MAL-512: M. Sc. Mathematics (Real Analysis)
Lesson No. 1 Written by Dr. Nawneet Hooda

Lesson: Sequences and Series of Functions -1 Vetted by Dr. Pankaj Kumar

Consider sequences and series whose terms depend on a variable, i.e., those whose
terms are real valued functions defined on an interval as domain. The sequences
and series are denoted by {f,} and 2f, respectively.

Point-wise Convergence

Definition. Let {f,},n=1, 2, 3,...be a sequence of functions, defined on an interval
I, a < x <b. If there exits a real valued function f with domain I such that

f(x) = lim {f,(x)}, Vxel

Then the function f is called the limit or the point-wise limit of the sequence {f,}
on [a, b], and the sequence {f,} is said to be point-wise convergent to fon [a, b].

Similarly, if the series 2.f, converges for every point xel, and we define
fx)=2 f.(0,  Vxelab]
n=0

the function f'is called the sum or the point-wise sum of the series 2_f, on [a, b].
Definition.  If a sequence of functions {f,} defined on [a, b], converges poinwise
to f, then to each € > 0 and to each x € [a, b], there corresponds an integer N such
that

Ifa(x) —f(x) <€, Vn>N (1.1)
Remark:
1. The limit of differentials may not equal to the differential of the limit.

Consider the sequence {f,}, where f,(x) = sihax , (x real).

Vn

It has the limit
f(x) = lim f,(x) =0

n—oo

f'(x)=0, andso f'(0)=0



But
f'(x) = +/n cos nx
so that
£'(0) = v/n —>o0 as n—oo
Thus at x = 0, the sequence {f', (x)} diverges whereas the limit function f'(x) =0,

2. Each term of the series may be continuous but the sum f may not.

Consider the series

© 2
X
f, , where fy(x) = ——— (x real
2%% (%) Ll ( )

At x =0, each f(x) = 0, so that the sum of the series f(0) = 0.
For x # 0, it forms a geometric series with common ratio 1/(1 + x%), so that
its sum function f(x) = 1 + x*.
Hence,
f(x) = {1+x2, x#0
0 ,x=0
3. The limit of integrals is not equal to the integral of the limit.
Consider the sequence {f,}, where
f(x) =nx(1 —x»)",0<x<1,n=1,2,3,...

For 0<x<1, limf,(x)=0
n—oo
Atx =0, each f,(0) = 0, so that lim f,(0) =0
n—oo

Thus the limit function f(x) = lim f,;(x) =0, for 0 <x <1
n—oo

1
jf(x)dx= 0
0

Again,

1 1
jfn(x) dx =jnx(1—x2)“ dx =
0

0

n
2n+2




so that

1
lim {jf (x) dx} -1
noeo |9 2

Thus,

1

1 1
lim “f dx}i!f dx=£[g?o {fn}]dx

Uniform Convergence

Definition. A sequence of functions {f;} is said to converge uniformly on an
interval [a, b] to a function f if for any € > 0 and for all x € [a, b] there exists an
integer N (independent of x but dependent on €) such that for all xe[a, b]
Ifa(x) — f(x)| <&, ¥Vn>=N (1)

Remark. Every uniformly convergent sequence is pointwise convergent, and the
uniform limit function is same as the pointwise limit function. But the converse is
not true. However non-pointwise convergence implies non-uniform convergence .
Definition. A series of functions 2 f, is said to converge uniformly on [a, b] if the

sequence {S,} of its partial sums, defined by
Sa(x) = D fi(x)
i=1

converges uniformly on [a, b].
Definition. A series of functions 2 f,, converges uniformly to fon [a, b] if for € >0
and all x € [a, b] there exists an integer N (independent of x and dependent on &)
such that for all x in [a, b]

Ifi(x) + fH,(x) + ... + fu(x) — f(x)| <g, forn>N



Theorem (Cauchy’s Criterion for Uniform Convergence). The sequence of
functions {f;} defined on [a, b] converges uniformly on [a, b] if and only if for
every € > 0 and for all x € [a, b], there exists an integer N such that

[fop(X) —fa(x) | <€, Vn=>N,p=1 ...(1)
Proof. Let the sequence {f,} uniformly converge on [a, b] to the limit function f, so
that for a given € > 0, and for all x € [a, b], there exist integers n;, n, such that

| fa(x) — f(x)| <&/2, Vn=n
and

[fhip(X) — f(X)| <€/2, Vnz2n,p=1
Let N =max (nj, ny).

[fnip(X) = fa(] < [faip(x) = T + [fa(x) = f(x)]
<gl2+el2 =g, ¥V n>N,p>1
Conversely. Let the given condition hold so by Cauchy’s general principle of
convergence, {f,} converges for each x € [a, b] to a limit, say f and so the sequence
converges pointwise to f.
For a given € > 0, let us choose an integer N such that (1) holds. Fix n, and

let p—>oo in (1). Since f,.,—>fas p — oo, we get

[f(x) — fu(x)| <e Vv n2>N,all x €[a, b]
which proves that f,(x) — f(x) uniformly on [a, b].
Remark. Other form of this theorem is :
The sequence of functions {f,} defined on [a, b] converges uniformly on [a, b] if
and only if for every € > 0 and for all x € [a, b], there exists an integer N such that

[fa(x) — fn(x)| <&, Vnm=N

Theorem 2. A series of functions 2, defined on [a, b] converges uniformly on
[a, b] if and only if for every € > 0 and for all x€[a, b], there exists an integer N
such that

fas1(x) + fra(X) +...+ fp(X)| <e, Vn2N,p2=1 ...(2)

Proof. Taking the sequence {S,} of partial sums of functions 2_f;,, defined by



S490 = Y £(x)
i=1

And applying above theorem, we get the result.

Example . Show that the sequence {f,}, where

fu(x) = for x € [a, b].

b
1+n%x?

is not uniformly convergent on any interval [a, b] containing 0.

Solution. The sequence converges pointwise to f, where f(x) =0,  V real x.

Let {f,} converge uniformly in any interval [a, b], so that the pointwise limit is also
the uniform limit. Therefore for given £>0, there exists an integer N such that for all
x€[a, b], we have

nx

1+n%x?

0l<eg, Vn=N

If we take € = %, and t an integer greater than N such that 1/t € [a, b], we find on

taking n =t and x = 1/t, that

nx

1
1+n°x? _5{

= €.

1
3
which is a contradiction and so the sequence is not uniformly convergent in the
interval [a, b], having the point 1/t. But since 1/t—0, the interval [a, b] contains O.
Hence the sequence is not uniformly convergent on any interval [a, b] containing 0.
Example . The sequence {f,}, where

fu(x) =x"
is uniformly convergent on [0, k], k < 1 and only pointwise convergent on [0, 1].
Solution.

0, 0<x<l1

f(x) = lim £ (x) :{
n—»ow ], x =1

Thus the sequence converges pointwise to a discontinuous function on [0, 1]

Let £ > 0 be given.



For 0 <x <k <1, we have
Ifa(x) — f(x)| =x"<¢
if

or if
n > log (1/¢)/log(1/x)
This number, log (1/¢)/log (1/x) increases with x, its maximum value being
log (1/€)/1og(1/k) in ]0, k], k > 0.
Let N be an integer > log (1/¢)/log(1/k).
Ifa(x) — f(x)| <&, Vn>2N,0<x<1
Again at x = 0,
Ifa(x) — f(x)|=0<e¢, V nx1
Thus for any € > 0, 3 N such that for all xe[0, k], k<1
Ifa(x) — f(x)| <e, Vn=>N
Therefore, the sequence {f,,} is uniformly convergent in [0, k], k < 1.
However, the number log (1/¢)/log (1/x)—o as x—1 so that it is not
possible to find an integer N such that |f,(x) — f(x)| < ¢, for all n > N and all x in
[0, 1]. Hence the sequence is not uniformly convergent on any interval containing
1 and in particular on [0, 1].
Example . Show that the sequence {f,}, where

1
X+n

fa(x) =

is uniformly convergent in any interval [0, b], b > 0.
Solution. The limit function is

f(x) = limfy(x) =0 Vv x € [0, b]

so that the sequence converges pointwise to 0.

For any € > 0,



0 - 109]= — <

if n > (1/¢) — x, which decreases with x, the maximum value being 1/¢.
Let N be an integer > 1/g, so that for € > 0, there exists N such that
Ifa(x) — f(x)| <&, Vn=>N

Hence the sequence is uniformly convergent in any interval [0, b], b > 0.

. X2 . . .
Example . The series 2f;,, whose sum to n terms, S,(x) =nxe "™ , is pointwise and
not uniformly convergent on any interval [0, k], k> 0.

Solution. The pointwise sum S(x) = lim S,(x) = 0, for all x > 0. Thus the series
n—oo

converges pointwise to 0 on [0, k].
Let us suppose, if possible, the series converges uniformly on [0, k], so that

for any € > 0, there exists an integer N such that for all x > 0,

ISa(x) — S(x)| = nxe_nxz <e, Vn>N ()
Let Ny be an integer greater than N and e’¢”, then for x = 1/ \/N_O and n = Nj, (¥)
gives

\/No/e <g = Nyp< e2e?
so we arrive at a contradiction. Hence the series is not uniformly convergent on
[0, k].
Note . The interval of uniform convergence is always to be a closed interval, that is
it must include the end points. But the interval for pointwise or absolute
convergence can be of any type.
Theorem 3. Let {f,,} be a sequence of functions, such that

I}gr; fu(x) = 1(x), x € [a, b]

and let

M, = Sup [fy(x) - f(x)|
xela,b]

Then f,—f uniformly on [a, b] if and only if M;,—>0 as n—oo.



Proof. Let f;, — funiformly on [a, b], so that for a given £>0, there exists an integer
N such that
Ifa(x) — f(x)| <e, Vn=>N, Vx e [ab]

= M, = Sup [fi(x) — f(x)| <&, Vn=>N
xela,b]
= M, — 0,as n— o

Conversely. Let M, — 0, as n — oo, so that for any € > 0, 3 an integer N such that

M, <g, Vn>N
= Sup [fu(x) — f(x)| <e, Vn>N

xela,b]
= Ifa(x) — f(x)| <e, Vn>N, Vxe]la,b]
= f, = funiformly on [a, b].

Example. Show that 0 is a point of non-uniform convergence of the sequence {f,},
where f3(x) = 1-(1 — x*)".
Solution. We have
Ma = sup {[fa(x) = ()] : x €]0, [}
= sup {(1-x*)™ x €] 0, V2[}

1Y : 1
> (I_HJ {Takmg X —E €]0, \E}

1
— —as n—o.
e

Thus M, cannot tend to zero as n—co.

It follows that the sequence is non-uniformly convergent.

Also as n—o0, x—0 and consequently 0 is a point of non-uniform convergence.
Example . Prove that the sequence {f,}, where

X

> x real

fa(x) =
1+nx

converges uniformly on any closed interval I.

Here pointwise limit,



f(x) = lim f,(x)=0, Vx
n—oo

M, = Sup| f, (x) - f(x) | =Sup

xel xel

1 +nx?

———)O as n— o

24n

Hence {f,} converges uniformly on I.

. . 1 . .
attains the maximum value at x =—, 1.e. at the orlgln}

X 1
[l—knxz 24/n Jn

Example . Show that the sequence {f,}, where

2
fux) = nxe™ , x>0
is not uniformly convergent on [0, k], k>0

Solution.  f(x)= limf,(x)=0, Vx>0
n—oo

) ) ) n 1
Also nxe™ attains maximum value ,|— at X =——
2e A/2n
Now

M= Sup |[fu(x) - f(x)|
x€[0,k]

= Sup nxe " ‘/ — 00 as N—>®©
x€[0,k]

Therefore the sequence is not uniformly convergent on [0, k].

=

Example. Prove that the sequence {f,}, where fy(x) = x™' (I —x) converges
uniformly in the interval [0, 1].

Solution. Here f(x) = lim x"' (1 -x)=0 V x €[0, 1].

Let y=I[fix)-fx)=x""(1-x)

Now y is maximum or minimum when

dy =(n-Dx"*(1-x)-x""=0
dx

X" [(n 1) (1-x)—x] =



n-—1

or x=0or
n
2
n_
Aso —=-ve when x=-—
dx n
1" n-1) 1
Mn=maxy=(1+—j (l——j—)—x0=0asn—>oo.
n n e

Hence the sequence is uniformly convergent on [0, 1] by M,-test.

Example. Show that 0 is a point of non-uniform convergence of the sequence {f,},
where f;(x) = 1-(1 — x*)".

Solution. Here

0 when x=0

f(x) = lim f (x) =
(0= m £,(x) {1 when 0<1|x]<+2

Suppose, if possible, that the sequence is uniformly convergent in a

neighborhood ]0, k[ of 0 where k is a number such that 0 <k < V2 . There exists

therefore a positive integer m such that

() — )| < 5, taking € = .,

e if (1" < 3 for every xe]0, kL.

. 2 . .. . .
Since (1-x°)"—1 as x—0, we arrive at a contradiction. Hence 0 is point of
non-uniform convergence of the sequence.

Example. Test for uniform convergence the series

Z xe ™ in the closed interval [0, 1].
n=0

n—1 _ nx
Solution. Here f,,(x) = er-nx _ w
n=1 1-1/e

xe* ( 1 j
= 1+
e" -1 e™

10



0 where x =0

Now f(x) = lim f (x) = X
) e (%) Xe when 0 <x <1

e’ —1
We consider 0 <x < 1. We have
M, = sup {[fu(x) — f(x) : x € [0, 1]}

= su Xex .
= sup {—(ex “he X € [0,1]}

1/n
, 1/ine " (Taking x=le [0,1]}
(e =De n
1/xn
Now lim 1/11/1—6 Form 9
n—oo (e n —_ 1) O

. 1/ne""(=1/n*)+(=1/n%)e""
- llI{} 1/n 2
> ee’"—(-1/n%)

~ lim 1/n+1) :(O+1):l.
n—o e e e

Thus M, does not tend zero as n—o.

Hence the sequence is non-uniformly convergent by M,-test.
Here 0 is a point of non-uniform convergence.
Example . The sequence {f,}, where

X

n
fl‘l X)= ——
®) 1+n%x?

is not uniformly convergent on any interval containing zero.
Solution. Here
lim f,(x) =0, vV x
n—oo
nx . : 1 1 1
Now ——— attains the maximum value — atx = —; —

1+n*x? 2 n-n

n—oo. Let us take an interval [a, b] containing 0.

Thus

11

tending to 0 as



M= Sup [fu(x) — f(x)|

xefa,b]
nx
= Sup >
xela,b] 1+n°x
1 .
= > which does not tend to zero as n—co.

Hence the sequence {f,} is not uniformly convergent in any interval

containing the origin.

Theorem 4. (Weierstrass’s M-test). A series of functions 2f, will converge
uniformly (and absolutely) on [a, b] if there exists a convergent series 2.M, of
positive numbers such that for all x €[a, b]
[ta(X)| < M,, for all n
Let € > 0 be a positive number.
Since 2 M, is convergent, therefore there exists a positive integer N such
that
Mp+1 + Mpiz + ... Mpip| <& Vn2N,p>1 ...(1)
Hence for all xe [a, b] and for alln > N, p > 1, we have
F0s100) + F2() + ot Faip(O] £ (a1 GO + 2]+ oo (g -.-(2)
SMpr1 + Mpsz + .00+ Mysp
<g ...(3)
(2) and (3) imply that 2f;, is uniformly and absolutely convergent on [a, b].
Example. Test for uniform convergence the series.
. X . X
RS T

X
Solution. (i) Here uy,(x) = ————.
(1) (%) 1 x)

12



du, (x) _

dx
or (n+ Xz)z — 4x? (n+ Xz) =0

3x*+2nx® —n%?=0

0

Now uy(x) is maximum or minimum when

, n. n
or X"=—ie x=,|—.
3 3

2
If will be seen that du—ngx) 1s —ve when x = \/E .
dx 3

n
333y

( n)2_16n3/2_ "
n+—
3

Therefore [un(x)| £ M.

Hence Max uy(X) =

But 2. M, is convergent.
Hence the given series is uniformly convergent for all values of x by Weierstrass’s
M test.
(i1) Here upy(x) is Maximum or minimum when
n(l +nx%) -2n’x*=0 or x== 1/\(n).

. 1 :
It can be easily shown that x = T makes u,(X) a maximum.
n

1/4n 1

n(1+1) 2n*?

Hence Max u,(x) = =M, . But 2 M, is convergent.

Hence the given series is uniformly convergent for all values of x by

Weierstrass’s M-test.

)
X

Example :- Consider 2—2, x eR.
on(l+nx”)

We assume that x is +ve, for if X is negative, we can change signs of all the terms.

We have

13



X

h(x)=———-
n(l+nx?)
and fi(x) =0
implies nx* = 1. Thus maximum value of f,(x) is —77
2n
Hence fu(x) < 5372
Since Z% is convergent, Weierstrass’ M-Test implies that Z% 1s
n o n(l+nx7)
uniformly convergent for all xeR.
Example :- Consider the series Z% , X ER. We have
n=I (n +X )
X
fil(x)=——5—
T (m+x?)?
252 2
and so £,(x) = (n+x7)" -2x(n+x7)2x

(n+x?)*
Thus £} (x) =0 gives
xt+x?+ 2nx* —4nx® —4x* =0
-3x*-2nx* +n*=0
or 3x*+2nx* —n* =0

2 n n
or XZEOTX: -

3

Also f(x) is —ve. Hence maximum value of fy(x) is 3\/§2.Since Z% is
6n n

convergent, it follows by Weierstrass’s M-Test that the given series is uniformly

convergent.

14



: X . .
Example . The series Zp—z converges uniformly over any finite interval [a,

n? +x°nf
b], for () p>1,q=>0 (i) 0<p<l1, ptq>2
(1) Whenp>1,q=0
X a
N

where o0 > max {|a, |bl}.
The series 2.(a / n”) converges for p > 1.
Hence by M-test, the given series converges uniformly over the interval [a, b].

(i) When0<p<1,p+q>2.

. . 1 :
|f,(x)| attains the maximum value ——— at the point, where x’n* = n”
1(p+q)
n2
1
()] £ ———
1(p+q)
2n?

. 1 . .
The series Z— converges for p + q > 2. Hence by M-test, the given series
L(p+q)
2
n

converges uniformly over any finite interval [a, b].

Example . Test for uniform convergence, the series

2x  4x°  8x’ 1 1
>+ s gt X<~
1+x 1+x 1+x 2 2
21’1X2n—1
Solution. The nth term f,(x) = -
1+x?

| £, < 2% 0)> !

where [x| < a <

N | —

n
The series Y2"(a)* ' converges, and hence by M-test the given series

converges uniformly on {—%, E} .

15



Abel’s Lemma . If vy, va,..., v, be positive and decreasing, the sum
uivy +upva .o ug vy
lies between A v; and B v;, where A and B are the greatest and least of the
quantities
up, u; +uy, u; +uy +us,...,u; tuyt+...tu,
Proof. Write
Sh=u+tw+...+u,
Therefore
u = Sl, U = Sz — Sl,...., Up = Sn — Sn_1
Hence

n
Z Uivi=u; vi tu;vp ...+ upvy
i=1

= Sl Vi + (Sz — S]) \'%) + (S3 — Sz) V3 +...+ (Sn — Sn—l) Vn
= S1(V1 - Vz) + Sz(Vz —V3) +...t Sn,1 (Vn,1 - Vn) + SnVn
=A[vi—-Vva+Vvo—Vv3+ ...+ Ve —Vyt vy
Similarly, we can show that
n
Zui vi>B v
i=1

Hence the result follows.

Theorem (Abel’s test). If a,(x) is a positive, monotonic decreasing function of n
for each fixed value of x in the interval [a, b], and a,(X) is bounded for all values of
n and x , and if the series 2 u,(x) converges uniformly on [a, b], then 2Xa,(X)un(x)
also converges uniformaly.

Proof. Since ay(x) is bounded for all values of n and for x in [a, b], therefore there
exists a number K > 0, independent of x and n, such that for all xe[a, b],

0<a(x)<K, (forn=1,2,3,...) ..(D

16



Again, since 2 u,(x) converges uniformly on [a, b], therefore for any & >0,

we can find and integer N such that

n+p

2. u,(x)

r=n+1

€
<—, Vn>2N,p=>1 (2
< p (2)

Hence using Abel’s lemma we get

n+p

2. a.(0u,(x)

r=n+l

n+q

2. (%)

r=n+l

< a‘n+1 (X) qglzaxp

AAAAA

<K % =g, forn>N,p>1,a<x<b
= Xan(X) un(x) is uniformly convergent on [a, b].
. D" ... .
Example . The series 2.——— |x|" is uniformly convergent in — 1 <x < 1.
n

Solution. Since |x|" is positive, monotonic decreasing and bounded for -1 <x <1,

D"
n

. -n" .. .
and the series z( ) is uniformly convergent, therefore Z X" is also so

n
m-1<x<1.

