of
spherical shell is zero. Hence the resultant attraction at P is only due to solid sphere
of radius r and is given by

1@_ mass of sphere of radius r
- 2
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6.9 Self attracting systems:- To find the work done by the mutual attractive forces
of the particles of a self-attracting system while the particles are brought from an
infinite distance to the positions, they occupy in the given system. System consists
of particles of masses m;, m.... at Aj, A,..... etc. in the given system A.

We first being m; from infinity to the position

A. Then the work done in this process is zero. =
Since there is no particle in the system to ﬁz
exact attraction on it next m; is brought from As‘z
infinity to its position A,. Then the work done m;
on it by m; is = potential of m; at A, x m; 1‘&3
_my_mmy
Iy t Iy

where ), = distances between m; & m; (112 =121)
Then these two particles m; and m; attracts the third particle.
Work done on m3 by m; & m; is
mm, m,m
= MM | M,y

I3 I3

. s . . mm, m,m, m;m
when my is brought from infinity to its position Ay = =4 24, 734

T4 T4 T34
Hence the total work done in collecting all the particles from rest at infinity to their

positions in the sysem A.

m;m m;m, m,m
_ 12+(13+23+J

L) I3 I3

m,m, . . .

= E , where summation extends to every pair of particles.
T,
st

m, m

Let Vi= 24+ +..
I, Iz

= potential at A; of my, mj3 ..... s one

V, = potential at A, of m;, m3, my....
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m;, m
=—L1is23 4
Iy Ip3
m m, m
V3 = _1+_2+_4

my; T3 Iy

2% Z%[Vl m; +Voym, +...+ Vims]

rst

Total work done = %va

This represents the work done by mutual attraction of the system of particles. If the

system from a cont. body, then work done will be
1
= EIV dm

Conversely (if particle is scattered) the work done by the mutual attraction forces of

the system as its particles are scattered at infinite distance from confinguration A,
-1 -1
then work done = TZI’HV = ?IV dm

We can find the work done as the body changes from one configuration A to
another configuration B. The work done in changing of its from A to state at

infinity + work done in collecting particles in a state at infinity to configuration B
-1 | B
= —IVdm+—IV dm
24 25

A—>o—>B
Example. A self attracting sphere of uniform density p & radius ‘a’ changes to one
of uniform density & radius ‘b’. Show that the work done by its mutual attractive

forces is given by

EMz(l_lj
5 b a

where M is mass of sphere.
Solution: Here the work done by mutual attractive forces of the system. As the

particle which constitute the sphere of radius ‘a’ are scattered to infinite distance
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Wi = %IIV dm

We consider a point within the system at a distance x. The potential at this point

within the spheres

V= %np(3a2 -x?)

Let us now consider at this point, a spherical shell of radius x & thickness dx, then

dm = 4n x* dx p
Vdm= %np (3a — x%) 4nx’p dx

= §n2p2x2 (3a? — x%) dx

J.V dm zgnzpzsz (3a® — x%) dx
0

S22 2.5

M = Mass of sphere of radius a

=ina3p:>p— 3m
3 4ma’
2
[vam=o""
5 a
2
= W1=—1 Vdm=—3m—
2 5 a

Similarly if W, is work done in bringing the particle o to the second configuration

(a sphere of radius b)



116

Total work done is given by

W=W,+W,= Emz(l—lj
5 b a

6.10 Laplace’s equation for potential
Let V be the potential of the system of attracting particles at a point

P(x, y, z) not in contact with the particles so that

v=Y % (1)

where m is the mass of particle at Py(a,b,c)
r = distance of P from the Py, P
and I’ = (x —a)’ + (y =b)* + (z—¢)*  ...(2)

V_ _ymor_

m (r—a)
)= —=— = —
M) Ox r° 0x T

[@ @)= 2w o(x—a) = F = X_a}
Ox ox T

oV _ v m(y-b)

and oy = Z—r3
oV _ ym(z-0)
oz Z r
o’V 0 _
o :&[—Zm(x—a)rﬁ

=-Im(x —a) (<317 o
0x
—Imr (1)

