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1.0  OBJECTIVE. Objective of this Chapter is to study some properties of groups
by studying the properties of the series of its subgroups and factor groups.

11 INTRODUCTION. Since groups and their subgroups have some relation,

therefore, in this Chapter we use subgroups of given group to study subnormal
and normal series, refinements, Zassenhaus lemma, Schreier’s refinement
theorem, Jordan Holder theorem, composition series, derived series,
commutator subgroups and their properties and three subgroup lemma of P.
Hall. In Section 1.2, we study subnormal and normal series. It is also shown
that every normal series is a subnormal but converse may not be true. In
Section 1.3, we study Zassenhaus Lemma and Schreier’s refinement theorem.
In Section 1.4, we study composition series and see that an abelian group has
composition series if and only if it is finite. We also study Jordan Holder

theorem which say that any two composition series of a finite group are
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equivalent. At the end of this chapter we study some more series namely Chief

series, derived series and their related theorems.

SUBNORMAL AND NORMAL SERIES

Definition (Sub-normal series of a group). A finite sequence
G=G2G12GD... 2Gr=(e)

of subgroups of G is called subnormal series of G if Gj is a normal subgroup

of Gi.; for each i, 1<i <n.

Definition (Normal series of a group). A finite sequence
G:G02G1QG22... QGn:(e)
of subgroups of G is called normal series of G if each Gj is a normal

subgroup of G for 1 <i <n.

Example. Let G ={1, -1, i, -i} where i’=-1, is a group under ordinary
multiplication. Consider the sequence;
{1,-1,1, -1}=Go {1, -1}= G, 2{1}=G»

This 1s normal as well as subnormal series for G.

Theorem. Prove that every normal series of a group G is subnormal but
converse may note be true.
Proof. Let G be a non empty set and

G=Gy2G12G2D... 2Gr=(e) *)
be its normal series. But then each G;j is normal in G for 1 <i <n. i.e. for every
gi€G; and for every geG, we have (g)" g gi€Gi. Since G; c Gi.; < G. Hence
for every gieG; and for every gi.1€Gi.1, we have (gi.1)" g g.1€G; ie. G is
normal in Gj.;. Hence (*) is subnormal series for G also.

For converse part take G = S4, symmetric group of degree 4.
Then the sequence

Ss=Go2 As=G12 V4=G2 {(1 2)(3 4), e}= G32 (e)= Ga.

where Ay is the group of all even permutations, V4 ={ I, (1 2)(3 4), (1 3)(24),
(1 4)(2 3)}. For showing that it is subnormal series we use following two

results:
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(1) As we know that if index of a subgroup H of G is 2 then it is always normal
in G.

(ii) Take a”'Ba, o and P are permutations from Sy, then cyclic decomposition
of permutations o™ Ba and p remains same. For example, cyclic decomposition
of a' (1 2)(3 4) a is always 2x2 form. Similarly cyclic decomposition of
o' (123)(46)a isalways 3x2. In other words we can not find a in S, such
that o™ (1 2)(3 4) a=(1 2 3)(4 6).

Now we prove our result as: Since index of Gi(= Ay) is 2 in Go( = Sy),
by (i) G; is normal in Gy. Since G2(=V4) contains all permutations of the form
(ab)(c d) of S4, therefore, by (ii) G, is normal in G;. By (i) G3(={(1 2)(3 4), e}
is normal in G,. Trivially Gs(=e) is normal in G;. Hence above series is a
subnormal series.

Consider (123 4)" (12)(34)(1234)=(1432)12)34)(1234)
=(1 4)(2 3)2Gs. Hence Gs is not normal in S4. Therefore, the required series is

subnormal series but not normal.

Definition.(Refinement). Let G=G(2G2G,2... ©G,=(¢) be a subnormal
series of G. Then a subnormal series G=H,oH;2oH,>... DHn=(e) is called

refinement of G if every G; is one of the H;’s.

Example. Consider two subnormal series of Sy as:
Ss2 Ay 2 Vid(e)
and St A2 Ve {(12)34),e}D(e).