Theorem . (Dirchlet’s test). If a,(x) is a monotonic function of n for each fixed
value of x in [a, b], and a,(x) >0 uniformly for a < x <b, and if there is a number

K > 0, independent of x and n, such that for all values of x in [a, b],

Du(x)
r=1

then , 2 a,(X) uy(X) converges uniformly on [a, b].

<K, Vn

Proof. Since a,(x) tends uniformly to zero, therefore for any € > 0, there exists an
integer N (independent of x) such that for all xe [a, b]
lan(x)| < €/4K, foralln>N

Let Sp(x) = Zur(x), for all x €[a, b], and for all n,

r=l1

n+p

Zar(x)ur(x) = an+1(x) <{SnJrl _Sn} + an+2(X) {Sn+2 - Sn+1} +...

r=n+l

17



+ an+p(x) {Sn+p - Sn+p—1}
= - an+1(X) Sp+ {an+1(X) - an+2(X)} Sni1 + ...

* {antp-1(X) = anep(X)} Snp-1 + anep(X) Snep

n+p-1

= > {8,(X) = ar1(X)} S(X) — an+1(x) S(x)

r=n+l

+ an+p(x) Sn+p(X)

n+p

> a,(0u, (x)

r=n+1

n+p-1

< 218, (%) = ami ()] [S(0)] + Jana(X)] [Su(x)] +

r=n+1

+ [ansp(X)] [Suep(X))
Making use of the monotonicity of a,(x)

n+p-1

Z| a,(X) —arr1(X)] = |an+1(X) — anip(x)|, fora<x <b,

r=n+l
and the relation [S,(x)| < K, for all xe[a, b] and for all n =1, 2, 3,..., we deduce

that for all xe[a,b]andallp>1,n>N

n+p

> a, (), (x)

r=n+1

£
< Klag1(X) — agip(X)| + — 2K
|an+1(X) = anp(X)| 1K

<K —+Z =g
2K 2
Therefore by Cauchy’s criterion, the series > ay(X)u,y(x) converges uniformly

on [a, b].

_1 n-1
Example. Consider the series Z((—)2 for uniform convergence for all values of
n+x
X.
) el 1
Solution. Let u, = (—1)"", vu(X) 5
n+x
Since fu(x) = Z:ur =0 or 1 according as n is even or odd,

r=1

fu(x) is bounded for all n.

18



Also v,(x) is a positive monotonic decreasing sequence, converging to zero for all
real values of x.
Hence by Dirichlets test, the given series is uniformly convergent for all real

values of x.

2
. X +n . .
Example . Prove that the series >(—1)" ———, converges uniformly in every
n

bounded interval, but does not converge absolutely for any value of x.
Solution. Let the bounded interval be [a, b], so that 3 a number K such that,
for all x in [a, b], [x| <K.
Let us take 2 u, = 2 (—1)", which oscillates finitely, and
x’+n K?+n

<
1’12 n2

an =

Clearly a, is a positive, monotonic decreasing function of n for each x in [a, b], and

tends to zero uniformly for a <x <b.

x%+n

Hence by Dirchlet’s test, the series >(—1)" converges uniformly on

[a, b].

2
2 X +n

2
Again Z‘ (-1 = Z X njn ~ Zﬁ, which diverges. Hence the

2
n

given series is not absolutely convergent for any value of x.

Example. Prove that if 3 is any fixed positive number less than unity, the series

ZX

n+1

n

is uniformly convergent in [-9, J].

) 1
Solution. Let uy(x) = x", vp = ——
n+1

x| <8 <1, we have
If.(x)] =[x + x* + ...+ X"

<[x|+ % +.. 4 ]
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3(1-8") _ &
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Also {v,} is a monotonic decreasing sequence converging to zero.

<&+ & +..+8"=

Hence the given series is uniformly convergent by Dirichlet’s test.

Example. Show that the series z (=)™ x" converges uniformly in 0 < x <k < 1.

n=1

Solution. Let u, = (—1)"", va(x) = x".

n

Since fy(x) = Zur =0 or 1 according as n is even or odd, f,(x) is bounded for all

n=1
n. Also {vy(x)} is a positive monotonic decreasing sequence, converging to zero for
all values of x in 0 < x < k < 1. Hence by Dirichlet’s test, the given series is

uniformly convergentin 0 <x <k <1.

Example 14. Prove that the series Z

COS’? 0 converges uniformly for all values of

n
p >0 in an interval [a, 21 — af, where 0 < o < .
Solution. When 0 < p < 1, the series converges uniformly in any interval [a, 270 —
a], o> 0. Take a, = (1/n") and u, = cos nO in Dirchlet’s test.
Now (1/nP) is positive monotonic decreasing and tending uniformly to zero

for 0<p<1,and

n
DU,
t=1

Zcos te‘ =]|cos O + cos 20 + ...+ cos no|
t=1

cos((n+1)/2)0sin(n/2)0
sin(0/2)

< cosec (a/2), V n,

for 6 €[a, 21 — a]
Now by Dirchlet test , the series 2 (cos n6/n”) converges uniformly on [o, 2 — o]
where 0 < o < m. When p > 1, Weierstrass’s M-test , the series converges

uniformly for all real values of 0.
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MAL-512: M. Sc. Mathematics (Real Analysis)
Lesson No. Il Written by Dr. Nawneet Hooda

Lesson: Power series Vetted by Dr. Pankaj Kumar

THE WEIERSTRASS APPROXIMATION THEOREM

Theorem . Let f be a real continuous function defined on a closed interval [a, b]
then there exists a sequence of real polynomials {P,} such that

lim P,(x) = f(x), uniformly on [a, b].

Proof. Ifa=b, we take Py(X) to be a constant polynomial, defined by P,(x) = f(a),
for all n and the conclusion follows .
So leta <b.

The linear transformation x’ = (x — a)/(b — a) is a continuous mapping of

[a, b] onto [0, 1]. So, we takea=0,b=1.

The binomial coefficient (EJ is defined by

n !
L , for positive integers n and k when 0 <k <n,
k) kl(n-k)!

The Bernstein polynomials B, associated with f is defined as

Bo(x) = Z(E]xk(l—x)n_k f(k/n),n=1,2,3,..., and x€[0, 1]

k=0
By binomial theorem,
(1 k n-k __ n__
DI - = x+ (1 -x)"=1 .()
ico\k

Differentiating with respect to x, we get

n

Z(E] Ik x<1(1 = )™ = (n =k) xK(1 = )" 1] =0

k=0

or
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Z(n}(k—l (1-x)"*(k—nx) = 0
co\k
Now multiply by x(1 — x) , we take
Z(n]xk (1 ="k - nx) = 0
ico\k
Differentiating with respect to x, we get
k=0
Using (1), we have

Zn:(gj X1 = x)" 'k —nx)*=n
k=0

and on multiplying by x(1- x), we get

Z[E] x(1 =x)"*( =nx)? = nx(1 = x)

k=0

or

(D) ko ok, 2 _ x(1-x)
é(ij(l x)" ¥ (x — k/n) -

The maximum value of x(1 —x) in [0, 1] being 1.

n

Z(E]Xk(l—x)“_k (x—k/n)? < ﬁ

k=0

Z(E} [—nxK(1 = )" %+ X1 = )" (k = nx)?] = 0

.(2)

..03)

)

Continuity of f on the closed interval [0, 1], implies that f is bounded and

uniformly continuous on [0, 1].
Hence there exists K > 0, such that

[f(x)| <K, Vv x €[0, 1]

and for any € > 0, there exists 6 > 0 such that for all xe[0, 1].

[f(x) — fOk/n)| < L &, when [x — k/n| <&
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For any fixed but arbitrary x in [0, 1], the values 0, 1, 2, 3,..., n of k may be
divided into two parts :

Let A be the set of values of k for which |x — k/n| < &, and B the set of the
remaining values, for which |x — k/n| > 3.

For k €B, using (4),

n n— n 0 1
é(kJXk(l—X) kSZSé(kJXk(l_X) k(X_k/n)ZSE

1
4nd>

= Z(E}(k(l—x)n_k < ...(6)

keB

Using (1), we see that for this fixed x in [0, 1],

[f(x) = Bu(¥)| =

i(i]xk(l—x)“_k[f(x)—f(k/n)]

k=0

< Z(n]xk (1= )" |f(x) — f(k/n)
ico\k
Thus summation on the right may be split into two parts, according as
|x —k/n| < or |x — k/n| >0. Thus
n o
If(x) — Ba(x)| < Z(k]xk (1 —x)" ™ [f(x) — f(k/n)|

keA

+ Z(Ej xk(] — X)n_k If(x) — f(k/n)|

keB

E[ M| kg ok L N = X
<2Z(k]x (1-x) +2K2(ij (1-x)

keA keB
< &/2 + 2K/4nd* < ¢, using (1), (5) and (6),
for values of n greater than K/ed”.
Thus {B,(x)} converges uniformly to f(x) on [0, 1].

Example . If f is continuous on [0, 1], and if

1
jx“f(x)dxzo, forn=0,1,2,... (D
0
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then show that f(x) = 0 on [0, 1].

Solution. From (1), it follows that, the integral of the product of f with any
polynomial is zero.

Now, since f is continuous on [0, 1], therefore, by ‘Weierstrass approximation
theorem’, there exists a sequence {P,} of polynomials, such that P,—f uniformly on

[0, 1]. And so P,f—>f* uniformly on [0, 1], since f, being continuous, is bounded on

[0, 1]. Therefore,

n—oo

1 1
J.fzdx = lim.[Pnf dx =0, using (1)
0 0

. £=00n[0, 1]. Hence f=0 on [0, 1].

POWER SERIES

Consider series of the form

o0
ap+ax Fax>+..+tax"+.. = Zanxn
n=0

This is called power series (in x) and the numbers a,(dependent on n but not on x)
it’s coefficients.

If a power series converges for no value of x other than x = 0, we then say that it is
nowhere convergent. If it converges for all values of x, it is called everywhere
convergent.

Thus if >a,x" is a power series which does not converge everywhere or nowhere,
then a definite positive number R exists such that >’a,x" converges ( absolutely) for
every |x| <R but diverges for every [x| > R. The number R, which is associated with
every power series, is called the radius of convergence and the interval, (-R, R), the

interval of convergence, of the given power series.

Theorem. 1. If lim | a, |'" =% , then the series > a,x" is convergent (absolutely) for

|x| <R and divergent for |x| > R.
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Proof.

Now

T X
lim|a x" |1/Il=u
n—o0 R

Hence by Cauchy’s root test, the series X.a,x" is absolutely convergent and therefore

convergent for [x| <R and divergent for [x| > R.

Definition. The radius of convergence R of a power series is defined to be equal to

1 Praa
— ——, when lim|a, 7> 0
: n
lim|a, |
w when lim|a, |"" =0
0 , when lim |a, ['" =0

Thus for a nowhere convergent power series, R = 0, while for an every-
where convergent power series, R = oo,
Theorem . If a power series 2a,x" converges for x = Xo then it is absolutely
convergent for every X = x;, when [x;| < |xo|.

Solution. Since the series Xa, X, is convergent, therefore a, x; —0, as n—oo.

Thus, for € = é-(say), there exists an integer N such that

lanXg | < %,fornZN, and so

n n

X X
lan x| =lanxg|. [ < L |=L| ,forn>N
X 2 1x,

n
Xl . . . . . Xl
But Z —| is a convergent geometric series with common ratio |[—|<1.
X
0

X0
Therefore, by comparison test, the series 2.[a, X| | converges.

Hence X a,x" is absolutely convergent for every x = x;, when |x;| < [xo|.

43



Theorem . If a power series > a,x" diverges for x = x/, then it diverges for every
x =x"', where [x"'| > |x'].

Proof. If the series was convergent for x = x"' then it would have to converge for
all x with [x| <|x"|, and in particular at x’, which contradicts the hypothesis. Hence
the theorem.

Example . Find the radius of convergence of the series

2 3

(i)x+%+%+... (i) 1 +x+2!x+3 +41 x* + ..
!
Solution. (i) The radius of convergence R = lim | 2 | =lim (n +'1)' = o0,
ant n:

Therefore the series converges absolutely for all values of x.

= (0. Therefore the series

(i) The radius of convergence R = lim
n-o (n+1)!

converges for no value of x, of course other than zero.

Example . Find the interval of absolute convergence for the series ZX“ /n" .

n=1
Solution. It is a power series and will therefore be absolutely convergent
within its interval of convergence. Now, the radius of convergence

1 1

|1/n -

ﬁl|an

1/n
lim| —

nn

Hence the series converges absolutely for all x.
Theorem . If a power series X a,x" converge for |x| <R, and let
f(x) = 2a.x", |x| <R.
then X a,x" converges uniformly on [-R + &, R—¢], where € > 0 and that the function
fis continuous and differentiable on( —R, R) and
f'(x) = Xnax ', [x] <R ..(D)
Proof. Let ¢ > 0 be any number given.

For |x| <R — ¢, we have
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lanx"| < |ag|(R — €)".
But since >.a,(R—¢)", converges absolutely , therefore by Weierstrass’s M-test, the
series Y.a,x" converges uniformly on [-R + g, R—¢].
Again, since every term of the series 2.a,x" is continuous and differentiable
on (-R, R), and X a,x" is uniformly convergent on [-R + ¢, R —¢], therefore its sum

function f'is also continuous and differentiable on (—R, R).

Also

lim |na, ['"=lim(n"™)|a, |'" = I/R
n—oo n—oo

Hence the differentiated series Znanx“_1 is also a power series and has the
same radius of convergence R as 2ayx". Therefore Snax" is uniformly
convergent in [-R + ¢, R —¢].

Hence

f'(x) = Ynax"", x| <R
Observations. 1 By above theorem, f has derivatives of all orders in (R, R), which
are given by

f™(x) = in(n—l)...(n—m+1)anxn_m , (2

and in particular,

f™0)=m! am, (m=0,1,2,...) ..(3)
Theorem :- (Uniqueness Theorem). If X a,x" and 2 b,x" converge on some
interval (-, r), r > 0 to the same function f, then

a, = b, for all neN.

Proof. Under the given condition, the function f have derivatives of all order in (-r,
r) given by

f9(x) = in(n—l) (n-2) ... (n —k+1) ay x"*

n=k

Putting x = 0, this yields
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f90) = | k a and £(0) = |k by
for all k € N. Hence
ax = by for all keN.
This completes the proof or the theorem.
Abel’s Theorem (First form). If a power series Zanx“ converges at x = R of the
n=0
interval of convergence (—R, R), then it is uniformly convergent in the closed
interval [0, R].
Proof. Let Syp=an R™! +a,,, R™2 4.+ anp R™P, p=1,2,...
Then ,
an+1Rn+l = Sn,l

an+2}{nJr2 = Sn,2 - Sn,l
M
anpR" P =S, — Sppi .(1)

Let € > 0 be given.

[e¢]
Since the number series Zaan is convergent, therefore by Cauchy’s general
n=0

principle of convergence, there exists an integer N such that forn > N,

ISnql <€, forall q=1,2,3,... ...(2)

X n+p X n+p—1 X n+l
— <|— <..Z|— <1l,for0<x<R
R R R

and using (1) and (2) we have forn >N

Note that

n+l n+2 n+
lani X"+ anX" ot anpX

X n+l X n+2 X n+p
— n+l n+2 n
= an+1R * (EJ +an+2R * (E] +...an+pR +p[§j

IECRGEREORONE
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n+l
:8(%j <g foralln>N, p > 1, and for all x€[0, R].

Hence by Cauchy’s criterion, the series converges uniformly on [0, R].

Abel’s Theorem (Second form). Let R be the radius of convergence of a power
series 2a,x" and let f(x) = 2a,x", -R <x <R. If the series >.a,R" converges, then

lim f(x)=2a,R"
0

x—>R—
Proof. Taking x = Ry , we get
Yaxx'=2a,R"y" =>b,y", whereb,=2a,R".
It is a power series with radius of convergence R’, where
1

El|aan ’1/11 -

r —

So, there is no loss of generality in taking R = 1.

o0
Let Zanxn be a power series with unit radius of convergence and let
0

f(x) = Zanxn, —1<x<1. Ifthe series 2 a, converges, then
0
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lim f(x)= Zan
0

x—1-0

LetS,=apta; ta;+...+a, S_;1=0, and let Zan =S, then

n=0
m m m-1 m
Dax"=>(8, -8, )x" =S x"+8"x"->'s, x"
n=0 n=0 n=0 n=0
m-1 m
= ZSan -X an_lxn_1 +S,x™

= n=0

=

m-—1
=(1—x) ) 8, x" + Spx"

n=0

For [x| < 1, when m—»0, since S;,—S, and x"—0, we get
fx)=(1-x)).S,x", for 0<x<1.
n=0

Again, since S,—S, for € > 0, there exists N such that
ISh—S| <¢€/2, foralln> N
Also
(1-x) ) x"=1,]x |1
n=0

Hence for n > N, we have, for 0 <x <1,

1) -S| = [1-0YS,x" =S| by 1]
n=0
=026, -9x" | [by3]
n=0

<1 —x) i;sn—syx“ +§(1—x) ix“ [by 2]
n=0

n=N+l

N €
<(1-x) ) |S, —S|x" 2
n=0
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N
For a fixed N, (1 —X)Z\ S, —S|x" is a positive continuous function of x, and
n=0

vanishes at x = 1 . Therefore, there exists & > 0, such that for 1-d <x <1,

N
(1-x) YIS, —S|x"<#&/2.

n=0

o lfx) =S| < §+§:8,when 1-8<x<1

Hence lim f(x):S:Z:an

x—1-0

n=0
Example . Prove that
2 4 6
l(tan‘1 x)? :X——X—(l+lj+x—(1+l+lj +..., —l<x<I.
2 2 4 3 6 35
Proof. We have
3 5 7
tan 'x = x — X—+X——X— +...,-1<x<1
3 5 7
and
A+x)'T=1-x*+x'-x"+...,-1<x<1

Both the series are absolutely convergent in (-1, 1), therefore their Cauchy

product will converge absolutely to the product of their sums, (1 + x*)”' tan 'x in
(-1, 1).
21, 1 1) 3 1 1) s
(1+x%) tan x=x—[14+=- X" +|[+-+—-[x" —..., —1<x<1
3 3 5
Integrating,

2 4 6
L (tan™ x)? =%—%[1+%}+%(1+%+%} — ., —l<x<1

the constant of integration vanishes.

The power series on the right converges at x = 1 also, so that by Abel’s theorem,

2 4 6
%(tan‘1 x)? :X——X—(1+lj+x—(1+l+lj—..., -1<x<1
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Example . Show that

2 3 4
X X

X
log(1+x)=x— —+2 -2 4 _1<x<I,
g1+ 2 3 4

and deduce that
_ 1
10g2— 1 —7+%—£ +...

Solution. We know
2 .3

Q+x)'=1-x+x*-x"+., —1<x<1
Integrating,
2 3 4
X© X X
log(l+x)=x— —+——-——+..., —1<x<1
8 ) 2 3 4

the constant of integration vanishes as can be verified by putting x = 0.
The power series on the right converges at x = 1 also. Therefore by Abel’s

theorem

2 3 4
X X

log(1+x)=x— %4—?_? +..., —1<x<1

Atx =1, we get, by Abel’s theorem (second form),

log 2= lim log(1+x) =1~ 4+3-F +..

Example . Show that

1 , x2 x* 1. X! 1 1
—[logl+x)]" =——-——+>)+—O+|=—+>)—..,, —1<x<1
2[ g(1+x)] > 73 ( 2) 2 ( |2 3)
We know
2 3 4
log(l+x)=X—X—+X—+X—+..., -1<x<1
2 3 4
and
1+x)'=1-x+x-x+x"—.., —1<x<1

Both the series are absolutely convergent in ]-1, 1[, therefore their Cauchy

product will converge to (1 +x)™" log (1 + x). Thus
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1) Sf. 11
(1 +x)" log(1 +x)=x—x2(1+§j+x (1+5+§j—..., -1<x<1

Integrating,

1 , o x2 x 10 xt . 1 1
—[log(l+x)]? ==—-2(1+)+—(l+—+=) —...,— 1 <x<1
2[ g(1+x)] 5 3( 2) 4( 5 3)

the constant of integration vanishes.
Since the series on the right converges at x = 1 also, therefore by Abel’s.