=Ym 3(X a) __Z

v LY.gHEW sn
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Y m(z—c)’ m
oz’ - 32 r - Z“r_3 -

o’V 0’V 9’V

8X2+6‘y2+622 0

which is Laplace equation.
V — potential
dv = small volume elemnt

S dm=pdv

So v=j¥

ov —1)or

B[R
6.11 Poisson’s equation for potential

Let the point P(x, y, z) be in contact
(inside) the attracting matter. We describe a
sphere of small radius R & centre (a, b, ¢)

contains the point P.

p = density of material (sphere)

Since the sphere we describe is very small, therefore we cosndier the matter inside

this sphere is of uniform density p.
So potential at P may be due to
(1) the matter inside the sphere

(11) the matter outside the sphere.

V, = contribution towards potential at P by the matter outside the sphere

V, = contribution towards potential at P by the matter inside the sphere.

Since the point P is not in contact with the matter outside the sphere. Therefore by

Laplace equation V2V, = 0.

Here V, = potential at P(x, y, z) inside the sphere of radius R.

V,= %np (3R2 - rz)
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where 17 = (x — a)* + (y — b)* + (z — ¢)?

ov, 2 or) 2 r(x—a)
=— —2r— |=— )~ 7
ox 3 np( ' 8X] 3 mp(=2) r

-4

=—TnpXx—a
3 p( )

OV, _—4_

ox2 3P

o°V, -4 O°V -4

p,
8y2 3 P 72 3

Similarly

o*V, 8°V, 0%V,
+ +
x* oyt ozt

= ViV, = —4mp
Since total potential V=V, + V,
VAV = V¥V, + V?V,

o’V 0’V d*v
+ + =
ox*  oy* oz’

V2V = —4np

This equationis known as Poisson’s equation
6.12 Equipotential Surfaces

The potential V of a given attracting system is a function of coordinates
X,y,z. The equation

V(x, y, z) = constant
represents a surface over which the potential is constant. Such surfaces are known
equipotential surfaces. Condition that a family of given surfaces is a possible
family of equipotential surfaces in a free space.
To find the condition that the equation

f(x, y, z) = constant
may represent the family of equipotential surface.
If the potential V is constant whenever f(x, y, z) is constant, then there must be a

functional relation between V and f(x, y, z) say
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V=9{f(x,y,2)}
V=46

v _ . of
g—d)(f)ax

0°V

ox° -

oo () 4+ o &L
" () [6){) +<I>(Daxz

Adding

(o o o) ., . (et (o) (ot
Vv_d’(ﬂ(ax“ay”af}w ® {[a_x] +(5] oy

But in free space, V>V =0

o*f o f o
aXZ + ayz + 822 _(P”(f)
= > 5 7= = a function of f
[afj of (8fj 0'(f)
ox oy 0z

= y(f) (say) (D)
This is the necessary condition and when it is satisfied, the potential V can be

expressed in terms of f(x, y, z).

Then V = ¢(f), where Lm +y(f)=0
¢'(f)

Integrating, log ¢'(f) = log A — I\V (Hdf

= log(@j:—jw(f) df

= (I)r(f) ZAG—IW(f)df

Again integrating,



120

V=¢(f)=A[eO" df + B ..2)

which is required expression in terms of f(x, y, z) for V.
Example :- Show that a family of right circular cones with a common axis & vertex
is a possible family of equipotential surfaces & find the potential function.