Then second series is refinement of first series.

Definition. Two subnormal series
G=G2G12G22... 2G~(¢)
and G=HooH,2H,>... oHs=(e) of G
are isomorphic if there exist a one to one correspondence between the set of

H.

Gi j-1

non-trivial factor groups and the set of non-trivial factor groups

i J

such that the corresponding factor groups of series are isomorphic.
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Example. Take a cyclic group G =<a>of order 6. Then G={e, a, a>, a’, a*, a°}.

Take G={e, a’, a’} and H,={e, a’}. Then G=G(2G ={e, a°, a’} 5G,=(e) and

G=H,oH,={e, a’} oH,=(e) are two subnormal series of G. The set of factor

: Hy .

groups is {@,ﬂ} and {ﬂ,&}. Then ﬂzi and ﬂ;—Ol.e. above
Gy Gy H; {e} Gy {e} {e} H;

two subnormal series of G are isomorphic.

ZASSENHAUS LEMMA AND SCHREIER’S REFINEMENT
THEOREM.
Lemma. If H and K are two subgroup of G such that kH=Hk for every k in K.
Then HK is a subgroup of G, H is normal in HK, HNK is normal in K and
HE K

H HnK
Proof. Since kH=Hk for every k in K, therefore, HK is a subgroup of G. Now
let hkeHK, heH and keK. Then (hk)'h;(hk)= k' h''h; hk = k™' h, k. Since
kH=HK, therefore, h, k = k h* for some h*eH. Hence (hk) 'h;(hk)=k™' kh*=h*
eH . i.e. H is normal subgroup of HK. Further H is normal in K also since
k'hk=k'kh" € H for all keK and heH. But then H~K is normal subgroup in
K. Therefore, by fundamental theorem of isomorphism

HK K

H HNK'

Zassenhaus Lemma. If B and C are two subgroup of group G and By and Cy
are normal subgroup of B and C respectively. Then

By(BNC) _ Cy(CNB)
Bo(BNCy) Co(CNBy)

Proof. Let K=BNC and H=By(BNC(;). Since By is normal in B,

therefore, every element of B commutes with By. Further K < B, therefore,
every element of K also commutes with By. Also Cy is normal in C, therefore,
BNCy is normal in BNC=K. Hence every element of K also commutes with
BNCy. By above discussion

Hk:Bo(BﬂCO)k = Bok(BﬂCO) = kBo(BﬁCO) =kH.
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i.e. we have shown that Hk=kH for every k in K. Then by Lemma
1.3.1,

HK K
e ()
H HnK

Now we will compute HK and HNK.
Since (BN Cy) = (BN C), therefore, HK= By(BNCy)(BNC) =B,(BNC).

Further, let yeHNK then yeH and yeK. Now ye H=By(BNC()=
y=bob where by €By, be (BN Cy)). Let bob =d forde K=BNC.Then deC.
Since (BN C() < C, therefore, b also belongs to C.

Now beb=d = by = d b, Since b,deC, therefore, d b'=b, also
belongs to C. Hence by e(ByNC). Then bybe(BynC)(BNC(). Hence

HNK c (BynC)Y(BNCy).

On the other side,
BynC)cK,BNnCycK=BynC)(BNC) cK.

Since (By N C) < By, therefore, (BoNC)(BNC(y) = By(By NnC)=H. Hence
BygnO)(BNCy)=HnNK.

On putting the values of H, K, HK and HNK in (1) we get,
By(BNC) _ (BN C)

= 2
Bo(BNCy) (BynCYBNCy) @)
On interchanging role of B and C, we get
Co(CnB CnB
of ) - ( ) 3)

Co(CnBy)  (ConB)CNBy)
Since (BoC) and (BNC() are normal subgroup of BNC, therefore,
BoNC)YBNCy)=(BNCy)(BynC). Hence right hand side of (2) and (3)

Bo(BﬂC) ~ Co(CﬁB)
Bo(BNCy)  Co(CNBy)

are equal and hence

Note. This theorem is also known as butterfly theorem.