Theorem, we have

1 , x* x° 1. x*
—[log(1+x)]" =—-——(0+=)+—(0+
2[ g(l+x)] 573 ( 2) 2 (

%+%) —..,—1<x<l1
Linear transformations.

Definitions. (i) Let X be a subset of R". Then X is said to be a vector space if xeX,

yeX = xt+y e Xandcx € X forall

(ii) If x4, Xa,..., Xm €R" and ¢y, ¢y,.... Cy are scalars, then the vector ¢ix; + ¢x, +
....T cmXn 1S called a linear combination of X, Xa,...., Xn.

(iii) If SCR" and if A is the set of linear combinations of elements of S, then are say

that S spans A or that A is the span of S.

(iv) We say that the set of vectors {xy, Xa,...., X,} is independent if ¢;x; + cox, +...+

CrXm =0 =ci=c...=cn=0.

(v) A vector space X is said to have dimension k if X contains an independent set of

k vectors but no independent set of (k + 1) vectors. We then write dim X = k.

The set consists g of O(zero vector) alone is a vector space. Its dimension is 0.

(vi) A subset B of a vector space X is said to be a basis of X if B is independent and

spans X.

Remark (i) Any set consisting of the 0 vector is dependent or equivalently, no

independent set contains the zero vector.

(i1) If B = {xi1, X2,... Xm} 1s a basis of a vector space X, then every xeX can be

expressed unequally in the form
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m
X = Zcixi . The numbers cy, cy,..., ¢ are called coordinates of x

i=1
w.r.t. the basis B. The following theorems of vector-space will be used.
Theorem. If a vector space X is spanned by a set or k vectors, then dim X < k.
Corollary. Dim k" =n.
Theorem. Let X be a vector space with dim X =n. Then

(1) a set A of n vectors in X spans X < A is independent.

(i1)) X has a basis, and every basis consists n-vectors

(i) Ifl1<r<nand {yi, y2...., y:} is an independent set in X. Then X has a

basis containing {yi, y2,...., Yr}-

Definition. Let X and Y be two vector spaces. A mapping T : X—Y is said to be
linear transformation if T(x; + x;) = Tx; + Txy, T(cx) = cTx V X, X, X € X and all
scalars C.

Linear transformations of X into X will be called linear operators on X.
Observe that T(0) = 0 for any Linear transformation T. We say that a Linear
transformations T on X is invertible if T is one-one and onto. T is invertible, then
we can define an operator T~' on X by setting T"/(Tx) =x V xeX. Also in this cae,
we have T(T 'x) = x V xeX and that T™' is linear.

Theorem. A linear transformation T on a finite dimensional vector space X is one-
one < the range of T is all of X. i.e. T is onto.

Definition. (i) Let X and Y be vector spaces. Denote by L(X, Y) the set of all linear
transformations of X into Y. If Ty, T, € L(X, Y) and if ¢, c, are scalars, we define

(1T + e To)x=cTix + cTox V xeX. Also ¢, Ty + ¢, T, € L(X, Y)

(i) Let X, Y, Z be vector spaces and let

T e L(X, Y), UeL(Y, Z) the product UT is defined by (UT)x = U(Tx), xeX.
Then UTeL(X, Z) . Observe that UT need not be the same as TU even if X =Y =
Z.
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(iii) For TeL(R", R™), we define the norm ||T|| of T to be the Lu.b |Tx|, where x
ranges over all vectors R" with [x| < 1.
Observe that the inequality |Tx| < ||T|| |x| holds for all xeR". Also if A is such that
ITx| <AJx| V x €R", then ||T|| <A.
Theorem . Let T € L(R", R™). Then ||T|| < o and T is a uniformly continuous
mapping of R" into R™.
Proof. Let E = {ej,... e,} be the basis of R" and let xeR" with [x| < 1.
Since E spans R", 3 scalars cy,..., ¢, s. t. X = 2.cie; so that | 2ciei| = [x| < 1.
= lcii<1fori=1,....n.
Then |Tx|=|X ¢; Tej| <2 |ci| |Tei < X|Tej.
It follows that ||T|| < i| Te, | <co.

i=1
For uniform continuity of T, observe that

Tx = Ty| = [Tx =) < [ITI| [x=yl, (x, y, € RY)

€
So for £>0, we can choose 6 = m S. t.

x—y| <8 :rTx—Ty|<||THHTSH=s

Therefore T is uniformly continuous.
Theorem. If T, U eL (R", R™) and ¢ is a scalar, then
IT +UJl <|{T)| + U}, [eT]| = le] T}
and L(R", R™) is a metric space
Proof.
We have |(T + U)x| =|Tx + Ux| < |Tx| + |Ux|
< ([T + 11T x|
Hence ||T + UJ| <|[T|| + |U]|

Similarly we can prove that ||cT|| = |c| ||T]|
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To prove that L(R", R™) is a metric space, let U, V, W, € L(R", R™), then
U= W[[=[[(U=V)+(V-W)|| < [[U=V] + [[V-W]|

which is the triangle inequality.

Theorem. (iii) If T € L(R", R™) and U e L(R™, R¥), then
IUTI < ([Tl T

Proof. We have |(UT)x| = [U(Tx)| < |U|| [Tx| <|[U]| |[T]| x|
= IUT|| <[[u]| [[T].

Theorem. Let C denote the set of all invertible linear operators on R".

@) HTeC,[T'=-L, UeL(R" and|[U—T| = B<o then Ue C
o

(il)  C is an open subset of L(R") and the mapping f : C — C defined by
f(T)=T"' VT e V is continuous

Proof. For all xeR", we have
| =TT 7] [T = - Tx] o that
o

(a—P) |x| = alx| = Blx| < [Tx| = [|U =T]| |x|
<|Tx| |(U-T)x| = |Tx| — |Ux, —Tx|
= |Tx| — |Tx— Ux]
< [Tx]= (ITx | = [Ux]) = [Ux|
Thus [Ux| > (a—B) |x| V xeR" (D
Now Uy=U;, =U,-Uy=0 = Ux-y)=0
= U -y)I=0 = |(a-P)| [x -yl =0by (1)
= X-y|=0 = a-y=0 = x=y.
This shows that is one-one.

Also, U is also onto. Hence U is an invertible operator so that Ue C.
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(i1)) As shown in (i), if T € C, then a = is s. t. every U with |[U-T|| < a

1
T |
belongs to C. Thus to show that C is open, replacing x in (1) by U™y, we have

(0—B) Uyl < UU " y| = 1y]
So that (a—B) [U™" || Iyl <[yl or U] < (a—B)"
Now [f(U) - (T)|=[U"' =T |=[U(T-U) T|
<[ujr-uy )

<(a—p)' B é

This shows that f is continuous since B—0 as U—>T.

Differentiation in R"

Definition. Let A be an open subset of R”, xe A and f a mapping of A into R™. If
there exists a linear transformation T of R" into R™ such that

lim | f(x+h)[f(x)-Th| ~0

...(1
h—0 | h | ( )
Then fis said to differentiable at x and we rite
f'x)=T ...(2)

Uniqueness of the derivatives
Theorem. Let A be an open subset of R", x €A and f a mapping of A into R™. If f
is differentiable with T = Ty and T = T,, where Ty, T, € L(R", R™), then T, =T>.
Proof. Let U = T; — T, we have
|Uh| =|(T — To)h| = [(Tih - Tzh)|

= |T;h — f(x + h) + f(x) + f(x + h) — f(x) — T2h|

= |T1h — f(x + h) + f(x)| + [f(x + h) — f(x) — T2h|

= |f(x + h) — f(x) — T1h| + [f(x + h) — f(x) — T2h|

‘U_h‘< [f(x+h)——F-()-Th|  [f(x+h)-f(x-Th|
h [ |h| |h|

55



— 0 as h—0 by (1) differentiability of f.
For fixed h = 0, it follows that
U,
[t |

Linearity of U shows that U(th) = tUh so that the left hand side of (1) is

— 0 ast—0 ...(1)

independent of t.
Thus for all heR", we have Uh=0 = (T;-T,)h=0 =Th-T)h=0

= Tlh:Tzh = T1:T2

The chain Rule
Theorem. Suppose E is an open subset of R”, f maps E into R™, f is differentiable at
xo€E, g maps an open set containing f(E) into R¥, and g is differentiable at f(xo).
Then the mapping F of E into R* defined by
F(x) = g(f(x)) is differentiable at x¢ and
F'(x0) = g'(f(x0)) f'(x0) product of two linear transformations.
Proof. Let yo = f(x0), T = f'(x0), U = f'(yo) and define
u(x) = f(x) — f(xo) — T(x— x¢)
u(y) = g(y) — g(yo) = U(y — yo)
1(x) = F(x) — F(x0) — UT (x - Xo)
We want to prove that F'(x¢) = Ut, that is,

tim 1L g
X—>X0|X—XO ’

The definition of F, r at yo show that
1(x) = g(f(x)) — &(y0) ~ UT(x — x0)
Now UT (x — x0) = U(T(x — X0)) = U(x) — yo — f(x) + f(x0) + T(x — Xo))
= U(f(x) — yo) — U(f(x)—f(x0)-T(x—xo)) by linearity of U.

Hence 1(x) = [g(f(x)] = g(yo) — U(f(x) = yo)] + [U(f(x) ~ f(x0) — T(x~x0))]
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= u(f(x)) + Un(x)
By definition of U and T, we have

We have 1 — 0 as y—yo and 1w
Y=Yl | X=X, |

—0 as x—Xo.
This means that for a given >0, we can find n > 0 and
& > 0 such that [f(x) — f(x0)] <M, [u(x)| < g[x — Xo| if [x — Xo| <.
It follows that
[uf(x)] < & [f(x) - f(x0)| = & Ju(x) + T(x = Xo)|

<euX) + & [T(x = xo)|

<& |[x —Xo| + € ||T|| |x—xXo (2
and
[Un(x)| < [[U]] [ux)| < &[|U]| [x — o .(3)
if |x —xo| <&
Hence T _ [f()-Uu(x)]|
| X=X | | X=X, |
BRI IS¢
|x=Xo| [Xx=Xq]

< ¢’ +¢||T|| + ¢[U]| by (2) and (3).
|1(x)]

| X=X, |

It follows that —0 as x—>Xo.

Proof. Put y, = f(x), A = f'(x¢), B = g'(yo) and define
u(h) = f(xo + h) — f(x¢) — Ah,
V(k) = g(yo+ k) — g(yo) —Bk  V heR", k eR™
for which f(xo + h) and g(yo + k) are defined.
Then [u(h)| = ¢lh|, [v(k)| = n|k|] where € -0 as h—0 and n—0 as k—0 (same fid g
are differentiable)

Given h, put k = f(x¢ + h) — f(x¢). Then

57



k| = |Ah +u(h)| < [[IA]| + &] |h] (2
(by definition of F(x))
and
F(xo + h) — F(x¢) — Bah = g(yo + k) — g(yo) — Bah
=B(k — Ah) + v (k)
Hence (1) and (2) imply that for h # 0,

b

<|IB[l &+ [IAll + &Jn

Let h—0, then €0 . Also k—>0 = n—0. It follows that F'(x¢) = BA.
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MAL-512: M. Sc. Mathematics (Real Analysis)
Lesson No. IV Written by Dr. Nawneet Hooda

Lesson: Functions of several variables Vetted by Dr. Pankaj Kumar

PARTIAL DERIVATIVES

Let f be a function of several variables ,then the ordinary derivative of f with
respect to one of the independent variables, keeping all other independent variables
constant is called the partial derivative . Partial derivative of f(x, y) with respect to
x is generally denoted by of/0x or f; or fi(X, y).Similarly those with respect to y are
denoted by 0f/0y or f, or f(x, y).

ﬁ _ lim f(x+0x,y)—-f(x,y)

OxX x>0 OX

when these limits exist.
The partial derivatives at a particular point (a, b) are definined as (in case the limits
exist)

f(a+h,b)—(a,b)

fx(a, b) = lim

h
M&mzyﬂf@m+?—ﬂ&m

Example . For the function f(x,y),where

Xy
, (x,y)#(0,0)
fix,y)= x> +y’

U (x,y)=(0,0)

both the partial derivatives exist at (0, 0) but the function is not continuous at(0, 0)

Solution. Putting y = mx, we see that

m
lim f =
lim @J)1+m2




so that the limit depends on the value of m, i.e. on the path of approach and is
different for the different paths followed and therefore does not exist. Hence the
function f(x, y) is not continuous at (0, 0). Again

£(0+h,0)—(0,0) 0
h

£1(0, 0) = %in(l) =lim—=0

h—0h

£(0.0+k) —£(0,0)
k

£,(0, 0) = lim

Definition.Let (x, y), (x + 8x, y + dy) be two neighbouring points and let
of = f(x + 8x, y + dy) — f(x, y)
The function f'is said to be differentiable at (x, y) if
Of = A dx + B 8y + 0x ¢(dx, dy) + Oy w(0x, dy) ..(1)
where A and B are constants independent of 0x, dy and ¢, y are functions of ox, oy
tending to zero as 8x, dy tend to zero simultaneously.
Also, A 8x + B dy is then called the differential of f at (x, y) and is denoted
by df. Thus
df= A dx + B 8y
From (1) when (3%, dy) — (0, 0), we get
f(x +0x,y +dy) —f(x,y) > 0
or
f(x +0x,y + 0y) — (X, y)
= The function f'is continuous at (X, y)
Again, from (1), when dy = 0 (i.e., y remains constant)
Of = A dx + 8x ¢(dx%, 0)
Dividing by 6x and proceeding to limits as dx — 0, we get

of

—=A
Ox

Similarly



o _
ay

Thus the constants A and B are respectively the partial derivatives of f with

B

respect to x and y.
Hence a function which is differentiable at a point possesses the first order
partial derivatives thereat. Again the differential of f'is given by
df = Adx + B 8y = %6x+2—§8y
Taking f=x, we get dx = ox.
Similarly taking f =y, we obtain dy = dy.
Thus the differentials dx, dy of x, y are respectively dx and 0y, and
df = %der%dy:fxd)H-fydy ...(2)
is the differential of f at (x, y).
Note 1. If we replace dx, dy, by h, k in equation (1) we say that the function is
differentiable at a point (a, b) of the domain of definition if df can be expressed as
df=f(a+h, b+k)—f(a, b)
= Ah + Bk + h¢(h, k) + ky(h, k) ...(3)
where A = f;, B = f; and ¢, y are functions of h, k tending to zero as h, k tend to
zero simultaneously.

Example 12. Let

3 3

X" -y
2 =7 (x,y)#(0,0
fx,y) = 122 132 (x,y)#(0,0)

0, (x,y)=(0,0)

Putx=rcos0,y=rsin6,

= |r(cos’0 — sin’0)| < 2| = 24/x* +y? <g,

X’ -y

x2+y

2

if



2 2 €
X' <—,y <—
Y 8
or, if
X< —=|yl< —=
2T 22
3 3
X' —y € €
—0/<e¢, when |x|< |y
X2—|—y2 | | 2\/5 |Y| 2\/5
3.3
= im =Y -9

x)>(0.0) x* +y?

= lim f(x,y)=1(0,0
L (x,y) =10, 0)
Hence the function is continuous at (0, 0).
Again,
£0,0) = lim {000 b0,
h—0 h h—0 h
£,(0, 0) = hmw — 1im__k -1
k—0 k k-0 k

Thus the function possesses partial derivatives at (0, 0).
If the function is differentiable at (0, 0), then by definition
df = f(h, k) — (0, 0) = Ah + Bk + h¢ + ky

(1)

when A and B are constants (A = £,(0, 0) = I, B = £(0, 0) = —1) and ¢, y tend to

zero as (h, k) — (0, 0).
Putting h = p cos 0, k = p sin 0, and dividing by p, we get

c0s°0 — sin’0 = cosB + ¢ cos O + y sin O

)

For arbitrary 6 = tan”' (h/k), p—0 implies that (h, k) — (0, 0). Thus we get

the limit,

c0s°0 — sin’0 = cos O — sin O
or

cos 0 sin O(cos 6 —sin 0) =0
which is plainly impossible for arbitrary 6.



Thus the function is not differentiable at the origin.

Example 13. Show that the function f, where

Xy o2, 2
— if X" +y~ %0
f(x, y) = {4/x> +y°
0, if x=y=0

is continuous, possesses partial derivatives but is not differentiable at the origin.
Solution. It may be easily shown that f is continuous at the origin and
£:(0, 0) = 0 =£,(0, 0)
If the function is differentiable at the origin then by definition
df = f(h, k) — (0, 0) = Ah + Bk + h¢ + ky ..(1)
where A = £,(0, 0) = 0; B=1£,(0, 0) =0, and ¢, y tend to zero as (h, k) — (0, 0).
L=h¢+k\y ...(2)
Vh? +k?
Putting k = mh and letting h—0, we get
m

Tremr @m0

which is impossible for arbitrary m.

Hence the function is not differentiable at (0, 0).
Example 11. Prove that the function
fx, y) = yIxy|
is not differentiable at the point (0, 0), but f; and f; both exist at the origin .
m f(h,0)—-1(0,0) 0

Solution. £(0, 0) = li =lim—=0
h—0 h—0h

£(0, 0) = lim QRO =FO0 _ ;0
k—0 k k—0k

If the function is differentiable at (0, 0), then by definition
f(h, k) — (0, 0) = Oh + Ok + h¢ + ky
where ¢ and y are functions of h, k and tend to zero as (h, k) — (0, 0).

Putting h = p cos 6, k = p sin 0 and dividing by p, we get



cos 0 sin 0|2

=00+ ysin0
Now for arbitrary 0, p—0 implies that (h, k) — (0, 0).
Taking the limit as p—0, we get
cos 0 sin 0]"* = 0.
which is impossible for all arbitrary 0.

Example 14. The function f, where
- yz 2, .2
Xxy———, if x“+y~ =0
fxy)= 1 x2+y Y
0, if x=y=0

is differentiable at the origin.
Solution. It is easy to show that

£:(0, 0) = 0 =1£,(0, 0)
Also when x* +y* # 0,

5/2

If,] = [y +4x’y’ —y°| < 6(x* +y?) = 6(x% + yA)112
(x* +y*)? (x*+y*)?
Evidently

lim  f(x,y)=0=1£(0,0
om0 Y) (0, 0)

Thus £, is continuous at (0, 0) and £(0, 0) exists,
= f is differentiable at (0, 0)
PARTIAL DERIVATIVES OF HIGHER ORDER

If a function f has partial derivatives of the first order at each point (x, y) of
a certain region, then f, f; are themselves functions of x, y and may also possess
partial derivatives. These are called second order partial derivatives of f and are
denoted by

2
o) a
Ox \ 0x X2 X

0
o(of) o
Sa )5



2
o). o,

ox\ dy ) oxdy
o(a) ot
oylox ) oyox

Thus(in case the limits exist)

f (a+h,b)—f, (a,b)

fix(a, b) = fllli%

h

f (a+h,b)—f (a,b

fiy(a, b) = fim 2P 71y (@.0)
h—0 h

£(a, b) = lim f.(a,b+k)—f, (a,b)
k—0 k

£ (a,b+k)—T (a.b)

fyy(a, b) = ll(l_r)r(l) Y - Y

Change in the Order of Partial Derivation
Consider an example to show that f,, may be different from f,.

Example . Let
2 2
Xy(x -
f(Xa Y) = Y(z—z,) 5 (Xa Y) 7 (Oa O)a
X +y

f(0, 0) = 0, then at the origin fiy # fy,.