Solution : Taking axis of z for common axis. The equation of family of cones is

2,2
fix,y,z)= X +2y = constant ...(3)
z
o _x o 2
ox 2%’ ox?  z?
of 2y o’ 2
2

52 s
a—z—< ) (2) (@)

2
8f 6(X+y)z

Therefore condition (1) becomes

0°f 82f 82f
+

—o"() _ 5
¢'(f) af ( j
2 2 6(x2+y2)
A A
4x° N 4y2 N 4(x2 +y2)2
z* z* 2°
_ 272% +22% +6(x* +y7) z°
z* 422()(2 +y2)+4(xzy2)2
47° +6(x +y)

[42 (X +y )+(X +y )
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2
V4

2 2 2 2\?
4 X +y X“+y
4Z[ 5 J{ ZJ}
z z

- 2+3f _ 2+3f = function of

2Af+£2) 2f(f+1)

2{2+3<X2+y2>}

= —9"(H) = 2+3f [function of f — 0, condition (1) is satisfied]
o'(f) 2f(1+f)
- (p”(f)+ 2+3f
o'(f) 2f(1+f)
o' () 1, 1 _
o'(f) f 2(1+f)
Integrating,
log ¢(f) + log f+% log (1+1)=1logC
= log§/(h=log ———
fvl+f
C
= ') =
e fyl+f
L o c
df  fJ1+f
C
= do= df+C’
I¢ If«/1+f
Put  f=tan’®
= df=2tan0 sec’0 dO

2
d):CJ- 2tan0Osec” 6d0 Lo
tan? 6.\/1 +tan’ 0

de+C'

:CI 2 sec’0
tan® secO
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secO
tan 0

do +C’

=2C |

=2C .[cos ecO dO +C’

V = ¢(f) = 2C log (cosec 6 — cot 0) + C’

or V = ¢(f) = 2C log (tangj + C' is the required potential function. So V is

constant when 0 is constant.

6.13 Variation in attraction in crossing a surface on which there exist a thin
layer of attracting matter.

Let P; and P, be two points on the
opposite side of surface. ¢ — surface
density of small circular disc of the
surface between P; and P,. For
potential at surface, V; =V,

v, v,
on  On

To find the attraction of matter, when the potential is given at all points of space,

=—4nc

then Poisson’s equation
V3V = —4np
gives the volume density of matter
-1 _,
=— VV
P 4
If potential is given by different functions Vi, V, on opposite side of a surface S,

then surface density o is given by

Example. The potential outside a certain cylindrical boundary is zero, inside it is

V =x’ - 3xy* — 9x* + 3ay”. Find the distribution of matter.
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Solution : Since V; = outside potential and V; = Inside potential
Here V,=0
We find the boundary.

Since the potential is continuous across the boundary & zero outside the boundary.
The boundary may be given by
X — 3xy2 —ax’+ 3ay2 =0
or (x—a) (xX*=3y) =0
= (- (x+3y) (x-3y)=0 y
AB is equation of line x =a

OB is equation of line x + \/gy =0

=>
>

00
OA is equation of line x — \/gy =0 °
30°4 %

The section is an equilateral AOAB of height ‘a’. L30°

%= 3x% — 3y2 —2ax
ox B

%=—6xy+6ay

%V,

. =6x —2a

2
oV, =_6x + 6a

oz*
so that inside the region,

1 _,
=—VV
P 47 1

-1
=" [4a] = |p=—"2
4n[ ] p

and outside, p = 0 since V, =0

AtPon AB (x = a),
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o= L No_ M
4n| ox  Ox |,

= _—1[0—3x2+3y2+2ax]
T

-l,2 3|a’ 2
=—[By -a’]l=—|—-—
4n[ Y ] 4n{3 Y

In AOAM, OA* = OM? + AM?
=  OA’=a’+ %(OA)Z

= %(OA)2=a2 = (OA)2=%a2

= (2MA)Y= §a2 = (MA) = %a2
. from (1) & (2), we have
c= % [MA? — MP?]
= 4—3n(MA + MP) (MA — MP)

3
2, (B (AP)

T

AtPon OA (x=+3y)

1 [avl}
G:_ —_—
4m| On

—sin 300% +cos 300%

1
4n ox By L 5y

&-

-1V, Bov,
| 2 ox 2 oy 3y

&-

__3X2 %yz +ax —3/3xy+ 3\/§ay}

L 2 x=43y

(1)

(2)
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1 3 2 3x
= +——+ax 3x° +3\/§a
4n| 2 23 N
1
= c=—x(a—Xx).
oL

6.14 Harmonic functions
Any solution of Laplace equation V> V = 0 in x, y, z is called Harmonic

function or spherical harmonic.