Theorem. Any two subnormal series of a group have equivalent refinements.

This result is known as Scheier’s theorem.



Proof. Consider the subnormal series
G=G2G2...2G={e}, (1)
G=HooH>...oH={e} (2)
of a group G. Since Gi+ is normal in G; and (GinH;) is a subgroup of G;,
therefore, Gi+1(GinH;)= (GinH;) Gi+1 1.e. Gi+i(GinH;) is a subgroup of G.
Define,
Gij=Gi+1(GiNH;)); 0<i <s-1, 0< j<t.
Similarly define,
Hik=Hi1(HkNGy); 0 k<t-1,0<r <s.
As G;j is normal in G; and Hj+; is normal in Hj, therefore, (GinHj+) is normal
in (GinHj). Since Gi+ is normal in G+ , therefore, Gi+1(GinHj+1) is normal in
Gi+1(GinH;).
Now by use of (1) and (2) we get, Gi o = Gi+1(GinHp) = Gi+1Gi = Gi
and Gj = Gi+1(GinHy) = Gi+1Gs = Git1.
Hence we have a series
G=Go=Go02Go1 =Go22... 2G0:=G1=G102G1,1 =Gi22...2
G11=G= G202 Ga1 =G222 ... 2G2=G5= G302 G311 =G3p2 ... 2 Gy
=Gs= G402 ... 2Gs1 =Gs102Gs12 2 ... 2 Gs14=Cs. 3)
Since each G; for 0< i <s occurs in subnormal series (3), Hence (3) is a
refinement of subnormal series (1).
Similarly, series
H=Ho=Hoo>2>Ho1 =Ho2>...2Hos=Hi=Hi9ooHi;; =Hi, > ...
DHis=H=Hyo2oHoy =Hop2 ... 2 Hys=Hs=H3sp2Hsy =Hs22 ... 2
Hss=Hs=Hsp2 ... 2 Ht1 =Hp102He122 ... 2 Hers=He 4)
is a refinement of subnormal series (2). Clearly both the series in (3) and (4)
have st+1 term.
Since each Gis; is normal in G; and Hj+ is normal in Hj, therefore, by

Gi41(GinHy) _ Hj (G nHj) e Gij . Hii

Gi+1(GinHjy)  Hy (G nHj) Gy Hjjn

Zassenhaus Lemma

Thus there is a one—one correspondence between factor groups of series (3)
and (4) such that corresponding factor groups are isomorphic. Hence the two

refinements are isomorphic.
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COMPOSITION SERIES.
Definition (Composition series). A subnormal series
G=G2G12GD... 2G~(e)

of group G is called composition series if for 1<1i <r, all the non trivial factor

group % are simple. The factor groups of this series are called composition
i

factors.

Example. Let G={1, -1, i, -i}; i’=-1 be a group under multiplication, then

{1,-1,1, -1} {1, -1} 2{1} is the required composition series of G.

Lemma. Every finite group G has a composition series.

Proof. Let o(G) =n. We will prove the result by induction on n. If n=1. Then

the result is trivial. Suppose that result holds for all groups whose order is less

than n. If G is simple, then G=G(>G;={e} is the required composition series.
If G is not simple than G has a maximal normal subgroup H say.

Definitely o(H)<n. Then, by induction hypothesis H has a composition series

H,;_
H=H,oH,2oH;>... oH=(¢) where I; ! is simple factor group. Now consider

J

the series GoH=H(>H;>... DH=(e). Since H is maximal normal subgroup,

G . . Hi, .

therefore, — is simple factor group. Further each —— is simple factor
H j

group; therefore, above series is composition series of G. Hence the result

follows.