Solution. Now

f (h,0)—f, (0,0
(0, 0) = lim s )h +(09)
—0

HfO0-£0.0) . 0

£,(0,0)= 1 =0
»(0.0) ) k k—0 k
_ 2 1.2
fy(h, 0) = lim—f(h’k) f(h,0) =lim —hk(h2 kz) =h
k—0 k k=0 k-(h” +k~)
foy = im0
h—»0 h

Again



fx (07 k) - fx (0,0)
k

fyx(()) O) = ]1(141}(1)

But

o (RO -F00) _

50,0 i SR 0

— 2_ 2
£,0, ) = lim LA IOI) _jp  hho kD)
h—0 h h—0 h(h +k )

£x(0, 0) = lim —kk—o _

£(0, 0) # £,x(0, 0)
Sufficient Conditions for the Equality of fx, and fyx
We have two theorems to show that f,, = f,, at a point.
Theorem 3 (Young’s theorem). If f; and f; are both differentiable at a point (a, b)
of the domain of definition of a function f, then
fy(a, b) = fyx(a, b)
Proof. We prove the theorem by taking equal increment h both for x and y and
calculating ¢(h, h) in two different ways.
Let (a + h, b + h) be a point of this neighbourhood. Consider
d(h, h)=f(a+ h, b+ h) —f(a+h, b) — f(a, b+ h) + f(a, b)
G(x) =f(x, b+ h) — f(x, b)
so that
d(h, h) = G(a + h) — G(a) ..(1)
Since fy exists in a neighbourhood of (a, b), the function G(x) is derivable in
(a, a + h) and therefore by Lagrange’s mean value theorem, we get from (1),
¢(h, h)=hG'(a+6h), 0<0<1
=h{fi(a+ 6h, b+ h) — fi(a + 6h, b)} ...(2)
Again, since fy is differentiable at (a, b), we have
fi(a + 6h, b + h) —fi(a, b) = Ohy(a, b) + hfyy(a, b)
+ 0h¢y(h, h) + hy;(h, h) ...(3)

and



fi(a + 6h, b) — fi(a, b) = Ohfy\(a, b) + Ohd,(h, h) ...(4)
where 1, y1, ¢, all tend to zero as h—0.
From (2), (3), (4), we get

o(h, h)/h* = f,,(a, b) + 08¢ (h, h) + yy(h, h) — B¢(h, h) ...(5)
Similarly, taking

H(y) =f(a+h,y) - f(a,y)
we can show that

¢(h, h)/h* = fiy(a, b) + hs(h, h) + 8'ya(h, h) = 6'ya(h, b)) ...(6)
where ¢3, 2, Y3 all tend to zero as h—0.

On taking the limit as h—0, we obtain from (5) and (6)

) h,h
llm (P( ) = xy(aa b) = fyX(aa b)

h—>0 h?
Theorem. (Schwarz’s theorem). If f, exists in a certain neighbourhood of a point
(a, b) of the domain of definition of a function f, and fi, is continuous at (a, b), then
fiy(a, b) exists, and is equal to fy(a, b).
Proof. Let (a + h, b + k) be a point of this neighbourhood of (a, b).
Take
¢(h, k) =f(a+h,b+k)—f(a+h, b)—f(a, b+ k) +f(a, b)
G(x) = f(x, b + k) — f(x, b)
so that
d(h, k) = G(a + h) — g(a) ...(D)
Since fy exists in a neighbourhood of (a, b), the function g(x) is derivable in
(a, a+ h), and therefore by Lagrange’s mean value theorem, we get from (1)
¢(h, k) =hG'(a + 6h), 0<6<1
=h{fi(a+ 6h, b + k) —fi(a + 6h, b)} ...(2)
Again, since fy, exists in a neighbourhood of (a, b), the function f; is
derivable with respect to y in (b, b + k), and therefore by Lagrange’s mean value
theorem, we get from (2)

¢(h, k) =hkfx(a+ Oh,b+0'k),  0<0' <1



or

l{f(a+h,b+k)—f(a+h,b) B f(a,b+k)—f(a,b)}
h k k
=fx(a+ 6h, b+ 0'k)
Taking limits when k—0, since fy and fyx exist in a neighbourhood of (a, b),
we get
f,(a+h,b)-1,(a,b)
h

=lim f,, (a+Oh, b+0'k)
k—0

Again, taking limits as h—0, since fy is continuous at (a, b), we get

fy(a, b) = lim lim fyx(a + Oh, b + 0'k) = fyx(a, b)

h—0 k-0
2. If the conditions of Young’s or Schwarz’s theorem are satisfied then f,, = fy, ata
point (a, b). But if the conditions are not satisfied, we cannot draw any conclusion
regarding the equality of fyy and fy. Thus the conditions are sufficient but not
necessary.

Example . Show that for the function

2.2
Xy
— _ (x,y)#(0,0
fix,y)= {x* +y? (%,5)=(0.0)
0, (x,¥)=(0,0)
Solution. Here f,(0, 0) = f;x(0, 0) since

£0,0) = lim L0 =100 _

x—0 X
Similarly, £,(0, 0) = 0.
Also, for (x,y) # (0, 0).

0

(x? +y?).2xy* —x%y? 2x B 2xy*

fx(x,y)—— =
(x2 yz)z (x2 2)2
2X4y
f, X,y)= —F—~
Y( ) (x2 yz)z

Again



£,(0, 0) = lim 2O =H 00 _
y—0 y

and
(0, 0) = 0, so that f(0, 0) = (0, 0)
For (x,y) # (0, 0), we have
8xy3 (x* + y2)2 - 2xy4.4y(x2 + y2)
x> +y*)*

fx(x, y) =
S
x2+y?)
and it may be easily shown (by putting y = mx) that

Iim fi(x,y) #0 =10, 0
(x,y)A(O,O)Y( y) (0, 0)

so that fyx is not continuous at (0, 0), i.e., the conditions of Schwarz’s theorem are
not satisfied.

We now show that the conditions of Young’s theorem are also not satisfied.

£,(0,0) = Tim 2O =HK00 _,

x—0 X
Also fy is differentiable at (0, 0) if
fu(h, k) — £:(0, 0) = £4x(0, 0). H + £4(0, 0). K+ h¢ + ky

or

4
(1122-}3;2)2 ~horky
where ¢, v tend to zero as (h, k) — (0, 0).
Putting h = p cos 0 and k = p sin 0, and dividing by p, we get
2 cos 0 sin® @ = cos 0.¢ + sin Oy
and (h, k)—>(0, 0) is same thing as p—0 and 0 is arbitrary. Thus proceeding to
limits, we get
2 cos 0sin*0 =0
which is impossible for arbitrary 0,

= fx is not differentiable at (0, 0)



Similarly, it may be shown that f is not differentiable at (0, 0).
Thus the conditions of Young’s theorem are also not satisfied but, as shown above,
fxy(0, 0) = £yx(0, 0)
TAYLOR’S THEOREM
Theorem. If f(x, y) is a function possessing continuous partial derivatives of
order n in any domain of a point (a, b), then there exists a positive number, 0 <

6 < 1, such that

f(a+h,b+k)=f(a,b)+ (h % + k%j f(a,b) + %(h + k%J f(a, b)

9
ox

n-1
TR L PR f(a, b) + Ry,
-1 ox oy

where R, _l(hi+k%J f(a+6h,b+0k),0<0<I.

n!{ oOx
Proof. Let x =a + th, y = b + tk, where 0 <t <1 is a parameter and
f(x,y)=f(a+th,b+tk)=0d(t)
Since the partial derivatives of f(x, y) of order n are continuous in the domain

under consideration, ¢* (t) is continuous in [0, 1]and also

o)== h— +k—

df of dx of dy of of 0 0
—+——=h—+k f
dt ox dt Oy dt ox 0Oy [0 oy

PN A
iy (t)—(hax+kany

o™ (1) = (h%+k%} f

therefore by Maclaurin’s theorem

n-1

tn
———" 7 (0) +—o™ (B1),
n_n? 0)+—¢7 6y

d (=6 (0) + ¢ (0) +%(p" (0) 4.+

where 0<0<I1.

Now putting t = 1, we get



tn—l (a-1) tn
———" M (0)+—0™(0
o’ 0)+—07(0)

But ¢(1) = f(a + h, b+ k), and ¢ (0) = (a, b)

o(1) = 6(0) + ¢’(0)+% o (Ot +

o =|nl ik
¢(O)—(hax+kay] f (a, b)

N A
[0} (O)—(hax+kayJ f(a, b)

07(0) = (hi

+kij f(a+ 6h, b+ 0k)
ox 0Oy

~fla+h b+k)=f(a,b)+ (h%+k%]f(a, b)

2
Rkl fab)t
al ax oy

n-1
P [h2k 2| f@b)+R,
-l ox oy

whereanl h£+ki f(a+6h,b+0k),0<6<1.
n!\ 0x Oy

R, is called the remainder after n terms and theorem, Taylor’s theorem with
remainder or Taylor’s expansion about the point (a, b)
Ifweputa=b=0;h=x,k=y, we get

_ 0 9
f(x, y) = £ (0, 0) + (h@x +kany(0, 0)

2
+l(xi+ yij £(0,0)+....

20 ox " oy
n-1
+ ! xi+yi £(0,0)+R,
(n-DI\ ox "oy

Where R, = 1 x—+yi f(0x, Oy), 0 <0 < 1.
n'\ ox "0y



Note. This theorem can be stated in another from,

f(x,y)=f(a,b)+ {(x—a)%+(y—b)%}f(a, b)

1 P o7
+5[(X—a)&+(y—b)g} f(a, b) +...

I 0 o "
+ (n_l)!{(x —a)&+(y—b)g} f(a, b) + Ry,

where R, = l[(x —a)i+ (y—b)i}n f(a+(x—a)0,b+(y—b)0),
n! ox oy

0 <0 < 1. Itis called the Taylor’s expansion of f (x, y) about the point (a, b) in

powers of x —aandy — b,

Example 30. Expand xy + 3y — 2 in powers of x — land y + 2.In Taylor’s

expansion take a=1, b =—2. Then

f(x, y) =x’y + 3y -2, f(1,-2)=-10

fu(x, y) = 2xy, f(1,-2)=-4
f(x,y)=x"+3, f,(1,-2)=4

fu(X, y) =2y, fu(1,-2)=4

fiy(X, y) =2x, fi(1,-2)=2

fiy(x,y) =0, fyy(1,-2)=0

fox(X, ¥) = 0 = fyyy(X, y), fyxx(1,-2) =2 = fiy(1, - 2)

All higher derivatives are zero.

XY +3y—2=-2=-10-4(x-1D)+4(y+2)+i[-4(x-1)
+4(x—1>(y+2)]+;3<x—1>2<y+2><2>+o

=—10-4(x-1)+4(y+2)-2(x—1)
+2(x-1D)(y+2)+x-1)Y>(y+2)



Example 31. If f(x, y) = 4/| Xy | prove that Taylor’s expansion about the point

(X, y) is not valid in any domain which includes the origin.
Solution.
fX(Xa Y) = 0 = fy (O’ 0)

l,/|y\x|, x>0
£(x, )= 21

—51/|y\x|, x<0

% | x\yl, y>0
fux,y) =

1

——4/|x\y], <0

2| Y| y

—, x>0
S, x) =1£(x,x) =
-—, x<0
2

Now Taylor’s expansion about (x, x) forn=1, is
fix+h,x+h)=f(x,x)+h[(f«x + 6h, x + 6h) + f(x + 6h, x + 6h)]
or
|x|+h, ifx+6h>0
[x+h| =4|x|-h, ifx+6h<0 (1)
|x| , ifx+6h=0
If the domain (X, x; x + h, x + h) includes the origin, then x and x + h must

be of opposite signs, that is either

|x+h| =X +h,

X| =X
or

x+h| == (x +h),

X| =X
But under these conditions none of the in equalities (1) holds. Hence the

expansion is not valid.



Definition. Let f be differentiable mapping of an open subset A of R" into R™. Then
f is said to be continuously differentiable in A if f' is a continuous mapping of A
into L(R", R™) and write
feC'(A)
To be precise f'is a C' mapping in A if to each xe A and each €>0, there exists >0
such that
YEA, [yx[ <8 = [If(y) -f(x)[[<e.
The Inverse function theorem
This theorem asserts, roughly speaking that if f is a C' mapping, then f is
invertible in a neighbourhood of any point x at which the linear transformation
f'2(x) is invertible.
Theorem. Suppose A is an open subset of R", fis a C’ mapping of A into R", f'(a) is
invertible for some ac A and b = f(a). Then (i) there exists G and H in R" such that
aeG,beH.
fis one-one on G and f(G) = H.
(i1) if g is the inverse of f (which exists by (i)) defined on H by
gx)=x  (x€G),
then geC'(H).
Proof. (i) Let f'(a) = T let A be so chosen that
4 ||IT7Y = 1.
Since f' is a continuous mapping of A into L(R", R™), there exists an open ball G
with centre a such that
xeG = |[fx)-T| <2\ ..(1)
Suppose xeG and x+h € G. Define
Ft)=f(x+th)-t Th (0<t< 1) ...(2)

Since G is convex (see example 2 of § 2, ch. 11), we have



x+the Gif0<t< 1.
Also [F'(t)] = [f'(x + th)h =Th| = [|f'(x + th) =T | h]
<|If'(x +th) =T|| |h| <2A |h| by (1) ...(3)

Since T is invertible, we have
_ _ |
Jh| = [T~ Th| < [|T™|| |Th| = 4—}Lﬂ Th| ..(4)

[© 4n|T7|=1]
From (3) and (4), we have

F'(O]< & [Th, 0<t<1] (0<t<1) .5
Also,
IF(1) — F(0)] < (1 - 0) [F'(ty)| for some t,’ < (0, 1)
<3 [Th/ by (5) ..(6)
Now (2) and (6) give
[f(x +h) ~f(x) ~ Th| < 5 [Th| (7
Now LTy 2 [Th ~(fx + h) ~f(x)))
> |Th| — [f(x +h) - f(x)
or fGx+ h) ~f()| = & [Th| > 21 [n| by (4) (8

Also, (7) and (8) hold whenever x € Gandx +h € G.
In particular, it follows from (8) that f is one-one on G. For if x, y € G, then
fx) =1(y) = f(x)-1f(y)=0
= 0=[f(x) - f(y)| 2 2 [x —y| by (8)

= x—-y|=0



[® 2A| x —y| cannot be negative]
= x-y=0=>x=y.

We now prove that f{G] is an open subset of R". Let y, be an arbitrary point
of fG]. Then y, = f(x¢) for some xo € G. Let S be an open ball with centre x, and
radius r > 0 such that S < G. Then (x0) € f[X] < f[G]. We shall show that f[S]
contains the open ball with centre at f(x¢) and radius Ar. This will prove that f{G]
contains a neighbourhood of f(x¢) and this in turn will prove that f{G] is open.

Fix y so that |y — f(x¢)| < Ar and define

9 =y -0l (x € S).

|x — Xo| =1, then (8) shows that

2 < [f(x) = f(x0)| = [f(x) =y +y = f(x0)|

<) =y [+ ]y =f(xo)| = ¢ (X) + ¢(x0) < d(x0) + Ar
This shows that

¢(x0) <Ar < ¢(x) (x —x|) =r -9
Since ¢ is continuous and S is compact, there exists x*e S such that

d(x*) < ¢(x) Oforx € S ...(10)
By (9), x* €S.
Put w =y —(x*). Since T is invertible, there exists heR* such that Th=W. Lett e

[0, 1) be chosen so small that

x*+th e S
Then f(x,) —y + Tth | = |=w + tTh|
=|-w+tw]=(1-t)| W | ..(11)
Also (7) shows that

[f(xc* + th) — f(x*) — Tth| < -1 [Tth|



= 1 {eTh| & tw. (12)

Now ¢(x* + th) = [y—f(x* +th)| = [f(x* + th) —y|
= |f(x* + th) — f(x*) — Tth + f(x*) — y + Tth|
< [f(x* + th) —f)(x*) — Tth [+ f(x*) — y + Tth|

<(1-t)|w|+ & [tw] by (1) and (12)

=150l w (=500 () -(13)

Definition of ¢ shows that ¢(x) > 0. We claim that ¢(x) > 0. We claim that ¢(x*) >0
ruled out. For if ¢(x*) > 0, then (13) shows that

d(x* + th)) < d(x*), since 0 <t < 1.
But this contradicts (10). Hence we must have ¢(x*) = 0 which implies that f(x*) =
y so that y € f[S] since x* € S. This shows that the open sphere with centre at f(x)
and radius Ar is contained in f(S).

We have thus proved that every point of f{G] has a neighbourhood
contained in f[G] and consequently f[G] is an open-subset of R" By setting H =
f{G], part (i) of the theorem is proved.

(i1) Takey € H,y +k € € H and put
x=g(y), h=gy +k) —gy)
By hypothesis, T = f'(a)’s invertible and f'(x) € L (R"). Also by (1).

1
If(x) = T|| <2A <4A= T (see the choice of &)

Tfl

Hence , f'(x) has an inverse, say U
Now k= f(x + h) — f(x) = f'(x) h + r(h) ...(14)
where [r(h)| / |h| > 0 as h—0 .

Applying U to (14), we obtain



Uk = U(f'(x) h + r(h)) = Uf'(x)h + Ur(h) = h + Ur(h)
[® U is the inverse of f'(x) implies Uf'(x) h = h]

or h = Uk — U(r(h))
or g(y + k) — g(y) = Uk — U(xr(h)) ...(15)
By (8), 2 |h| < |k|. Hence h—0 if k -0

(which shows, incidentally, that g is continuous at y),

Ly LU _[UlL x|
k| 27| h|

— 0 as k—0 ...(16)

Comparing (15) and (16), we see that g is differentiable at y and that

g =U=[fEI" =[fley], (veH (17
Also g is a continuous mapping of H onto G, ' is continuous mapping of G into the
set C of all invertible elements of L(R"), and inversion is a continuous mapping of
C onto C, These facts combined with (17) imply that ge C'(H).
Example. Let f(x) = x, g(x) = x.

1
Evaluate I fdg .

0
Solution. Since f is continuous and g is non-increasing on [0, 1], it follows that
1
Ifdg exists.
0

Now, we consider the partition

P={0, I/n, 2/n,...,t/n,...,n/n=1}

. . . n
and the intermediate partition, Q = {—,—,...— = }
n

Then RS (P, Q, f, g) = le f(i}{g(ij— g(%ﬂ

r 2 _1\2 n
_ zi{r_z_(r 1) }:n%z(h,z_r)
r=1

2
—n|n n




28, 1
- 23e i3
n o n o

2 n(n+1)2n+1) 1 n(n+l)
n® 6 n? 2

4n® +3n-1

2 —
5 [200% 341 ~3n 3] = -

6n

Hence
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IMPLICIT FUNCTIONS
1.1 Existence theorem (Case of two variables)

Let f(x, y) be a function of two variables x and y and let (a,b) be a point in its
domain of definition such that
(1) f(a, b) =0 the partial derivatives fy and f; exist, and are continuous in a
certain neighbourhood of (a, b) and
(i1) fy(a, b) # 0,
then there exists a rectangle (a — h, a + h; b — k, b + k) about (a, b) such that for
every value of x in the interval [a — h, a + h], the equation f(x, y) = 0 determines
one and only one value y = ¢(x), lying in the interval [b — k, b + k], with the
following properties:
(1) b=9¢(a),
(2) f[x, d(x)] =0, for every x in [a—h, a + h], and
(3) d(x) is derivable, and both ¢(x) and ¢ (x) are continuous in [a — h, a + h].
Proof. (Existence). Let f;, f; be continuous in a neighbourhood
Ri: (@a—hj,a+h;;b—ky, b+k;) of(a, b)
Since f;, f, exist and are continuous in R;, therefore f is differentiable and
hence continuous in R;.
Again, since fj is continuous, and fy(a, b) # 0, there exists a rectangle
Ra:(a —hp,a + hy;b — ka,b + ky), ho<hy ko<k;
(R contained in R;) such that for every point of this rectangle, f; # 0
Since f= 0 and f; # 0(it is therefore either positive or negative) at the point
(a, b), a positive number k<k, can be found such that

f(a,b—k), (a, b+ k)



are of opposite signs, for, f is either an increasing or a decreasing function of y,
when y =b.

Again, since f is continuous, a positive number h<h, can be found such that
for all x in [a — h, a + h],

f(x, b — k), f(x, b + k),
respectively, may be as near as we please to f(a, b — k), f(a, b + k) and therefore
have opposite signs.

Thus, for all x in [a — h, a + h], fis a continuous function of y and changes
sign as y changes from b — k to b + k. therefore it vanishes for some y in [b -k, b +
k].

Thus, for each x in [a — h, a + h], there is a y in [b — k, b + k] for which f{(x,
y) = 0; this y is a function of x, say ¢(x) such that properties (1) and (2) are true.
Uniqueness. We, now, show that y = ¢(x) is a unique solution of f(x, y) = 0 in Rj:
(a—h,a+h;b-k, b+k); that is f(x, y) cannot be zero for more than one value of y
in[b -k, b+Kk].