. o’V 9’V 8*v
1.€. Tttt =0
ox oy 0z

If V is a Harmonic function fo degree n, then
o* 0% o
—————— is a harmonic function of degreen —p —q — t.
oxP oyt oz'
Now V2V =0 [Laplace equation]
p times w.r.t. X
q times w.r.t. y
t times w.r.t. z
a 1 At
So V? a_a_a_t =0
ox? oy? oz
6.15 Surface and solid Harmonics :- In spherical polar coordinates (r, 6, ¢)
Laplace equation is

ﬁ[rz‘a—v}l 6( ea_vj LV, (1)
or or ) sin6 00 00 ) sin’0 8(p

Let V =" Sn where S, is independent of r or S(0, ¢).
ﬁ{rz G_V} — 9 r2 ﬁ(rn S,)
or or | or| or
0 2 n—1
= —[r"Synr
o [ ]

a n+1 8 n+1
[Sanr™]=n "o )

o
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=n(n+1)r'S,

2
(HD=nm+1)r"S,+ Li sinO.r" S, + 1 o 0°S, ~0
sin6 00 009 Sinz 0 892

n n 2
= n(n+1)r" S, + _r—i(sineﬁs“}r r2 0 82“ =0
sin® 00 00 sin“ 0 O

2
= n(n+1) S, + #i(sineﬁs“}r I o5, =0
sin® 90 o0 ) sin’0 d¢?

S, o°S, 1 azsn_o

= n(n+1) S, +cot® —2+ + = (2
(@ +1) o0  00° sin’0 op? @
Ifcos 6=
2
N +1) S, + 2 (1—“2)‘asn ! 5 0 S; =0 ..(3)
ou on | 1-u° Op

A solution S, of equation (2) is called a Laplace function or a surface harmonic of
order n. Since n(n+1) remains unchanged when we write —(n +1) for n. So there are
two solutios of (1) of which S, is a factor namely " S, and 1™ S,..

These are known as solid Harmonic of degree n & —(n +1) respectively.

Remark:
. . . U . .
1. If U is a Harmonic function of degree n, then —— 1is also Harmonic
r
function.
U=r"S,
u 'S, S ~
so that 2+l 2n+nl - n?—l :Sn r oD
r r r
which is Harmonic.
rd . . . Xyz . .
Let xyz — 3" degree is a solutionof Laplace equation, then —— is also Harmonic.
r
2. If U is a Harmonic function of degree —(n +1), then Ur™" is also a

Harmonic function, are may write

U — -n—1 Sn
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sothat ' U=r""1r™!g, =1"S,
which is Harmonic.
6.16 Surface density in terms of surface Harmonics
The potential at any point P due to a number of particles situated on the

surface of sphere of radius ‘a’ can be ut in the form

(oo} n

V1=Z% U,, whenr<a (1)
n=0

V,= Z% U, whenr>a ...(2)
r

where U, denotes the sum of a number of surface Harmonics (for each particle) &
therefore itself a surface harmonic. We assume (1) & (2) to represent potential of a
certain distribution of mass & want to find it (density) on the surface.

Here U, is Harmonic

= VV;=0, V}'V,=0

Here on the surface of sphere, density is given by

o — [%_%}

o or
vy 0V,
= c=—
o o —a
1 I Unr™! U,a "(n+1) ]
- E z a'n+1 Z rn+2

L dr=a

&-

U na™’ Una“(n+1)_
2 2

an+l an+2

1 1
U]

N Z(2n+1)U 0)

4ma’

If potential is given by (1) & (2), then surface density is given by (3).