Lemma. If G is a commutative group having a composition series then G is
finite

Proof. First we study the nature of every simple abelian group H. Since H is
abelian, therefore, each subgroup of it is normal. Since G is simple, therefore,
it has no proper normal subgroup. But then G must be a group of prime order.
Further we know that every group of prime order is cyclic also. Hence every
simple abelian group H is cyclic group of prime order. We also know that

every subgroup and factor group of an abelian group is also abelian. Now let



1.4.4

G=Go2G12G2... 2Gr—(e)
. . . Gi_.
be a composition series of G. Then each non-trivial factor group Gl—lls
1

simple. As G is abelian, therefore, his abelian simple group. Hence by
i

Gi_1 Gi_;

: : C . G,_
above discussion order of —— is prime i.e. O( )=pi. Since é L~ G,
i i r

and o( % )=p: , therefore, 0( G,_; )=p-.

T

Further p.;= 0( Gr—z) _ oGy ) _ oGro)
Gr_l O(Gr—l) pr

=p:pr.1. Continuing in this way, we get 0(G)=p;... p:pr-1. Hence G is finite.

, therefore, 0(G;.2)

Theorem. If group G has a composition series then prove that
(1) Every factor group has a composition series

(i1) Every normal subgroup of G has a composition series

Proof. Let
G=Gy2G2GD... 2G=(e) (D)
be the composition series of group G. Then each factor group g simple
i+1

foralli, 0 <i<m-1.
: . : G ..
(i) Let H be normal subgroup of G. Consider the quotient group T Since

HAG (H is normal in G), therefore, HG; is a subgroup of G containing H and
HA HG;. Further HAG and Gii1 A Gi, therefore, HGi+; A HG; and hence

HGy; \ HG;
H H
Consider the series E = HGo ) HG, ) HG, D.. .QHG—m =H (2)
H H H H H

: . . G
By above discussion it is a subnormal series of T

Define a mapping f: Gi - HG;

by f(aGi)= aHGi;; where ae G;.
Giy1 HGiy



This mapping is well defined since aGi. = bGiry = ab' €Gis.
Since Gis; < HGyyq, therefore, ab' e HGy,. Hence aHG; = bHG;.

This mapping is homomorphism also since f(abG;j)= abHG; =
aHG; .bHG= f(aG))f(bG;).

L where x HG; =G;H, we have x=

Since for xHGj+; €
i+1

gh for some geG; and heH. Then xHGi;;=ghHG;;= gHG;j:; = f(gGis+1). This
mapping is onto also.

Now by fundamental theorem of homomorphism,

Gi
St = HG; . Further we know that Ker f is always a normal subgroup of
kerf HG;,
Gi . But Gi is simple, therefore, Ker f - Gi or m=Gi+1 (identity of
Gi i+l i+l i+1
G G Gi G
Gi ). Then Girt _ Gix __Gi or Givt _ Gin _ Gi . Hence for
Git1 kerf  Gi Gy kerf Gy Giy
Giy
HG;
every case, Gi = HG; ie. HG; is simple. But HG; ~__H
Gi+1 HGjy HGj, HGiy;  HGiy
H
HG;
Therefore, I (I}{ is simple. Hence the series in (2) is a composition series
i+l
H
for g
H

(if) H is subgroup of G, therefore, HNG; is subgroup of G. It is also subgroup
of H. Since Gj+1 A Gi, therefore, HNGi+1 A HNG;. Let H=HNG;. Then the
series
H=Hi> Hi>... o Hn2{e} 3)
is a subnormal series for H.
Since G; 2 Gis1, therefore, Hix 1 =HNGi+1=(HN(GiNGi+1)=(HNGi))NGit

=HiNGi:1. Since we know that if A and B are subgroup of G with B is normal
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in G, then &;L, therefore, for two subgroups H; and Gj:; of G;
B AnB

where Gj;; is normal in G, we have
H; Hi _HiGiy

= = 4)
Hiyp HinGiy o Gig

Since H=HNG;j and Gi;; AG;, therefore, HiGj:; is a subgroup of Gj containing
Gi+1. Since HA G, therefore, H A G;. Hence H=HNG; A G;. As Gi+1 A Gj, and

Hi A G, therefore, H;Gi:; is a normal subgroup of Gj. Hence & is a
i+l
normal subgroup of Gi . But Gi is simple, therefore, HiGis1 __Gi or
i+1 i+1 i+1 Gi+1
HiSiat 6., Now Hi9itl— Gy = HiGyyy = Gooy and D00t Gi
i+1 Gi+1 i+1 Gi+1

H;G;,;= Gi. Hence either —i=i+l s trivial group or non-trivial simple group.
i+l

But then by (4), i is trivial or non-trivial simple group. Hence (3) is the

1+1

composition series for H. It proves the result.