Let, if possible, there be two such values y;,y, in [b — k, b + k] so that
f(x, y1) =0, f(x, y2) = 0. Also f(x, y) considered as a function of a single variable y
is derivable in [b — k, b + k], so that by Roll’s theorem, f; = 0 for a value of y
between y; and y,, which contradicts the fact that f, # 0 in R, > Rs. hence our
supposition is wrong and there cannot be more than one such y.
Let (x,y), (x + 8%, y + dy) be two points in R3: (a — h, a+ h; b — k, b + k) such that

y = 0(x), y + 8y = ¢(x + 8x)
and

f(x,y)=0, f(x +0x,y +dy)=0

Since f'is differentiable in R; and consequently in R3 (contained in R),

0=1f(x+3x,y+9dy)—1(x,y)
= 0x fx +Oy fy + dx y; + Oy v

Where vy, y; are functions of 6x and J y, and tend to 0 as



(0%, dy)—(0,0)
or

oy_ L _w _dyw, (f,# 0 in Ry)
Proceeding to limits as (0%, dy)—(0, 0), we get

: dy __f,

X)= —=-—-2X

¢ dx f

y
Thus ¢(x) is derivable and hence continuous in R;. Also ¢’'(x), being a
quotient of two continuous functions, is itself continuous in Rj.

JACOBIANS
If ui, uy,..., uy, be n differentiable of n variables x;, X,...,x,, then the

determinant
Ou, Qw04
0x, O0Xx, 0X,
ou, ou, . ou,
0x, O0X, 0x,
M M M M
ou, Ou, K 0o
0x, O0X, 0

is called the Jacobian of the functions uj, u,,...,u, with respect to x;, X»,...,X, and

denoted by
6(u1,u2,...,un)0r i sy
(X, X, X)) X5 Xg,e0 X,

Example 3. If x = rsinfcos¢, y = rsinbsing, z = rcos, then show that
8(r,0,(p)

sinfcos@ rcosOcosp —rsinOsin@

a(x,y,z =|sinBsin@ rcosOsing rsinOcos

8(1*,9,([)) cosf —rsin® 0



sinBcos¢@ cosBcosp —sinB
2 . . . .
=r’sinf|sinOsin@ cosOsing coso

cos —sin® 0
Adding (cos¢) R to (sind) Ry,

sinfcos¢@ cosfcosep —sinQ
sinf cosf 0

cos —sinb 0

r’sin0

sin @

=r’sin@
Example 5. the roots of the equation in A
A=x+A-yP+*r-2’=0
are u, v, w. Prove that

6(u,v,w) _ (y—z)(z—x)(x—y)

a(x,y,z) (V—w)(w—u)(u—v)

Here u, v, w are roots of the equation

2> —(x+y+z)k2+(X2+y2+22)7m—%(x3+y3+Z3)=0

Letx +y + 2=y e 2=, (¢ +y 7)) =C ()

and
utv+w=¢§ vw+wut+uv=_ (2)

Hence from (1),

1 1 1
—8@,1],(;) =12x 2y 2z
a(X,y,Z) Xt vz

=2(y — z)(z - x)(x =) (3)
and from (2),
1 1 1

0
_(é,n,C) =lV+w w+u u+v
a(u, v W) VW wu uv

= ~(v W)W — u)(u) ©



Hence from (3) and (4) and using theorem 1, we get

6(u,v,w) _ a(u,v,w) 8(&,11,@)_ ) (y—z)(z—x)(x—y)

6(X,y,z) 8(&,11,(2) .6(x,y,z) (V—W)(W—u)(u—v)

2,2, .2 2., .2, .2 2., .2, .2
Example 7. Ifu= Xty +z ,V=X Yy +z ,andw=u find
X y z
0(x,y,2)
o(u,v,w)
yrz Yy 2
X2 X X
o(u,v,w) 2x - x? +2° 2z
o(x,y,z) y y? y
2x 2y Xty
z z 7?

Applying C; —» C; + Xcz +£C3
X

X
x2+y?+z° 2y 2z
X X X
o(u,v,w) X2 +y?+2z° 1_X2+Z2 2z
a(x,y,2) Xy y’ y
)<2+y2+z2 2z 1_)<2+y2
XZ z z*
1 2xy 2xz
2,2, .2
X" .Xy.XZ
1 2yz xz——(x*+y?)
1 2xy 2xz
_ (x* +y*+2z%) 0 _x(x2+y2+z2) 0
xtyz y
0 0 —i(x2 +y2+2%)
z




_ (x2 +y2 +z2)3
Xzyzzz

ox,y,z)  xy'z
o(y,v,w) (x2 +y2 +22)3

Example 15. If u=x+2y+z,v=x-2y+3z

W =2xy — xz + 4yz — 27,

prove that ow,v,w)
0(x,y,2)
Solution. We have
qu ou ou
ox 0oy Oz
o(u,v,w) | 0v  0Ov 0OV
0(x,y,z) |0x Oy Oz
W oW ow
ox Oy Oz
1 2 1
= 1 -2 1

2y—z 2x+4z —x+4y-4z

1 0 0
= 1 -4 2
2y—-z 2x+6z—-4y —-x+2y-3z

-4 2
2x+6y—4y —x+2y-3z

_‘0

Hence a relation between u, v and w exists
Now,
u=v=2x+4z
u-v=4y-2z
w =x(2y —z) + 2z(2y - 3)
=(x +2z) (2y —z)

0 —x+2y-3z

=0, and find a relation between u, v, w.

Performing c,—2c¢; and c3— ¢

2
Performing c¢;+2c¢;




= dw=(u+v)(u-v)
= 4w =y’ — v
Which is the required relation.
Example. Find the condition that the expressions px + qy + rz, p'x + q'y + r'z are
connected with the expression ax” + by + cz* + 2fyz + 2gzx + 2hxy. By a
functional relation.
Solution. Let
u=px+qytrz
v=p +qy+rz
w = ax’ + by’ + ¢z’ + 2fyz + 2gzx + 2hxy

We know that the required condition is

o(u,v,w) _
0(x,y,2)

Therefore
Ou OJu  du
ox 0Oy Oz
o &
ox 0Oy 0z
ow ow  ow
ox 0oy 0z

But
a_
x oy Ta
v _ 0y _ OV
x Yoy e
ow
— =2ax +2hy + 20z
ox y T8
ow =2hx + 2by + 2fz
oy



w 2gx + 2fy + 2cz
oz

Therefore
p q r
pl qV rl
2ax+2hy+2gz 1lhx+2hy+2fz 2gx+2fy+2cz
p q T p q T p q T
: pV ql I.V — 0, pV ql rV — 0, pV ql rV —_ 0
a h g h b f g f c

which is the required condition.

then

Example. Prove that if f(0) =0, f'(x) = ! 5
1+x

ﬂm+fbo=f(x+y]
1-xy

Solution. Suppose that
u=f(x) + f(y)

X+y

1—-xy
ou

Ox
ov

ox

Now J(u, v)=

2222

1 1
1+ x2 1+y2
1+y2 1+ x?

(1-xy)® (+xy)’

Therefore u and v are connected by a functional relation

Let u = ¢(v), that is,



f(x) + fy) = ¢(1"_+ny]

Putting y = 0, we get
f(x) + £(0) = ¢(x)
= f(x) + 0= ¢(x) O f0)=0

Hence fx) + fy) = f( X+y ]
1-xy

Example. Prove that the three functions U, V, W are connected by an identical
functional relation if

U=x+tu-z, V=x-y+z W=x2+y2+z2—2yz
and find the functional relation.

Solution. Here

U U
ox o0y oz 1 1 -1
QUV.WI OV Vv |

o(x,y,z) | Ox 0Oy 0z
OW O6W oW 2x 2Ay-2) 2z-y)

ox oy 0z

1 1 0
=11 -1 0/=0
2x 2(y-z) O

Hence there exists some functional relation between U, V and W.

Moreover,
U+V=2x
U-V=2y-2)
and (U+ VY +(U=-V)Y?=4x>+y*+2° - 2yz)

= 4W

which is the required functional relation.



Example. fu=x>+y* + 2z, v=x+y + z w =Xy + yz + zx, show that the

Jacobian ow,v,w) vanishes identically.
0(X,Y,2)

2x 2y 2z

Solution. Auv,w) _ 1 1
0(X,Y,2)

y+z z+X X+Yy

X y z
=2 1 1 1
X+zZ zZ+X X+Yy

X+y+Z X+y+zZ X+y+z
=2 1 1 1 [Adding R3 to Ry]
y+z Z+X X+y

1 1 1
=2(x+ty+z)| 1 1 1
y+z zZ+X X+y
Now we find relation between u, v, w. We have
V=x+y+z)l=x"+y* + 22 +2(xy+yz+zx)=uu+2w
or vi=u+2w.
Example. Ifu=x+y+tz+t,v=x+y—z—t, w=Xxy — zt,
r=x2+y2—z2—t2,

o(u,v,w,r)
0(x,y,z,t)

show that

and hence find a relation between x, y, z and t.

1 1 1 1
ow,vyw,r) |1 1 -1 -1
0(x,y,z,t) B y x -t -z
2x 2y -2z -2t

Solution.



2 2 0 0
1 1 -1 -1 )

= [Adding R; to Ry]
y X -t -z

2x 2y -2z -2t
2 0 0 0

1 0 -1 -1 .
[Subtracting C, from C;]
y X—-y -t -z

2x 2y-2x -2z -2t

0 -1 -1
=2| x-y -t -z
-2(x-y) -2z -2t

0 0 -1
=2 x-y z—-t -z [Operating C, — Cs]
-2(x—-y) 2(t—-z) -2t

0o 0 -1
=2x-y)(z-t)| 1 1 —-z| [® C;and C; are identical]
-2 -2 -2t

Hence the functions u, v, w, r are not independent.
Now we find a relation between u, v, w, r. We have
w=x+y+z+t)(x+y—z-t)=(x+y)’ —(z+)
= (x> +y* 22 —t)) + 2(xy —zt) =1 + 2w
Thus uv =r + 2w,
which is the required relation.
EXTREME VALUES: MAXIMA MINIMA
Let (a, b) be a point of the domain of definition of a function f. The f (a, b) is an
extreme value of f, if for every point (x, y) of some neighbourhood of (a, b) the
difference f(x,y)- f(a,b)keeps the same sign. (1)
The extreme value f (a, b) is called a maximum or minimum value

according as the sign of (1) is negative or positive.



10.1 A Necessary Condition
A necessary condition for f(X, y) to have an extreme value at (a, b) is that f
(a, b) =0, fy(a, b) = 0; provided these partial derivatives exist.
Points at which f; = 0, f, = 0 are called Stationary points.
10.2 Sufficient Conditions for f(x, y) to have extreme value at (a, b)
Let fi(a, b) = 0 = fy(a, b). Further, let us suppose that f(x, y) possesses
continuous second order partial derivatives in a neighbourhood of (a, b) and that
these derivatives at (a, b) viz. f(a, b), fiy(a, b), fjy(a, b) are not all zero.
Let (a + h, b+ k) be a point of this neighbourhood.
Let us write
r = fix(a, b), s = fiy(a, b),tC = fjy(a, b)
(1) Ifrs—t*>0, then f(a, b) is a maximum value if r < 0, and a minimum
value if r > 0.
(2) If rt — s*< 0, f(a, b) is not an extreme value.
(3) Ifrt—s*=0,
Thus is the doubtful case and requires further investigation.
Example 32. Find the maxima and minima of the function
fix,y)=x"+y’ —3x — 12y + 20
Solution. We have
fu(x, y) =3y’ =3 =0, whenx == 1
f,(x,y) =3y’ - 12=0, wheny =+ 2
Thus the function has four stationary points:
(1,2), (-1,2),(1,-2), (-1, -2),
Now
fx(X, y) = 6xfiy(X, y) = 0, fiy(x, y) = 6y
At(1,2),
fux = 6> 0, and fixfyy —(fiy)* =72>0
Hence (1, 2) is a point of minima of the function.
At (1,-2),
fix = =6, and fi, £,y — (fiy)> =-72<0



Hence the function has neither maximum nor minimum at (1, -2).
At (-1, -2),

fix = =6, and fiufyy — (f,)>=72>0
Hence the function has a maximum value at (-1, —-2).
Note. Stationary points like (-1, 2), (1, —2) which are not extreme points are called
the saddle points.
Example 33. Show that the function

f(x, y) =2x* - 3x%y + y*
has neither a maximum nor minimum at (0, O)where

fadyy = (fxy)2 =0
Now

fi(x, y) = 8x° — 6xy, fy(x,y) = —3x*+ 2y

- £(0, 0) = 0 =£,(0, 0)
Also

fix(X, y) = 24x” — 6y =0, at (0, 0)

fy(x, y) =—6x=0at (0, 0)

fiy(x, y) =2, at (0, 0)
Thus at (0, 0), fix(0, 0).£,(0, 0) — [£,(0, 0)]* = 0.
So that it is a doubtful case, and so requires further examination.
Again

f(x, y) = (x* - y)(2x" —y), (0, 0) = 0
or
fx, y) = (0, 0) = (x* - y) 2x* - y)

>0, for y< 0 or x*>y>0

<0, for y> x2>%>0

Thus f(x, y) — f(0, 0) does not keep the same sign near the origin. Hence f
has neither a maximum nor minimum value at the origin.
Example 34. Show that

f(x,y)= y2 + Xzy +x*, has a minimum at (0, 0).

It can be easily verified that the origin.



£=0,f,=0,fx=0, £y =0, f,y =2.
Thus at the origin fifyy — (fiy)* = 0, so that it is a doubtful case and requires
further investigation.
But we can write
1 3
fix,y)= (y+5x2)2 +ZX4
and

f(x, y) —f(0, 0) = <y+%x2)2 +§x“

which is greater than zero for all values of (X, y). hence f has a minimum value at
the origin.

Example. Let
fix,y)= y2 +x? y+ x*
It can be verified that
£:(0, 0) =0, £,(0,0) =0
(0, 0) = 0, £4(0, 0) =2
£4(0, 0) = 0.

So, at the origin we have

2
fuxfyy = fiy

However, on writing

2 4
1 3x

2 4+ x? +x4=( +—X2j +—
y y y ) 4

it is clear that f(x, y) has a minimum value at the origin, since

22 4
Af = f(h, k) — £(0, 0) = [k+h7} +%

is greater than zero for all values of h and k.
Example. Let

fix,y)= 2x* - 3x2 y+ y2



Then oA 8x° — 6Xy = @(0,0) =0; o =-3x? +2y = ﬁ(0,0) =0
0 ox oy oy

X
2 2
r= 0o 6y =0at0,0), 5= 21 = _6x=0at(0,0)
ox2 O0x0y
2

=2 . Thus rt — S*> = 0. Thus it is a doubtful case

t= — =

However, we can write f(x, y) = (x* — y) (2x” —y), f(0, 0)=0
f(x, y) — f(0, 0) = (x> =y) 2x* —y) >0 fory< O or x>y >0

<Ofory>x2>%>0

Thus Af does not keep the some sign mean (0, 0). Therefore it does not have

maximum or minimum at(0, 0).

Lagrange’s Undetermined Multipliers
3.2 Lagrange’s Method of Multipliers
To find the stationary points of the function
f(x1, X2,..., Xn, U1, Up,..., Unp) ...(1)

of n + m variables which are connected by the equations

Or(X1, X200y Xp, Up, Up,...,Uy) =0, 1=1,2,...,m ..(2)
For stationary values, df =0
0=df= ﬁdx1 +£dX2 +...+£dxn
0x, 0X , X,
+ ﬁdu1 +...+£dum ...(3)

1 m

Differentiating equations (2) we get



% 4 L+ +%dxn+%d et gy =0

aXl aXn au1 m

2, 4 Lt + 902 L+ %, du, +...+ %, du, =0

0x, 0X, ! ou,, ...(4)
M

oy dx, +...+ o, dx, + o, du, +...+a(’ldum =0

ox, ox, ou, ou,,

Multiplying the equations (4) by Aj, Ao,..

equation (3) we get

0=df= [0 ixn P lge 44 20
8x1 " ox, 0

6(prd++8f
" ou ou

+(af +2A,
ou

1 1

., Am respectively and adding to the

o 5. a(pr]d n

X ' ox

n n

i3, 90
ou

m m

jdum .5

Let the m multipliers A;, As,..., Am be so chosen that the coefficients of the

m differentials duy, du,,..., du, all vanish, i.e.,

LWL A L B YL ...(6)
1 1 6um al’1m
Then (5) becomes
0=df= [0 isn P lag o4 T s 9O gy
axl " ox, 0X, 0X,,

so that the differential df is expressed in terms of the differentials of independent

variables only. Hence

of
ox, |

ez Qg Oy 00 A7)
8Xl 8Xn 8Xn
Equations (2), (6), (7) form a system of n + 2m equations which may be
simultaneously solved to determine the m multipliers Aj, A,,..., Ay and the n + m

coordinates Xi, Xa,..., Xp, Uj, Uz,..., Uy Of the stationary points of f.
An Important Rule. For practical purposes,
Define a function

F=1f+ 7\,1(1)1 + 7\,2(])2 +...+ 7\4m¢m



At a stationary point of F, dF = 0. Therefore

0=dF = a—Fdx1 +£dx2 +...+6—Fdxn +8—qu1+...+a—qum
0x, 0X, 0x,, ou, m
oF =0,..., oF +0, oF =0,..., oF =0
0x, [8) ou, ou

which are same as equations (7) and (6).
Thus the stationary points of f may be found by determining the stationary
points of the function F, where
F=f+M01+ b2 +...+ Anbm
and considering all the variables as independent variables.
A stationary point will be an extreme point of f if d°F keeps the same sign,
and will be a maxima or minima according as d°F is negative or positive.
Example 9. Find the shortest distance from the origin to the hyperbola
x>+ 8xy + 7y* =225,=0
Solution.We have to find the minimum value of x> + y* subject to the constraint
x> + 8xy + 7y’ =225
Consider the function
F=x*+y*+ Mx* + 8xy + 7y* — 225)
where X, y are independent variables and A a constant.
dF = (2x + 2xA + 8yA) dx + (2y + 8xA + 14yA)dy
(10X +40y =0 } ' 1
APx+(1+70)y=0
For A = 1, x = -2y, and substitution in x> + 8xy + 7y* = 225, gives y> = —45,

for which no real solution exists.
For A = — %, y = 2x and substitution in x* + 8xy + 7y* = 225, gives x> = 5,

y? =20, and so x* + y* = 25.
d*F =2(1 + 1) dx* + 16\ dx dy + 2(1 + 71) dy”

= 10dx* -1 dx dy+%dy2, at h=—%



= 3 (2dx - dy)y’

> 0, and cannot vanish because (dx, dy) # (0, 0).
Hence the function x* + y* has a minimum value 25.

Example 10. Find the maximum and minimum values of x> + y* + z* subject to the

2 2 2

conditions ~—+ Y+ % = l,andz=x+y.
4 5 25

Solution. Let us consider a function F of independent variables x, y, z where

2 2 2
F=xX+y" +72+ M\ (XT+Y?+;—5—1] +th(xt+ty—2)

dF = (2x+5x1 +K2jdx+(2y+2—ykl +X2jdy + (2z+2k1 —AQsz
2 5 25
As x,y, z are independent variables, we get
2x + %xl +0=0

2y+ %7\,1"‘7\.2=0

2Z+£7\,1_)\Q:0
25

= _2;\‘2 = _5;\‘2 Z—ﬂ
A 44 YT, 4107 2%, +50

X

Substituting in x +y = z, we get

2 5 25
+ +
A +4 2% +10 21, +50

=0, =0 )

for if, A\, =0, x =y =z =0, but (0, 0, 0) does not satisfy the other condition of
constraint.

Hence from (1), 17731 +245\, +750 =0, so that A; =—-10, =75/17.

For A, =-10,

X 3k2,y—2X2,Z—6k2



2 2 2
Substituting in LI A 1, we get
4 5 25

32 =180/19 or A, =46+/5/19
The corresponding stationary points are

(24/5/19, 345719, 54/5/19), (=2+/5/19,-33/5/19,-5+/5/19)

The value of x* + y* + z* corresponding to these points is 10.

For A, =-75/17,
34 17 17
X=—NA),, Yy=—"A,, Z=—MA,
A T
2 v g2
which on substitution in ——+2—+2— = | give
4 5 25

A= £140/(17/646)
The corresponding stationary points are

(40/4/646, —35//646,5//646), (—40/~/646,35//646, —5/+/646)

The value of x* + y* + z* corresponding to these points is 75/17.
Thus the maximum value is 10 and the minimum 75/17.