Theorem. (Jordan Theorem). Any two composition series of a finite group

are equivalent.

Proof. Let G=G2GD2...0G={e}, (1)
G=HooH>...oH={e} (2)

be two composition series of a group G.

By definition of composition series it is clear that a composition series
can not refined properly. Equivalently, if from refinement of a composition
series if we omit repeated terms then we get the original composition series.
By Scheier’s Theorem, series in (1) and (2) have isomorphic refinement and
hence by omitting the trivial factor group of the refinement we see that the

original series are isomorphic and therefore, s=t.

Example. Let G be a cyclic group of order 18. Find composition series for G

10
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Solution. Let G=<a>. Then order of a is 18. As G is abelian, therefore, every
subgroup of G is cyclic. Consider G1=<a2>={e, az, a4, a6, ab, alO, alz, al4, a't
Gy=<a®>={e, a’, a'*}, Gs={e}. Consider the series:
G=Go2G12G22G3={e}.
The orders of ﬂ, &, & are 2, 3 and 3 respectively, which are prime
G Gy G
numbers. Therefore, factor groups of above series are simple and hence it is a
composition series for G.
Similarly, by taking, G=H,=<a>, H1=<a3>={e, a3, a6, a9, alz, als},
H2=<a6>={e, a’, alz} and Hi={e}, we get the factor groups ﬂ, ﬂ, H
H; Hy H;j
are 3, 2 and 3 respectively. Hence series

G=HooH;oH,oH;={e}

is also a composition series for G. Further, it is easy to see that H—O ;%,

1 2
—lzﬂ and —Zzﬂ Similarly we see that by taking G=Hy=<a>,
H, G H; G

3 9 . .. .
H;=<a’>, H,=<a"> and H3={e} gives us another composition series for G.

Example. Show that if G is a group of order p", p is prime number. Then G

has a composition series such that all its composition factors are of order p.

Solution. Let G=G(2GD...2G={e} be the composition series for G. Since

o(G)=p", therefore, order of every subgroup of G is some power of p. But then

order of each composition factor G-t is pi, i<n. If i>1, then Sit has a non
i i

. -y G . . :
trivial centre, contradicting that ==L s simple. Hence k=1 i.e. each

i

composition factor is of prime order. It proves the result.

COMMUTATOR SUBGROUP.
Definition (Commutator). Let G be a group. The commutator of the ordered

pair of elements x, y in the group G is the element x'y'x y. It is denoted by

11
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[X, y]. Similarly if H and K are two subgroups of G, then for heH and keK,
[h, k] is the commutator of ordered pair (h, k).

Commutator subgroup. Let G be a group. The subgroup G of G generated

by commutators of G is called the commutator subgroup of G i.e. G= {[x, y]|
X, y €G}. It is also called the derived subgroup of G. Similarly [H, K]

= <[h, k] > denotes the commutator subgroup of H and K.

Note. If xe[H, K], then x= Fl[hi,ki]ei where hieH, k;eK and ;=+I.
i=1

Since [h, k]=h'k'h k= (k'h'k h)" =[k, h]'e[K, H] for all
heH and keK, therefore, [H, K] < [K, H]. Similarly [K, H] < [H, K]. Hence
[H, K]=[K, H].

We also define [x, y, z]=[[X, y] z]. In general [x;, Xa,..., Xn.1,
o= [[X1, X2,--+, Xn-1] Xo]= [[[X1, X2,-.-.X02] Xno1] Xa] =....=[...[X1, X2]... X¢1]

Xn).

Theorem. Let G be a group and G be its derived group then the following
holds

(i) G is normal in G.

(i) G/G  is abelian

(ii1) If H is normal in G, then G/H is abelian if and only if G cH.

Proof. (i) Since y'x y = xx'y'xy =x[x, y] V ye G and xe G'. Since x and
[x,y] € G , therefore, x[x, y|= y'lx y € G . Hence G is normal in G.

(i) Since [x, y]=x"y'xye G for all x and y€G@, therefore, X'ly'lxyG'ZG’.
Equivalently xy G = G'yx. Hence xG'yG' = yG'xG'. As xG and yG' are

arbitrary element of G/ G , therefore, G/ G’ is abelian.
(iii) As G/H is abelian
iff xHyH=yH xH V xH and yH € G/H
iff x'y'xyH=H
iff  [x,y] eH

12
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iff G cH.

Example. Let G be a group and x, y and z are arbitrary elements of G then
([xy, zJ=[x, z]' [y, z]
(i) [x, yzJ=Ix, z][x, yI'
(i) [x,z "y [zy " x] [y.x".z]* =e where [x, z]-y '[x, z]y.
Solution. (i) L.H.S = [xy, z]= (xy)'z'xyz = y'x"'z'xyz = y'x'z'x zz'yz
= y'lx'1 z‘lxzyy‘lz‘l yzZ = y‘l[x, zlyly, z]= [x,z]’ [y,z]=R.H.S.
(i) Tt is easy to show
(iii) Since [x, ", y]* =2'[x, 2", y]z=z[[x, '], y]z
= 7%, 2Ty Ix, 2y
(Y x 2!y (2 x 2Yyz

| R I | -1
ZXy X zXZyz

=7 ZX

="'z'xy'x'zxz'yz (1)
Similarly [y, x",z]* =y xy 2y x y x'zx (2)
and [z,y' xP=z"'y'zx'z ' yzy'xy (3).

Hence by use of (1) , (2) and (3) we get that L.H.S is

[x,z" ] [zy ' ] [y, x",z]"
— 1,1 1

=e =R.H.S.

-1 - S T IS E | -1 B O S s -1
XY X zZXZyzzZ y zX Z yZy Xy y XyZYy XyX ZX

Theorem. Prove that group G is abelian if and only if G ={e}

Proof. Let G be an abelian group, then for x and y in G, [x, y]=x"'y'x y= x"'x
y'y=e. Therefore, sz{e}.
Conversely, suppose that G'Z{e}, then for arbitrary x and y in G,

[x,y]€e Glie. [x, y]={e}. Hence x'y'x y =e. But then xy=yx. Hence G is

abelian.

Example. Find commutator subgroup of S3; symmetric group of degree three.
Solution. Let G= S3,={1, (1 2), (1 3), (23), (1 23),(132)}. Then for x and y
in G, [x, yI= x'y'x y. We know that every cyclic of odd(even) length is
even(odd) permutation, inverse of an odd(even) permutation is always an

odd(even) permutation and product of odd(even) permutation with odd(even)

13
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permutation is always even permutation while product of odd(even)
permutation with even(odd) permutation is always odd permutation.
Therefore, what ever x and y may be [X, y] is always an even permutation. As
S; is not an abelian group, therefore, S‘3 # {e} . Hence S'3 = A3, group of all

even permutation.

Definition. Let G be a group. Define commutator subgroup (G')' of G as the

group generated by [x, y] where x and y are in G . It is second commutator

subgroup of G denoted by G2, Similarly, G , k™ commutator subgroup of

G is generated by [x, y], x and y belongs to G&D

Example. (i) Find all GM for G=S;, symmetric group of degree three.

Solution. By Example 1.5.5, (S3)':A3. Since Aj is group of order 3,
therefore, Az is abelian. Hence by Definition 1.5.6, (S3)(2) = (A3)' ={e} and

hence (S3)®) = fe} Vk >2.

@) If G={1, -1, i, -, j, -j, k, -k}.Then G is group under the condition that
i’=j"=k’=-1, ij=k=-ji, jk=i=-kj, ki=j=-ik. The set of all commutators of G is
{1,-1}.