Example 11. Prove that the volume of the greatest rectangular parallelepiped that

2 2 2
can be inscribed in the ellipsoid 5+ 5+ = 1, Babe
a

, 1S
b> 2 3\/5

Solution. We have to find the greatest value of 8xyz subject to the conditions

2 2 2
X_+y_+z_2:1, x>0,y>0,z>0 ..(D)

2 2
a b ¢

Let us consider a function F of three independent variables x, y, z, where

2 2 2
X° y" oz
F=8yz+ A —+—+—-1
Y (az b? ¢ j

dF = [Syz + 2_);7») dx + (8ZX + %)dy + [dxy + Z—Z}) dz
a c

At stationary points,



2xA 2y 27\
8yZ+ a—2:0,8zx+b—2=0,8xy+c—2=0 (2)

Multiplying by X, y, z respectively and adding,
24xyz+2A=0 or A=-12xyz. [using (1)]
Hence, from (2), x = a3, y= b3, z=c/\3,and so A =—4abc/A\3
Again
2 2 2
dx® dy N dz

d’F =2 +
( a’ b? c?

J+16dedy+l6xdydz+l6dzdx

_ Babe g 1 dx2+1—22c dx dy ..(3)

3Tt 3

Now from (1) we have

xd—x+yg+z%20 or d_x+ﬂ+%:

0. .4
a? b ¢? a b ¢ @

)3 2
a’ ab
or
dx?
abc X —- =-2Xc dx dy
a
2
F = - 1% ghe s

3 a

which is always negative.

b

a c
Hence | ——,—=, —= | is a point of maxima and the maximum value of 8
(V3 3 V3]




MAL-512: M. Sc. Mathematics (Real Analysis)
Lesson No. VI Written by Dr. Nawneet Hooda
Lesson: The Riemann-Stieltjes integrals Vetted by Dr. Pankaj Kumar

Definition. Let f and o be bounded functions on [a, b] and o be monotonic
increasing on [a, b], b > a.
Let P={a=x,Xxy,..., X, =Db} be any partition of [a, b] and let
Ao = au(xi) — axizp), 1=1,2, ..., n.
Note that Aa; > 0. Let us define two sums,

U, f, o) = Y M, Aa;

i=1
L, f, a)= imi Ao
i=1
where m;, M;, are infimum and supremum respectively of f in Ax;. Here U(P, f, o)
is called the Upper sum and L(P, f, a) is called the Lower sum of f corresponding to
the partition P.
Let m, M be the lower and the upper bounds of f on [a, b], then we have
m<m<M; <M
= mA o; £m; A o < MjAay, £ MAay, Ao, > 0
Putting i =1, 2,..., n and adding all inequalities, we get
m{a(b) —a(a)} <L(P, f, o) <U(P, f, o) < M{oau(b) — a(a)} ..(D)

As in case of Riemann integration, we define two integrals,

| °f  do=inf. U, f, o)

[7f do=sup. L(P, £, ) Q)

where the infimum and supremum is taken over all partitions of [a, b]. These are

respectively called the upper and the lower integrals of f with respect to a.
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These two integrals may or may not be equal. In case these two integrals are

equal, i.e.,
(b b
['f da= [ fda,
a a
we say that f is integrable with respect to a in the Riemann sense and write

fe R(a). Their common value is called the Riemann-Stieltjes integral of f with

respect to a, over [a, b] and isdenoted by
b b
J.f da or .[f(x) dou(x).
From (1) and (2), it follows that
¢b b
m{a(b) — a(a)} <L(P, f, o) < j f da< _[ f fdo

<U(P, £, a) <M{a(b) — a(a)} ...(3)
Note 1. The upper and the lower integrals always exist for bounded functions but
these may not be equal for all bounded functions.The Riemann-Stieltjes integral
reduces to Riemann integral when o(x) = x.
Note 2. As in case of Riemann integration, we have

(1) If f € R(av), then there exits a number A between the bounds of f such that
b
j f da =A{o(b) — a(a)}  (by 3)
(2) If f is continuous on [a, b], then there exits a number & €[a, b] such that
b
[ da=12) {ou(b) - o)}

(3) If f € R(a), and k is a number such that
[f(x)| <k, forall x € [a, b]
then

< k{o(b) - a(a)}

b
jf da
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(4) If f € R(a) over [a, b] and f(x) > 0, for all x € [a, b], then

® >0, b>
Ifda ’
A <0, b<a

Since f(x) > 0, the lower bound m > 0 and therefore the result follows from (3).

(5) If f € R(a), geR(a) over [a, b] with f(x) > g(x), then
b b
jf dazjgda,bZa,
and
b b
Ifdaﬁjg da, b <a.

Theorem . If P* is a refinement of P, then
(a) UP* f, o) <U(P, £, a).
(b) L(P* f, o) >L(P, f, o), and
Proof. (a) Let P = {a = xo, Xi,..., Xn = b} be a partition of the given interval. Let P*
contain just one point more than P. Let this extra point & belongs to Ax;,
e, Xi-1 <& Xi.
As fis bounded over the interval [a, b], it is bounded on every sub-interval
Axi(i = 1, 2,..., n). Let V|, V,, M; be the upper bounds (supremum) of f in the
intervals [xi_1, &], [&, xi], [Xi-1, Xi], respectively.
Clearly
Vi<M;, Vo <M,
o UP* £ a) = UP, £, a) = Vi{o(§) — axi)} + Va{axi)— a(€)} — Mifauxi) —
ouUXio1}
= (Vi=M)) {a(&) - a(xi)}
+ (V2= Mj) {a(xi) — (&)} <0
= UP* f,a) < UP, f, o)
If P* contains m points more than P, we repeat the above arguments m times

and get the result .
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The proof of (b) runs on the same arguments.
Theorem . A function f is integrable with respect to a on [a, b] if and only if for
every € > 0 there exists a partition P of [a, b] such that
UP, f,a)-L(P, f, o) <e
Proof. Let f € F(a) over [a, b]

j:fda:j_:f do= [ tda

Let &€ > 0 be any number.
Since the upper and the lower integrals are the infimum and the supremum

of the upper and the lower sums, therefore 3 partitions P; and P, such that

_ b
b l.— |
U fa)< [ f fdo+te=[fda+ e

L(Pz,f,(x)>Ef doc—% SZIJZfdoc—%s

Let P = P; U P, be the common refinement of P; and P,.

U(P, f, o) < U(Py, f, o)
b
< jfda+ Le<Lyfo)te

<LP,f,a)+ e
= UP, f,a)-L(P, f,a) < e
Conversely . For € > 0, let P be a partition for which
UP,f,a)-L(P, f,a)< €

For any partition P, we have

b ¢b
L(P,f,a)sj fda<["f da<UP,fa)

[fdo— [fda<UPfo)-LE.fa)<e

j_abf =j:fda
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so that feR(a) over [a, b].
Theorem. If f; € R(a) and f,eR(a) over [a, b], then

b b b
fi+f e R(a)and [(f, +f,) da=[f, do+]f, da

Proof. Let f=f; + f5.
Then f'is bounded on [a, b].

",

If P = {a =X, Xy,..., Xn = b} be any partition of [a, b] and m| M|; m], M[;
m;, M; the bounds of fj, f; and f, respectively on Ax;, then
m; +m!<m; <M, <M; +M/
Multiplying by Ao and adding all these inequalities fori=1, 2, 3,..., n, we get
L(P, fi, o) + L(P, f,, o) < L(P, f, a) < U(P, f, o)
<U(P, f;, o) + U(P, f3, a) ..(1)
Let € > 0 by any number.

Since f; € R(a), f; € R(a), therefore 3 partitions P;, P, such that

U(Py, fi, o) — L(Py, fi, a) < -i‘ S

U(PZ’ f, OL) - L(Pz, f, OL) < i c
Let P =P; U P,, a refinement of P; and P-.

U(Pa f17 O(,) - L(Pa fl> (X) < é €

U, £, a) - L(P, f, ) < L €

Thus for partition P, we get from (1) and (2).
UP, £, ) = L(P, f, a) <U(P, f;, ) + U(P, £, o) = L(P, f}, o) — L(P, 3, &)

<le+le=¢
2 2

= f € R(a) over [a, b]
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Since the upper integral is the infimum of the upper sums, therefore 3

partitions P;, P, such that

b
UP,, fi, o) < Jfl dotLe

b
UP, £, 0) < [f, da+ Le
If P=P; U P,, we have

b
U(P,f),0) < [f, da+Le

. ...(3)
U(P,f,,0) < [f, da+te
For such a partition P,
b
If da <U(P, f, o) <U(P, f1, o) + U(P, f2, ) [from (1)]
b
< jfl da+jf2 + g [by (3)]
Since ¢ is arbitrary, we get
b b b
[ da<[f, da+[f, da .4
Taking (—f)) and (—f,) in place of f; and f,, we get
b b b
[fda>[f, da + [f, do ..(5)

(4) and (5) give

b b b
[fda=[f, da+[f, da

Theorem. If f € R(a), and ¢ is a constant, then
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b b
cf € R(a) and jcf dachf da

Proof. Let f eR(a) and let g = cf. Then

UP, g, o) = Zn:M'i Aa, = Zn:cMiAoo

i
i=1 i=1

~ ¢> Mg,

i=1
=cU(P, £, o)
Similarly
L(P, g, a)=cL(P, f, o)

Since f € R(a), 3 a partition P such that for every € > 0,

U, £, o) — L(P, £, o) < —
C

Hence

U(P, g, a) — L(P, g, o) = c[U(P, f, a) — L(P, f, a)]

S
<c—=e€.
C

Hence g=c f € R(w).

b
Further, since U(P, f, o) < J. fda+ § )

b
[g da<UP, g 0)=cUP. 1 a)

b
<c Uf da+§j

Since € is arbitrary
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b b
J.g da < CI fda
Replacing f by —f, we get

b b
Ig daZJ.f da

Hence i(cf)d(x = Cif da

Theorem. If f € R( ) on [a, b], then f eR(a) on [a, ¢] and feR(a) on [c, b] where

c is a point of [a, b] and
b c b
[fda=[f da+[f da

Proof. Since f € R(a), there exists a partition P such that
UP,f,a)-L(P,f,a)<e, e€>0.
Let P* be a refinement of P such that P* =P U{c}. Then
L(P, f, o) < L(P*, f, ) <U(P, f, o) <L(P, f, o)
which yields
U, f, o) - L(P*, f, ) < U(P, f, a) - L(P, f, o) (1)
Let P, and P, denote the sets of point of P* between [a, b], [c, b] respectively. Then
P, and P, are partitions of [a, ¢] and [c, b] and P* = P; U P,. Also
UP*, f, a) =U(Py, f, o) + U(Py, f, a0) (2)
and
L(P*, f, o) = L(Py, f, o) + L(Py, f, 1) 3)
Then (1), (2) and (3) imply that
UP*, 1, o) - L(P*, f, o) = [U(Py, f, ) — L(P1,f,00)] + [U(P2,f,0) ~L(P2.f, a)]
<e
Since each of U(Py, f, a) — L(Py, f, o) and U(P», f, o) — L(P», f, o) is non—negative,

it follows that
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UP, f,a)-L(P,fa)<e
and

U(P,, f,a) —L(P2, f,a) < €
Hence f is integrable on [a, c] and [c, b].

Taking inf for all partitions, the relation (2) yields

[f do>

0| Sy | ©

b
f do+[f da (4)
But since f integrable on [a, c] and [c, b], we have
b c b
jfoomxzjfda+jfda (5)
The relation (3) similarly yields
b c b
[fda<|[fda+[fda (6)
Hence (5) and (6) imply that
b c b
[fda=[fda+[f da
Theorem. If f eR(a) and if |f(x)| < K on [a, b], then

<K[a(b) — a(a)].

b
jfda

Proof. If M and m are bounds of f € R(a.) on [a, b], then it follows that
b
m[a(b) — a(a)] < If da < M[a(b) — a(a)] for b > a. (1)

In fact, if a = b, then (1) is trivial. If b > a, then for any partition P, we have

m[a(b) — a(a)] < imi Ao =L(P, f, o)

i=l1

b
sj'fd(x
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<UP,f,a)= D> M, Aoy

<M(b - a)

which yields
mla(b) - a(@)] < [ fda<M(b-a) )

Since |f(x)| < k for all xe(a, b), we have
-k <f(x) <k
so if m and M are the bounds of f'in (a, b),
-k <m < f(x) <M<k forall x € (a, b).

If b > a, then oub) — au(a) > 0 and we have by (2)
— k[ou(b) — a(a)] < m[oub) —a(a)] < j f da

<MJoau(b) — a(a)] <k [oub) —a(a)]

Hence

[f da| <kfo(b) - a(a)]

Theorem. If f € R(a) and g €eR(a) on [a, b], then f g € R, |f] € R(a) and

b
Ifdoc

b
<[If] do

Proof. Let ¢ be defined by ¢(t) = t* on (a, b]. Then h(x) = ¢[(x)] = f* € R(a) .
Also

fg=— [(f+g)’ - (f-g)].

1
4
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Since f, g eR(a), T+ g € R(), f— g € R(a). Then, (f+ g)* and (f — g)* € R(a)
1
and so their difference multiplied by Z also belong to R(a) proving that fg € R.

If we take ¢(f) = [t| , then |f] € R(c). We choose ¢ = =+ 1 so that
C [fdax0

Then
[ do|=[f da=[cfda<[|f|da

Because cf < [f].

(3)if f; € R(a), f; € R(a) and f1(x) < f5(x) on [a, b] then

b b
[f, da< [f, da

Theorem. If f € R(a;) and f € R(a2), then
b b b
f e R(o; + ap) and If d(o, +a2)=If do, +If do,
and if f € R(a) and ¢ a positive constant, then
b b
f € R(ca) and Jf d(ca) =cjf da.

Proof. Since f € R(a;) and f € R(a), therefore for &€ > 0, 3 partitions Py, P, of [a,
b] such that

U(Pla fa (X,]) - L(Pla f7 (X,]) <§8

U(PZJ f7 aZ) - L(PZJ fa (X2) < jS

LetP=P1UP2
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U(Pa f) al) - L(Pa fa (Xl) < -ZLS

UP, f, o) ~ L(P, £, 02) < L& (D)

Let the partition P be {a = xq, X1, X2,..., X, = b}, and m;, M; be bounds of f in Ax;.
Let oo = oy + a,.
o(x) = o (x) + oa(x)
Ao = ou(xi) — ou(Xi-1)
Aok = ap(Xi) — 0a(Xi-1)
Ao = ou(Xi) — ou(Xi-1)
= (X)) + o(xi) — o (Xi-1) — 0ta(Xi-1)
= Aagi + Ady;

U, £, a) = D M, Aa;
= ZMi (A(Xli + AG.Qj)

=U(P, f, o) + U(P, f, az) ..(2)
Similarly,
L(P, f, ) =L(P, f, a;) + L(P, f, arp) ...(3)
U, f, o) - L(P, f, a) = U(P, f, a.;) — L(P, f, auy)
+ U(P, f, an) = L(P, f, i)

<tetle=g [using (1)]

= f € R(a), where o= o + o

Now ,we notice that

b
jf do = inf U, f, o)

=inf {U(P, f, o) + U(P, f, a2)}
> inf U(P, f, o) + inf U(P, £, o)
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b b
= [f do, +[fda, ..(4)
Similarly,

b
If da =sup L(P, f, o)

b b
< [fdo, + [f dos ..(5)
From (4) and (5),
b b b
[ da=f da,+[f da,

where o = o + aly.

Integral as a limit sum.

For any partition P of [a, b] and t; € Ax;, consider the sum

S(P, f, o) = D f(t;) Ay
i=1
We say that S(P, f, o) converges to A as u(P) — 0 if for every € > 0 there exists
0 > 0 such that |S(P, f, o) — A| < €, for every partition P = {a = x¢, X, X2,..., Xp =
b}, of [a, b], with mesh p(P) < and every choice of t; in Ax;.
Theorem . If S(P, f, o) converges to A as u(P) — 0, then

b
feR(c),and lim S(P,f, o) = [f da
1(P)—0 !

Proof. Let us suppose that lim S(P, f, o) exists as W(P) — 0 and is equal to A.
Therefore for € > 0, 3 6 > 0 such that for every partition P of [a, b]with mesh p(P)

< d and every choice of t; in Ax;, we have
IS(P, f,a) - Al< Le

or
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A—i—e<S(P,f,a)<A+je ...(1)

Let P be a partition. If we let the points t; range over the interval Ax; and

take the infimum and the supremum of the sums S(P, f, o), (1) yields
A-te<L(P,fia)<UP,fa)<A+Le ...(2)

= UP,f,a)-L(P, f,a) <¢

= feR(a) over [a, b]

b
Again, since S(P, f, o) and If da lie between U(P, f, o) and L(P, f, o)

<UP,f,a)-L{P, f,a)<e

b
S(P,f,a)—jf da

b
N lim S(P,f,0) = [f da
1(P)—0 !

Theorem . If f is continuous on [a, b], then f € R(a) over [a, b]. Also, to every & >

0 there corresponds a & > 0 such that

<eg

b
S(P,f,a)—jf do

for every partition P = {a = xo, X, Xp,..., Xn = b} of [a, b] with w(P) <9, and for

every choice of t; in Ax;, i.e.,

b
lim S(P,f,a)=|f da
n(P)>0 ( ) !

Proof. Let &> 0 be given, and let | > 0 such that
n{a(b) —a(a)} <e (1)
Since continuity of f on the closed interval [a, b] implies its uniform
continuity on [a, b], therefore for n > 0 there corresponds 6 > 0 such that
If(t) — f(ty)] <m, if|ti —tz] <9, t, tz € [a, b] ...(2)
Let P be a partition of [a, b], with norm p(P) < 9.
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Then by (2),
Mi—miS T],i: 1, 2,..., n
U, f, 0) - L(P, f, ) = ) (M; — m)Ax;

<n ZAXi

=n(a(b) —a(a)} <e -.(3)
= feR(a) over [a, b].
Again if feR(a), then for € > 0, 3 & > 0 such that for all partitions P with p(P) <9,
[UP, f, ) - L(P, f, a)| <&

b
Since S(P, f, o) and I f do both lie between U(P, f, o) and L(P, f, o) for all
partitions P with pu(P) < & and for all positions of t; in Ax;.

<UP, f,a)-L(P, f,a) <e

b
S(P,f,a)—jf da

n b
= lim S(P, f, )= Ilim f(t;) Aoi= |f da
W(P)—0 ( ) u(P)—>O§ (t;) ;!.

Theorem . If f is monotonic on [a, b], and if a is continuous on [a, b], then feR(a).
Proof. Let € > 0 be a given positive number.

For any positive integer n, choose a partition P = {Xo, xy,..., X5} of [a, b]
such that

Ao, = M,i= 1,2,...,n

n

This is possible because a is continuous and monotonic increasing on the
closed interval [a, b] and thus assumes every value between its bounds, o(a) and
a(b).

Let f be monotonic increasing on [a, b], so that its lower and the upper

bound, mj, M, in Ax; are given by

m; = f(Xi_1), Mi = f(Xi), 1= 1, 2,..., n
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UPP, f,a) - L(P, f, o) = i:(Mi — mj)Aa;

i=1

- Mi{f(xi — f(xi-1)}
n i=1

= M {f(b) - f(a)}
n

<, for large n
= f eR(a) over [a, b]
Example . Let a function o increase on [a, b] and is continuous at x’ where a < x’ <
b and a function f is such that
f(x")=1, and f(x) = 0, for x # x’

b
then feR(a) over [a, b], and If da=0

Solution. Let P = {a = x¢, Xy, X2,..., X, = b} be a partition of [a, b] and let X’ e
AXx;.
But since a is continuous at X’ and increases on [a, b], therefore for € > 0 we
can choose 6 > 0 such that
Ao = a(Xi) — axi1) <&, for Ax; <0
Let P be a partition with p(P) < 3. Now
U(P, f, a) = Ag;
LP,f,a)=0

Ibf da =inf U(P, f, o), over all partitions P with w(P) <o

—0= ['f da
b
=  feR(a), and jf do=0.

Theorem . If f € R[a, b] and o is monotone increasing on [a, b] such that

o' € R[a, b], then f € R(a), and
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b b
jfda =jfa' dx

Proof. Let € > 0 be any given number.
Since f'is bounded, there exists M > 0, such that
f(x)| <M, Vxelab]
Again since f, o’ € R[a, b], therefore fo' € R[a, b] and consequently 3 &, >
0, 8, > 0 such that
S(t;)a (t;)Ax; — [ for dx‘ <& (1)

for W(P) <8, and all t; € Ax;, and

Sa/(t;)Ax; - [of dx‘ < ¢/4M o)

for W(P) < &, and all t; € Ax;
Now for W(P) <, and all t; € Ax;, s; € Ax;, (2) gives

TN — oy ((< & _ &
2o (t) — o'(si)| < 2. M M S E)

Let 8 = min (8, 8;), and P any partition with pu(P) <.
Then, for all t; € Ax;, by Lagrange’s Mean value Theorem, there are points s; € AXx;
such that

Aai = a'(s;) Ax; ...(4d
Thus

‘Zf(ti)Aai ~fardx ‘ - ‘ SF(t;)a'(s;)Ax; - [ fa’dx‘
= ‘Zf(ti)oz'(ti)Axi —J.fa'dx +2f(t)[o'(s;) —a'(t;)]AX,
< ‘Zf(ti)a'(ti)Axi - [fa dx‘
+ 2 ()] o' (si) — o'(t)] Ax;
<ZiMS =g
2 M
Hence for any € > 0, 3 6 > 0 such that for all partitions with p(P) <9, (5) holds
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b
= lim X f(t;) Aoy exists and equals Ifa‘ dx
w(P)—0 .

b b
= feR(a), and I f da = _[

Theorem . If fis continuous on [a, b] and a a continuous derivative on [a, b], then
b b
If do = jfa' dx
a a

Proof. Let P = {a =Xy, ...., Xn = b} be any partition of [a, b]. Thus, by Lagrange’s
Mean value Theorem it is possible to find t; € ]x;_, Xi[, such that
o(xi) — ouXi-1) = a'(t) (Xi —xi-1),1=1,2,...,n
or
Aai = o' (t;) Ax;
S(P, f, a) = if(ti) Ao

i=1
= Y f(t;) a'(t) Ax; = S(P, fo') ...(6)
i=1
Proceeding to limits as w(P) — 0, since both the limits exist, we get
b b
[ do=[for dx

Examples.

(1) ixz dx? = ixz 2x dx:j.2x3 dx =38
0 0 0

2 2
(ii) j [x]dx> :j[x]zxdx
0 0

1 2
= j[x]zx dx+j[x]2x dx=0 3=3
0 1

EXx. Evaluate the following integrals :
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4 3
@ [x=[xDdx’ (i) [Vx dx’
1 0
n/2

3
(iii) j [x] d(e") (iv) j x d(sin x)
0

0
Theorem . (First Mean Value Theorem). If a function f is continuous in [a, b] and

o is monotonic increasing on [a, b], then there exists a number & in [a, b] such that
b
If do =1£(&) [a(b) — a(a)}

f is continuous and a is monotonic, therefore f € R(a).

Proof. Let m, M be the infimum and supremum of fin [a, b]. Then
b
m{(b) —a(a)} < jf da < M{o(b) —o(a)}
Hence there exists a number p, m < pu < M such that
b
J £ do=uia() - a@)
Again, since fis continuous, there exists a number § € [a, b] such that f(§) = n
b
[ do=1() {o(b) - o)}

Remark. It may not be possible always to choose & such that a <& <b.

0, x=a

Consider a(x) =
l,a<x<b

For a continuous function f, we have
b
If do =f(a) =f(a) {ou(b) —a(a)}

Theorem . If fis continuous and o monotone on [a, b], then

b b
[f da=[f(x) a0, [ df

a
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Proof. Let P = {a =x,, Xi,...., X, =b} be a partition of [a, b].
Let ty, ty,..., t, such that x;_; < ;< x;, and let tg = a, t,.1= b, so that ti_; < x;_; <t;.
Then Q = {a=to, t, to,..., tn, tn+1} 1s also a partition of [a, b]
Now
S(P, f, 0) = Zn:f(ti)Aoni
i=1
f(t1) [ou(x1) — oux0)] + f(t2)[u(x2) — oUx )] + ...
+ f(tn) [0(Xn) — 0UXn-1)]
= —a(xo) f(t1) — a(xy) [f(t2) — f(t1)]

+ auxy) [f(t3) — f(t2)] + ...

+ ou(Xn-1) [f(tn) = f(ta1)] + o (Xn) f(tn)
Adding and subtracting ou(Xo) f(to) + ou(xp) f(ta+1), we get

S(P, £, o) = ou(Xn) f(ta+1) — 0(X0) f(to) — Zn:(x (xi) {f(tir) — f(t)}
i=0

=f(b) a(b) — f(a) a(a) — S(Q, a., f) ..(D)
If w(P) — 0, then W(Q) — 0 and Theorem 5 shows that lim S(P, f, o) and lim S(Q,

a, f) both exist and that

b
lim S(P, f, o) = j f da
and

b
lim S(Q, o, f) = ja df

Hence proceeding to limits when w(P) — 0, we get from (1),

b b
j f da=[f(x)a(x)] - j a df (2)

where [f (x) a(x)]: denotes the difference f(b) au(b) — f(a) au(a).
Corollary. The result of the theorem can be put in a slightly different form, by

using Theorem 9, if, in addition to monotonicity o is continuous also
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b b
j f do. = f(b) aub) — f(a) a(a) — j a df

= f(b) aub) — f(a) a(a) — a(€) [f(b) — f(a)]
= f(a) [a(&) — a(a)] + f(b) [ab) — a(&)]
where & € [a, b].

Stated in this form, it is called the Second Mean Value Theorem.

Integration and Differentiation.

Definition. If f €+ on [a, b], than the function F defined by
F(t) = j f(x)dx, t  [a, b]

is called the “Integral Function” of the function f.

Theorem. If f €R on [a, b], then the integral function F of f is continuous
on [a, b].

Proof. We have

F(t) = jf(x) dx

Since f € R, it is bounded and therefore there exists a number M such that for all x
in [a, b], [f(x)| < M.

Let € be any positive number and ¢ any point of [a, b]. Then

c+h

F(c) = jf(x) dx F(c+h) [f(x)dx

Therefore

c+h c

[F(c+h)-F(e)=| [ f(x)dx - [f(x)dx

c+h

[f(x)dx
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<M ||

< eiffh|< —
M

S . .
Thus |[(c + h) —¢c| <8 = M implies |[F(c + h) — F(c) < €. Hence F is continuous at

any point C €[a, b] and is so continuous in the interval [a, b].
Theorem. If f is continuous on [a, b], then the integral function F is differentiable
and F'(x¢) = f(xo), x0€[a, b].

Proof. Let f be continuous at X, in [a, b]. Then there exists & > 0 for every € > 0

such that

(1) f(t) — f(xo)| < €

Whenever |t — xo| <d. Letxg—0<s<xo<t<xp+0danda<s<t<b,then
F(t)—F(s) 1

— ) = [ [fdx —f(xy)

1 1
! [f (x)dx—:! f(x,)dx

j £(x) = £(x,)]dx

dx< e,

0)

(using (1)).
Hence F'(x¢) = f(x0). This completes the proof of the theorem.

Theorem (Fundamental Theorem of the Integral (Calculus). If f € R on [a, b]

and if there is a differential function F on [a, b] such that F’' = f, then
b
j f(x)dx =F(b) — F(a)

Proof. Let P be a partition of [a, b] and choose t; (I =1, 2,...., n) such that x;_; < t; <

xi. Then, by Lagrange’s Mean Value Theorem, we have
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F(x;) — F(xi1) = (xi — xi-1) F'(t) = (xi — xi-1) f(t))  (since F' =)

Further

n

F(b) - F(a) = Y [F(x,) — F(x,,)]

i=1

= > f(t;) (xi—xi1)
i=1
= Zf(tl) A Xi
i=l
b
and the last sum tends to jf (x) dx as |P+— 0, taking o(x) = x. Hence

Tf(x)dx =F(b)-F(a).

Integration of Vector — Valued Functions. Let fi. f5,...., fi be real valued
functions defined on [a, b] and let f = (f}, f3,...., fy) be the corresponding mapping
of [a, b] into R*.

Let o be a monotonically increasing function on [a, b]. If fi € R(a) fori=1, 2,....,

k, we say that f € R(a) and then the integral of f is defined as

b
Thus jf da is the point in R* whose its coordinate is J-fi do.

It can be shown that if f € R(a), g eR(w),

then

(1) jl(f+g)da=j.fda+j‘g da

(i1) j)-f d(x:j‘f da+j‘fd0t,a<c<b.
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(iii)  iff € R(oy), F eR(), then f € R(ay + o)
b b b
and jfd((x1+a2)=.|.fdoc1+ J.f do,
Theorem. If f and F map [a, b] into R¥, if f € R(a) if ' =T, then
b
[£(t) dt=F(b) - F(a)

Theorem. If f maps [a, b] into R¥ and if f R(a) for some monotonically

increasing function a on [a, b], then |f| € R(a) and

b
Ifd(x

b
< [If| do.

Proof. Let

f=(fi,...., f).
Then

fl= (£ + ...+ £
Since each f; € R(a), the function tiz € R(a) and so their sum f12 +...+ sz e R@,
Since x* is a continuous function of x, the square root function of continuous on [0,
M] for every real M.
Therefore |f| € R(a).

Now, lety = (y1, y2,..., Yx), Where y; = J.fi da, then

y= Ifdoc
and

ly* = Zylz :ZYi J.fi do
= [y, )da

But, by Schwarz inequality
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2.y £(0) <IfO] (a<t<b)

Then

(1) yP<lyl [ 1] dot

Ify = 0, then the result follows. If y # 0, then divide (1) by |y| and get
iyl < [If|da
b

or [If] o< [|f|do.

a

Rectifiable Curves.
Definition Let f : [a, b] = R be a map. If P = {xq, X1....., Xa} is a partition of [a, b],

then

V(f,a,b) = lub 3| £(x,) — f(xi0)l.

i
where the lub is taken over all possible partitions of [a, b], is called total variation
of fon [a, b].

The function f is said to be of bounded variation on [a, b] if V(f, a, b) <+ .
Definition. A curve y : [a, b] - R" is called rectifiable if y is of bounded variation.
The length of a rectifiable curve y is defined as total variation of vy, i.e., V(y, a, b).
Theorem. Let y be a curve in R*. If y is continuous on [a, b], then y is rectifiable

and has length
b
[lv' (4t

Proof. We have to show that I| Y'|= V(y, a, b). Let {x,...., Xn} be a partition of [a,

bl.

By Fundamental Theorem of Calculus ,for vector valued function, we have
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[ra

Xi-]

Y1) =¥ ) = Y

i=1

<Y [Ivd

=X

b
= Iy (v dt
Thus
Vi, a,b) <[]y (1)
Conversely. Let € be a positive number. Since y' is uniformly continuous on [a, b],
there exists 0 > 0 such that
Y'(s) =7l <€, if[s -t <3.
If norm of the partition P is less then 6 and x;_; <t < x;, then we have
Y OI< Y x)| + €,
so that
[Iv(0] dt- e ax <yl ax
Xi-1

Xi

=1 [y @©+y'x) -7 (D)t

Xi-1

Xi

[y ()= (D]dt

Xi-1

IA

Xf| Y (0)dt | +

Xi-1

< y(xi) —y(xic)| + € AX

Adding these inequalities fori=1, 2,..., n, we get
b n
[y dt <> [yx) - y(xi)| +2 € (b-a)
a i=1

=V(y,a,b)+2 € (b—a)
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Since € is arbitrary, it follows that
b
[Iv'®]dt<V(y.,b)
Combining ((1) and (2), we have

[lv (] dt=V(y.a,b)

b
Therefore, length of y = j| v (V)] dt.
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MAL-512: M. Sc. Mathematics (Real Analysis)
Lesson No. VII Written by Dr. Nawneet Hooda
Lesson: Measure Theory Vetted by Dr. Pankaj Kumar

Measurable Sets
Definition. The length of an interval | =[a,b] is defined to be the difference of the
endpoints of the interval | and is written as I(I)=b - a.

The interval | may be closed, open, open-closed or closed-open, the length I(l) is
always equals b—a, where a < b. In case a = b, the interval [a, b] becomes a point
with length zero.

Definition. A function whose domain of definition is a class of sets is called a set
function. In the case of length, the domain is the collection of all intervals.

In the above, we have said that in the case of length, the domain is the collection of
all intervals.

Definition. ( length of a set). Let A be an open set in R and let A be written as a

countable union of mutually disjoint open intervals {lI;} i.e.,

A=YI.
Then the length of the open set A is defined by
IA)= 2 101).
Also, if A1 and A , are two open sets in R such that A; < A », then
I(A 1) <I(A ).
Hence, for any open set A in [a, b], we have
0<I(A)<b-a

Definition. (outer measure) The Lebesgue outer measure or simply the outer

measure m*(A) of an arbitrary set A is given by

m*(A) = inf Y 1(1,),
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where the infimum is taken over all countable collections {lI;} of open intervals

suchthat Ac Y, .

i
Remark. The outer measure m* is a set function which is defined from the power
set P(R) into the set of all non-negative extended real numbers.

Theorem (a) m*(A) > 0, for all sets A.
(b) m*(¢) =0.
(c) If A and B are two sets with A c B, then m*(A) < m*(B).

(d) m*(A) = 0, for every singleton set A.
(e) m* is translation invariant, i.e., m*(A + x) = m* (A), for every set A and for
every XeR.
Proof. (a) clear by definition .

(b) Since ¢ — 1, for every open interval in R such that

Jesxsdl
Ih= |[X——, X+—
n n

So 0<m*(p)<I(l)).and 0<m*($) < E for each neN
n

(c) Let {I,} be a countable collection of disjoint open intervals such that
BcYl,. Then Ac Y, and therefore
n n

m*(A) < D I(1,) .

Since ,this inequality is true for any coverings {l,} of B, the result follows.
(This property is known as monotonicity.)
(d) Since

{}c = }x—l, x+1{
n

n
is an open covering of {x}, so 0< m*({x}) < I(l,) and I(l,) = E for each neN,
n

the result follows by using (a).

(e) Let I be any interval with end points a and b, the set | + x defined by
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I+x={y+x:yel}
is an interval with endpoints a + x and b + x. Also,
I(1+ x) = 1(1).
Now, let €>0 be given. Then there is a countable collection {I,} of open

intervals such that A c Y'I,, and satisfies
n

DI, <m*(A) + €.

Also A +xc Y(I, +Xx). Therefore

n

M*(A+x)< D 1(Ia+x) = Y 1(1y) SM*(A) + €

Since € > 0 is arbitrary, we have m*(A + x) < m*(A). If we take A = (A + xX) — X
and use the above arguments the reverse inequality follows.
Theorem. The outer measure of an interval | is its length.

Proof. Case 1. First let | be a closed finite interval [a, b]. Since, for each €>0, the

open interval (a—%, b+§) covers [a, b], we have

m*lsla—E,b Sy=b-a+e.
(M =<I( 5 +2) €

Since this is true for each € > 0, we must have

m*(1) <b —a=I(l).
Now we will prove that

m*(I)>b—a ..(1)
Let € > 0 be given. Then there exists a countable collection {l,} of open intervals

covering [a, b] such that

m*(1) > Y I(l,) - € ..(2)

By the Heine-Borel Theorem, any collection of open intervals which cover [a, b]
has a finite sub-cover which covers [a, b], it suffices to establish the inequality (2)

for finite collections {I,} which cover [a, b].
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Since a<([a, b] , there must be one of the intervals I,, which contains a and let
it be (az, by). Then a; <a<b;. If by <b, then b;€[a, b], and since b; ¢ (ai, b1), there
must be an interval (az, by) in the finite collection {I,} such that b;e(a,, by); that is
a2 < by < b,. Continuing in this manner, we get intervals (as, by), (az, by),... from the
collection {l,} such that

ai<bia<b, i=1,2,...
where by = a. Since {I} is a finite collection, this process must terminate with some

interval (ax, by) in the collection . Thus

ABEINCTD

= (bx —ak) + (bk-1 —ak-1) +...+ (b1 — &)
=bk—(ak—bx1) —...—(@2—b1) —a&
> by —ag
>b-a,
since a; — bj 1 <0, by > b and a; < a. This, in view of (2), verifies that
m*(l)>b-a- e.
Hence m*(I) > b —a.
Case 2. Now let I is any finite interval. Then given an € > 0, there exists a closed
finite interval JcI such that
1) > I(1) — e.
Therefore,
I(1) — e <1QJ) = m*@) <m*(1) <m*(1) = 1(1) = I(1)
= I(1) — e <m*(I) < I(1).
This is true for each € > 0. Hence m*(1) = I(I).
Case 3. Suppose | is an infinite interval. Then given any real number r > 0, there
exists a closed finite interval J — | such that I(J) =r. Thus m*(I) > m*(J) =1(J) =r,
that is m*(l) > r for any arbitrary real number r > 0. Hence m*(l) = « = I(l).

Theorem. Let {An} be a countable collection of sets of real numbers. Then
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m*(Y A)<> m*(A)

Proof. If m*(A,) = o« for some neN, the inequality holds . Let us assume that
m*(A,) < o, for each neN. Then, for each n, and for a given € > 0, 3 a countable

collection {ln}i of open intervals such that that A, < Y'I,,; satisfying

ZI(InYi)<m*(An)+2’”e

Then
YAn CY Yln,i .

However, the collection {l,-i}n; forms a countable collection of open intervals, as

the countable union of countable sets is countable and covers Y A, . Therefore

n

m*(YA) <D > 1(,)
<Y (m*(A)+27" €)
= > m*(A) +e.

But € > 0 being arbitrary, the result follows.

(This theorem shows that m* is countable sub-additivite).

Note. Each of the sets N, I, Q has outer measure zero since each one is countable..
Corollary .If a set A is countable ,then m* (A)=0.

Proof. Since every countable set can be written as the union of singleton sets and
m* of a singleton set is zero, corollary follows by above theorem and the definition
of m*.

Corollary. The set [0, 1] is uncountable.

Proof. Let the set [0, 1] be countable. The m*([0, 1]) = 0 and so I([0, 1]) = 0. This
is absurd as the length is equal to 1. Hence the set [0, 1] is uncountable.

Theorem. The Cantor set C is uncountable with outer measure zero.
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Proof. Let E, be the union of the intervals left at the nth stage while constructing

the Cantor set C . E, consists of 2" closed intervals, each of length 3™". Therefore
m*(E,) <2". 3™

But each point of C must be in one of the intervals comprising the union E,, for

each neN, and as such CcE,, for all neN. Hence

x 2y
m (E)S(BJ .

This being true for each neN, letting n—oo gives m*(E) = 0.
Theorem. If m*(A) = 0, then m*(A U B) = m*(B).
Proof. By countable subadditivity of m* and m*(A) = 0 we have
m*(A U B) < m*(A) + m*(B) = m*(B), 1)
But BcAUB gives
m*(B) < m*(A U B). (2
Hence the result follows by (1) and (2).
LEBESGUE MEASURE
The outer measure does not satisfy the countable additivity . To have the
property of countable additivity satisfied, we restrict the domain of definition for
the function m* to some suitable subset, M, of the power set P(R). The members of
M are called measurable sets and we defined as :
Definition. A set E is said to be Lebesgue measurable or simply measurable if for
each set A, we have
m*(A) = m*(A N E) + m*(A N E°). ..(3)
Since A = (A "N E) U (A n E®) and m* is subadditive, we always have
m*(A) < m*(A N E) + m*(A N E°).
Thus to prove that E is measurable, we have to show, for any set A, that
m*(A) > m*(A N E) + m*(A N E°). ..(4)
The set A in reference is called test set.
Definition. The restriction of the set functions m* to that to m of measurable sets,

is called Lebesgue measure function for the sets in M.
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So, for each EeM, m(E) = m*(E). The extended real number m(E) is called the
Lebesgue measure or simply measure of the set E.

Theorem .If E is a measurable set, then so is E°.

Proof. If E is measurable, then for for any set A,

m*(A) > m*(A N E) + m*(A N E°).
=m*(A N E°) + m*(A NE)
=m*(A N E°) + m*(A NE®)

Hence E° is measurable.

Remark. The sets ¢ and R are measurable sets.
Theorem. If m*(E) = 0, then E is a measurable set.
Proof. Let A be any set. Then

ANEcE = m*(ANE)<m*(E)=0

and ANE‘c A = m*(ANE") <m*(A).

Therefore m*(A) > m*(A N E) + m*(A N EY),
Hence E is measurable.
Theorem. If E; and E, are measurable sets, then so is E; U Es.