MORE RESULTS ON COMMUTATOR SUBGROUPS.

Theorem. If H and K are normal subgroup of G then

(i) If HAG (H is normal in G) then [H, K]cH. Similarly if K A G then
[H,K]cK

(ii) If both H and K are normal in G then [H, K] € HNK and [H, K]AG.

(i) If G = <HWUK >, then [H, K]AG.

Proof. (i) Let HAG and let [H, K]=<[h, k]>, heH and keK. Since H is normal
in G, therefore, g'hgeH for all geG and heH.

14



As K < G, therefore, k'hkeH for all keK and heH. But then
[h, k]= h'k'hk €H. i.e. every generator of [H, K] belongs to H. Hence
[H, K] < H. Similarly we can show that if K A G then [H, K]cK.
(if) By (i) it is easy to see that [H, K] < HNK. We have to show that

[H, K]AG. Let geG and ue[H, K]. Then u= l%[hi,ki]ai , where, hieH, k;eK
i=1

and a; =+1. Since
[h, k]*=g"'[ h, k]g= g 'h "'k 'hkg

=g'h'gg" k' gg'hgg'kg

=(g'hg) (g' ke (@hg)g ke

= (h®)" (k&) "g(h®) (k&)

= [h&, Kk®].
As HAG and KAG, therefore, [h®, k®]= [h, k]* €[H, K]. Further [H, K] is a
group, [h, k]®e [H, K] i.e
[h, k]*e[H, K] (*)

1

Now g'ug= ugZ(ﬁ[hi,ki]ai )E =

i=1

T[h;, k; € e[H, K] (by use of (¥)).
=1

Hence [H, K] is normal in G.
(iii) Since G=<HUK>, therefore, geG is of the form u;*..u,*m, u; € HUK

and a; =+1. Further u;*i e HUK, therefore, we can write g=uj..up,,

ue HUK.
Let h, h;eH, keK. Then

[h,k]™ =h;'[h,kJh; =h; Th Tk Thkhy
=(hh;) "'k Th(h;kk ~'h; ! kh,
= (hhy) "'k~ (hhykk~'hy'khy
=[hhy.k][k,h] €[H, K] © [H,K]=[K.H]).
Again if heH, k, k; €K. Then
[h,k1¥! =k, '[h,k]k; =k; Th Tk Thkk,
=k, thkhh ik Tk Tk Thk
=[ky, h](h,kk; ] €[H, K] @ [H,K]=[K,H]).

15



1.6.2

Thus for all h, h; eH and k, k; €K,

[h,k]*! and [h,k]™ €[H, K]
and hence [h,k]_kl and [h,k]_hl also belongs to [H, K]. i.e. [h,k]alkl and
[h,k]*1M belongs to [H, K].

Now geG = g=u; u...un, uie HUK and

ye[H, K] = y= lr'll[hi,ki]ai , where h;eH, k;eK , n>0.
i=1

n ) n ) )
Now g"yg=y*=(TI[h;,k;]" )g:.nl[hi,ki]alg . Since [hy,k;1® = [hy, k;]""m

=1 1=

u;e HUK, therefore, by above discussion, [hi,ki]g €[H, K] which further
implies that [h;,k;]*® e[H, K]. From this we get ng(H[hi,ki]ai ) e[H, K].
i=1

Hence [H, K] is normal in G.

Theorem (P Hall Lemma). State and prove three subgroup Lemma of P Hall.
Statement. If A, B, C and M are subgroup of G, MAG, [B, C, A]l=M and
[C, A, B]=M then [A, B, C] |cM.
Proof. Let acA, beB and ceC. Since [a, b", c]’[b, ¢, a][c, a’, b]=e,
therefore, [a, b, c]°=[b, ¢, a]“[c, a, b]™ €))
Now by our choice

[c,a”, b]=[[c, a'] b]e[[C, A], B]=[C, A, B]JcM.
As M is normal subgroup of G, therefore,

[c,a’,b] eM =[c,a”, b]' eM =[c,a’, b]* eM’=a'Ma=M.
Similarly [b, ¢, a]® €[B, C, A] = M. Now by (1), [a, b™", ¢]° eM. But then

-1 -1
([a,bL,c]’)? eM® =bMb'=Mie.