Proof. Since E; and E; are measurable sets, so for any set A, we have
m*(A) = m*(A N E1) + m*(A NES)
=m*(ANE) +m*([ANE;]NE) + m*([An E{]NES)
=m*(A N Ey) +m*([A NEz]n Ef) + m*(A NE; N ES)
=m*(A N Ey) + m*(A NE,NES) + m*(AN[E1NE2])
But AN(E; U Ey) = [A NEjJU[ANENE] ] and
m* (AN(E1 U Ep)) <m* [A NEj]+ m* [ANExNE[].

Therefore  m*(A) >m*(A N [E1 UE,]) + m*(A N[Ey U E;]%),

Hence E1UE; is a measurable set.
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Theorem . The intersection and difference of two measurable sets are measurable.

Proof. For two sets E; and E,, we can write (E; n Ep)° = E; UE; and E; — E; =

EinES]. Now using the fact that union of two measurable sets is measurable and
complement of a measurable sets is measurable, we get the result.
Theorem. The symmetric difference of two measurable sets is measurable.
Proof. The symmetric difference of two sets E; and E; is given by E;AE; = (E; —
E»)U(E2 — E1) and by arguments we get the result.
Definition. A nonempty collection A of subsets of a set S is called an algebra (or
Boolean algebra) of sets in P(S) if § €A and
(@ A,BeA = AUBeA
(b) AcA = A° €A
By DeMorgan’s law it follows that if A is an algebra of sets in P(S), then
(c) A, BeA = ANBeA,
while, on the other hand, if any collection A of subsets of S satisfies (b) and (c),
then it also satisfies (a) and hence A is an algebra of sets in P(S).
Corollary. The family M of all measurable sets (subsets of R) is an algebra of sets
in P(R). In particular, if {E;, Eo, ..., En} is any finite collection of measurable sets,
n n
thensoare YE, and ] E;.
i=1 i=1

Theorem. Let E4, E,,..., E, be a finite sequence of disjoint measurable sets. Then,
for any set A,

n n

m*(Ar{YEiD=Zm*(Am E.).

i=1 i=1
Proof. We use induction on n. For n = 1, the result is clearly true. Let it be true for
(n-1) sets, then we have

m*{Aer_lEiD;im*(Am E,).

i=1
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Adding m*(AnE,) on both the sides and since the sets Ei(i = 1, 2,..., n) are disjoint

we get
m*[Am n\?Ei J+m*(AmEn)=im*(AmEi)
i=1 i=1
= m*{Am %Ei mEﬁ]+(Am[§Ei}mEnJ = Zn:m*(AmEi),
List i-1 i-1

S
. But the measurability of the set Ey, by taking An| YE; | as a test set, we get
i=1

m*(AmB{EM:m*[Am[}n{Ei}mEn +m* Am[{{Ei}mEgJ

m*{AmF{EiD = Zn:m*(A AE).

Hence

i=1 i=1

Corollary. If Ey, E,,..., E, is a finite sequence of disjoint measurable sets, then
n n
i=1 1=i

Theorem. If E; and E; are any measurable sets, then
m(E, U E;) + m(E1 n E2) = m(Ey) + m(Ey).
Proof. Let A be any set. Since E; is a measurable set, we have
m*(A) = m*(A N E;) + m*(A NE;)
Take A = E; U Ey, and adding m(E1 n E3) on both sides, we get
m(E1 UE2) + m(E1NE2) = m(Ey1) + m(([E1VEZ]NEL) + m(E1NEy).
Since
[(EiVE) NEfJUIEINE] =E,
is a union of disjoint measurable sets, we note that
m([E1 U E2] N Ef) + m(Ex N E2) = m(Ey).

Hence the result follows.

135



Theorem Let A be an algebra of subsets of a set S. If {A} is a sequence of sets in
A, then there exists a sequence {B;} of mutually disjoint sets in A such that

YBi =YAi :

i=1 i=1
Proof. If the sequence {Ai} is finite, the result is clear. Now let {A;} be an infinite

sequence. Set B;= Ay, and for each n > 2, define
n-1
Bn=An— {YAJ
i1

=Ann A NASNLLNATD
Note that
Q) B, € A, for each neN, since A is closed under the complementation and
finite intersection of sets in A.
(i) BncA,, for each neN.
(i)  Bm B, =¢ for m= n. i.e.the sets B, are mutually disjoint.

Let B, and By, to be two sets and with m < n. Then, because B, = An,

we have
Bm N Bhc Ann By

=AnN[Ann Al NN AL NN AL
=[Ann AL 1N ...
=¢N...
= ¢.

™ YB=YA

i i

Since BicA,;, for each ieN, we have

?Bi c ?Ai .

i=1 i=1
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Now let xe YA, . Then , x must be in at least one of the sets Ai’s. Let n be the
i=1

least value of i such that x € Ai. Thenx eBp,andso x e YB, .
=1

Hence
YA cYB;.
i=1 i=1
Hence the theorem.
Theorem. A countable union of measurable sets is a measurable set.
Proof .Let {E} be a sequence of measurable sets and let
E = YE,. To prove E to be a measurable set, we may assume, without
i=1
any loss of generality, that the sets E; are mutually disjoint.
n
For each neN, define F, = YE,. Since M is an algebra of sets and E;,
i=1
E,,...En are in M, the sets F, are measurable. Therefore, for any set A, we have
m*(A) = m*(A N Fy) + m*(A N FS)
> m*(A N Fp) + m*(A N E°),
since
= [ YEE} CESE
i=n+1
But we observe that
n
M*(ANFy) = > m*(ANE).
i=1
Therefore,

M*(A) > im*(Am E,)+m*(ANE®).
i=1
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This inequality holds for every neN and since the left-hand side is independent of
n, letting n—o0, we obtain

m*(A) > im*(A N Ej) + m*(ANE

i=1
> m*(A N E) + m*(A N E),

in view of the countable subadditivity of m*. Hence E is a measurable set.
6.1 Theorem. Let E be a measurable set. Then any translate E + y is measurable,
where y is a real number. Furthermore,

m(E +y) = m(E).
Proof. Let A be any set. Since E is measurable, we have

m*(A) = m*(A N E) + m*(A N E)
= m*(A +y) =m*([A N E] +y) + m*([A N ET +y),
in view of m* is invariant under translation. It can be verified that

[ANE]+y=(A+y)n(E+Y)

{[Am El+y=(A+y)n(E®+Y).

Hence
m*(A+y) =m*([A+y] N [E +y]) + m*([A +y] N [E° +Y]).

Since A is arbitrary, replacing A with A —y, we obtain

m*(A) =m*(ANE+y)+m*(ANE‘+vy).
Now since m* is translation invariant, the measurability of E + y follows by taking
into account that (E +y)* = E° +.
Theorem. Let {E;} be an infinite decreasing sequence of measurable sets; that is, a

sequence with Ej.; — E; for each i eN. Let m(E;) < oo . Then

i=1

m[fo EiJ: lim m(Ey).

Proof. Let m(E;) <.
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0

Set E =] E; and Fj = Ej — Ei:1. Then the sets F; are measurable and pairwise
i=1

disjoint, and

Therefore,
m(E1 - E) = zm(Fi) = Zm(Ei —Ei)-
i=1 i=1

But m(E;) = m(E) + m(E;—E) and

mM(E;) = m(Ei+1) + m(E; —Ei.+1), for all i > 1, since E c E; and Ej+; c E;.

Further, using the fact that m(E;) < oo, for all i > 1, it follows that
m(E;1 — E) = m(E1) — m(E)

and m(E1 — Ei+1) = m(E;)) — m(Ei+1), Vi > 1.

Hence,

m(E) - m(E) = Y (M(E)-M(E,,)

lim " (m(E,)-m(E, .

lim {m(E1) - m(En)}

(E1) — lim m(Ey).
n—oo
Since m(E;) < o, it gives

m(E) = lim m(E,).

Remark. The condition m(E;) < o, in above Theorem cannot be relaxed.
Example. Consider the sets E, given by E, = ]n, o[, neN. Then {E,} is a

decreasing sequence of measurable sets such that m(E,) = o for each neN and

1 E, =9¢. Therefore,

n=1
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lim m(E,)=o, while m(¢)=0.

nN—o0
Theorem. Let {E;} be an infinite increasing sequence of measurable sets i.e.

Ei«1 c Ej for each ieN. Then
m(YEi)= lim m(E,).
i=1 n—oo
Proof. If m(E;) = oo for some neN, then the result is trivial, since
m(YEiJ > m(Ei) = o0,
i=1
and m(E,) = oo, for each n > i. Let m(E;) < oo, for each ieN. Set

E= YE| ) I:i = Ei+l_ Ei-

i=1

Then the sets F; are measurable and pairwise disjoint, and

E-E = ?Fi

i=1

= m(E—E,) :m(?ﬁj:im(ﬁ)Zim(EH—l_Ei)
i=1 i=1 i=1
= m(E) — m(Ey) = r!mzn:{m (Biv1) - m(Ei}
i=1
= r!i?o{m (En+1) — m(E1)}

= m(E) = r!im m(E,).

Definition. A set which is a countable (finite or infinite) union of closed sets is
called an Fs-set.

Example of F;-set are:A closed set, A countable set, A countable union of
Fs-sets, an open interval (a, b) since

N I |
(@, b)= Y[a+ﬁ, b_ﬁ]

n=1
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and hence an open set.
Definition. A set which is a countable intersection of open sets is a Gs-set.
Examples of Gs-set are :An open set and, in particular, an open interval, A closed
set, A countable intersection of Gs-sets.
A closed interval [a, b] since

[a,b]= | }a—l, b+1[.

et n n

Remark. Each of the classes F, and G; of sets is wider than the classes of open and
closed sets. The complement of an F;-set is a Gs-set, and conversely.
Theorem. Let A be any set. Then :
() Given € >0, 3 an open set O > A such that

m*(0) <m*(0) + €

while the inequality is strict in case m*(A) < oo; and hence m*(A) = |Am(°) m*(0),

(b) 3 a Gs-set G o A such that
m*(A) = m*(G).
Proof. (a) Assume first that m*(A) < co. Then there exists a countable collection

{I.} of open intervals such that A= Y'I,, and

n

D) <m*(A)+e

SetO= Y I, .Clearly O is an open set and
=1

m*(O) =m*(Y|n]
<> m*(1,)=>1(1,) <m*(A) + €.

(b) Choose € = 1 neN in (a). Then, for each neN, 3 an open set O,oE such that
n

M*(On) < M*(A) + %
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DefineG=] O, .Clearly, Gisa Gs-set and G > A. Moreover, we observe that
n=1

m*(A) < m*(G) < m*(0,) <m*(A) + % neN.

Letting n—o0 we have m*(G) = m*(A).
Theorem. Let E be a given set. Then the following statements are equivalent:
(a) E is measurable.
(b) Given e >0, there is an open set O oE such that m*(O-E) < €,
(c) There is a Gs-set GoE such that m*(G-E) = 0.
(d) Given >0, there is a closed set FcE such that m*(E-F) < e,
(e) There is a Fs-set FcE such that m*(E —F) = 0.
Proof. (a) = (b) : Suppose first that m(E) < oo, then there is an open set O o E
such that
m*(0) <m*(E) + €.
Since both the sets O and E are measurable, we have
m*(O —E) = m*(0O) — m*(E) < .
Now let m(E) = co. Write
R= %In where R is setof real numbers and I, are disjoint finite intervals Then, if
n=1

E=E NI, m(E,) < . We can find open sets O, o E, such that
m*(On — En) < 2in

Define O = YO, . Clearly O is an open set such that O o E and satisfies
n=1

0-E=YO,-YE,cY(©,-E).

n=1 n=1 n=1

Hence

m*(O -E) < im*(on— En) < e.

n=1
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(b) = (c) : Given € = 1/n, there is an open set O, o E with m*(O, — E) < 1/n.

Define G =] O, . Then G is a Gs-set such that G > E and

n=1
m*(G -E) <m*(O, - E) < i V neN.
n

This on letting n—oo proves (c).

(c) = (@) : Write E =G — (G —-E). But the sets G and G—E are measurable since G
is a Borel set and G—E is of outer measure zero. Hence E is measurable.

(a) = (d) : E® is measurable and so, in view of (b), there is an open set O oE° such
that m*(O —-E®) < e. But O-E® = E — O°. Taking F = OF, the assertion (d) follows.
(d) = (e) : Given € = 1/n, there is a closed set F, — E with m*(E —F,) < 1/n. Define

F=YF,. Then Fis a Fs-set such that F<E and

n=1
1
m*(E-F) < m*(E -F,) < =, VneN.
n

Hence the result in (e) follows on letting n—oo.

(e) = (@) : The proof is similar to (¢) = (a).

Theorem. Let E be a set with m*(E) < o. Then E is measurable if and only if,

given € >0, there € > 0, there is a finite union B of open intervals such that
m*(EAB) < e.

Proof. Let E be measurable, and let € > 0 be given. Then there exists an open set O

> E with m*(O-E) < /2. As m*(E) is finite, so is m*(O). Further, since the open

set O can be expressed as the union of disjoint countable open intervals {lI;}, there

exists an neN such that

- €

|:nz+1| (1) <§,

since m*(O) < oo.

n
Write B= Y'I; . Then

i=1
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EAB = (E -B) U (B-E) c (O -B) U (O - E).
Hence
m*(E AB) < m*( ﬂ?liJ +m*(0 —E) < e.
i=n+1

n

Conversely, assume that for a given € > 0, there is a finite union, B= Y'I; ,
i=1

of open intervals with m*(EAB) < e. Then there is an open set O o E such that
m*(0) < m*(E) + . (1)
If we can show that m*(O —E) is arbitrarily small, it follows that E is a
measurable set.
Write S = %(Ii M QO). Then ScB and so
i=1
SAE = (E-S) U (S-E) < (E-S) u (B -E).
However,
E-S=(ENO)U(EnB)=E-B
Since E — O. Therefore
SAE c (E-B) U (B-E) = EAB,
and as such m*(SAE) < . However, E — S U (SAE) and so
m*(E) <m*(S) + . ..(2)
Also O — E — (O -S) U (SAE) gives
m*(O —E) < m*(0) —m*(S) + €.
Hence, in view of (1) and (2), we get
m*(O-E) < 3e.
Definition. An algebra A of sets is called a c-algebra (or o-Boolean algebra or
Borel field) if it is closed under countable union of sets; that is, {}Ai ,isin A
i=1

whenever the countable collection {A} of sets, is in A.
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Note. It follows, from DeMorgan’s law, that a c-algebra is also closed under
countable intersection of sets. The family M of all measurable sets (subsets of R) is
a o-algebra of sets in P(R).
Theorem. Let {E;} be an infinite sequence of disjoint measurable sets. Then
i=1 i=1
Proof. For each neN, we have
n n
m(YEi]: Zm(Ei) :
i= i=1
But
0 n
YE oYE;,, VneN.
i=1 i=1

Therefore, we obtain

i=1 i=

m[YEiJzZm(Ei).
Since the left-hand side is independent of n, letting n—oo, we get
m[YEiJzZm(Ei).
i=1 i=1

The reverse inequality is countable sub-additivity property of m*.

Definition. The c-algebra generated by the family of all open sets in R, denoted B,
is called the class of Borel sets in R. The sets in B are called Borel sets in R.
Examples: Each of the open sets, closed sets, Gs-sets, Fs-sets, Gss-Sets, Fss-Sets, ...
is a simple type of Borel set.

Theorem. Every Borel set in R is measurable; that is, BcM.

Proof. We prove the theorem in several steps by using the fact that M is a o-
algebra.

Step 1 : The interval (a, «) is measurable.
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It is enough to show, for any set A, that
m*(A) > m*(A;) + m*(Ay),
where A; = AN (a, ) and A, = AN (-, a).
If m*(A) = oo, our assertion is trivially true. Let m*(A) < co. Then, for each

e >0, 3 a countable collection {l,} of open intervals that covers A and satisfies

M) <m*(A) +

Write I}, =1, (a, ) and I} =1, N (-0, a). Then,
Lo Il ={lhn(a, ©)} U {l, (-, a)}
= Iy N(—o0, )

=1,
and I}, N1} =¢. Therefore,
(1) = 1(15) +1(17)
=m*(1)+m=*(17)
But

A; c [Uly] N(a, ) = U (I (@, o) =uU 1,

so that m*(A;) < m*(YI' jSZm*(I’n). Similarly A; < Y'I;, and so m*(A,) <
n

n n

> m*(I}) . Hence,
M*(A1) + m*(Az) < > {m* (1) +m*(17)}
=D I(1,) <m*(A) + €.

Since € > 0 is arbitrary, this verifies the result.
Step 2 : The interval ]-, a] is measurable since
]-e0, a] = [a, oo[°
Step 3: The interval J-oo, b[ is measurable since it can be expressed as a countable

union of the intervals of the form as in Step 2; that is,
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Jo0, B[ = Y]-o0, b—1.
n

n=1
Step 4 : Since any open interval ]a, b[ can be expressed as
Ja, b[ =] -0, b[N]a, o[,

it is measurable.
Step 5 : Every open set is measurable. It is so because it can be expressed as a
countable union of open intervals (disjoint).

Hence, in view of Step 5, the c-algebra M contains all the open sets in R.
Since B is the smallest c-algebra containing all the open sets, we conclude that
BcM. This completes the proof of the theorem.
5.4 Corollary. Each of the sets in R : an open set, a closed set, an Fs-set and a Gs-
set is measurable.
Problem 13. Prove that every interval is a measurable set and its measure is its
length.
Solution. It follows in view of the fact that an interval is a Borel set and the outer

measure of an interval is its length.

8. NONMEASURABLE SETS

8.1 Definition. If x and y are real numbers in [0, 1[, then the sum modulo 1, ¥, ofx
and y is defined by

WOy = X+y, x+y<l1
y= X+y-1 x+y=>1

8.2 Definition. If E is a subset of [0, 1[, then the translate modulo 1 of E by y is
defined to be the set given by

Eiy: {z: = xiy, xeE}.
Note that

(i) xyel0 1 =x+tyelo 1.
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(i) The operation + is commutative and associative.
(iii)
Now weprove that the measure (Lebesgue) is invariant under translate modulo 1.
8.3 Theorem. Let E — [0, I[ be a measurable set and y [0, 1] be given.
Then the set E + y is measurable and m(E + y) = m(E).
Proof. Define
{El —EN[01-y[
E,=En[l-y,1.
Clearly E; and E, are two disjoint measurable sets such thatE; U E, = E.
Therefore
m(E) = m(Ez) + m(E>).
Now, E;+y=E;+yandE,+y=E,+y—1andsoE; +yandE;, +y are disjoint

measurable sets with

{m(Eliy)=m(E1+y>=m<El)
m(E, +y)=m(E, +y-1)=m(E,),

since m is translation invariant (cf. Theorem 6.1). Also
EXy=(E1UE)+y
= (E1+y) U (E2+Y)

Hence E+ y is a measurable set with
M(E +y) =m(EL +y) + m(E2 +y)
=m(E1) + m(Ez)
=m(E).
8.4 Theorem. There exists a non-measurable set in the interval [0, 1[.
Proof. We define an equivalence relation *~’ in the set | = [0, 1[ by saying that x
and y in | are equivalent, to be written x~y, if x — y is rational. Clearly, the relation

~ partitions the set | into mutually disjoint equivalence classes, that is, any two
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elements of the same class differ by a rational number while those of the different
classes differ by an irrational number.

Construct a set P by choosing exactly one element from each equivalence
class — this is possible by the axiom of choice. Clearly Pc[0, 1[. We shall now
show that P is a nonmeasurable set.

Let {ri} be an enumeration of rational numbers in [0, 1[ with ro = 0. Define

Pi=P+ri
Then Py = P. We further observe that:

@ PnnPh=¢,m=n.

(b) YP,=[0,1[

Proof of (a). Let if possible, y € P, m Py,. Then there exist py, and py, in P such that

Y=PmtIm=pnth

= Pm — Pn IS @ rational number
= Pm — Pn, by the definition of the set P
= m=n.

This is a contradiction.
Proof of (b). Let xe[0, 1[. Then x lies in one of the equivalence classes and as such
X is equivalent to an element y (say) of P. Suppose r; is the rational number by

which x differs from y. Then xeP; and hence [0, 1[ = Y P, while the reverse

n
inclusion is obviously true.
Now, we turn towards the proof of the nonmeasurability of P. Assume that P
is measurable. Then each P; is measurable, and m(P;) = m(P), cf. Theorem 8.3.

Therefore

m(YP,) = im(Pi)
i i=0
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_ (o if m(P)=0
- {oo if m(P)>0.

On the other hand
M(Y P) =m([0, 1) = 1.

These lead to contradictory statements. Hence P is a nonmeasurable set.
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