[a,b”,c]eM V acA, beB, ceC (2).
Using b in place of b™" we get
[a, b, c]=[[a, b],c]eM V acA, beB, ceC 3)
Similarly [b, a™', ¢]'[a, ¢, b]’[c, b, a]’=¢
= [b,a,c]leM V aeA, beB, ceC 4)

16



As [b, a, ¢] =[[b, a], c]eM and [a, b]'=[b, a], therefore, [[a, b]", ¢] eM. Now
[[a, b], c] eM (by( 3)) and [[a, b]", ¢c] €M implies that

[[a, b]*, c] eM, where €=+l (5)
Let ze[A, B, C]=[[A, B], C]. Then

n
z=(T1[x;,¢; %), xi€[A, B], cieC and ¢; = *1 (6)
i=1

n .
In particular, put x;=x, ci=c. Since xe€[A, B], therefore, x=(TI [aj,bj]nl),
j=1

ajeA, bjeB, n; =+1. Si -1 (N b1 ¥ b1V h;j
j€A, beB, ;=1 Since [x = (11 [abi"), el or 1 [faj.bjT" ],
= j=

h;eG and by (5) [[aj,bj]nj ,c] eM, therefore, [x, c] €M i.e. [X;, ¢i] M. But

then [x;, Ci]-l eMi.e. [xj,¢]

From (6), z =(

1

[x{,¢;]°1) eM ie. if z €[A, B, C]=zeM.

IN=F

Hence [A, B, C]lcM.
Example. Show that [x, z, y*] [y, X, Z'] [z, ¥y, X"]=e
Solution. Since [x, z, y*] = [[x, z], ¥]=[x, z]" (v*)'[x, z] (¥°)
=x"z'x2)"! xyx)! (x'z'xz) (x'yx)
=7z'x"zx x‘ly'lx x'z'xz x‘lyx
=7z'x"z y'lz'lxz x'lyx (1),
[y, x, 21 =[ly. x. 21= [y, x]" (' )'ly. x] (')
=(y'xyx)" (y'zy)" (v XYy zy)
=Xy xyy'Zlyy'x yxy'zy
= X'ly'1 xz'x! y X y'lz y (2)
[z, y. X1 = [z y].x" 1= [2.y]" (") [z, y] (x)
=@'y'2y) ' @'x )2y 2 y) 7 'x 2)
= y'lz'ly z7'x'z7! y'lz y z'x z
=ylzlyx'y'zyz'x z 3)
Now by (1), (2) and (3), we get L.H.S

[x,z, Y11y, x, 2] [z, y, X]
SRS S T U | -1 TS TR -1 B T S| -1
=7 X zy Z XzZX yXX'y XZ X yXy zZyy zZyX Yy zyzZ Xz

=e =R.H.S.
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1.7
171

1.7.2

1.7.3

INVARIANT SERIES AND CHIEF SERIES.
Definition (Invariant series) A series
G=G2GD... oG {e}.

of subgroups of G where each GiA G, 1<1<r, is called invariant series.

Example. Show that every central series is invariant but converse may not be
true.
Solution. By definition of central series, every G; A G, therefore, every central
series is invariant. For converse part take G=S3, symmetric group of degree 3.
Consider the series

S3=Go2G={e}.

Clearly it is invariant series because G;AG. But %283. As for (1 2) and
1

(123)eSs, (12)123)=(13)= (2 3)=(123)12) ie. (12) does not

commute with all the element of S;. Therefore, Z(Gg) =Z(S3) #S5. Hence
1

Gy

S0 o 7Yy,
Gy Gy

Definition.(Chief series). A chief series of a group G is an invariant series
G=G2GD... oG >{e}
of G such that Gi.; © Gj and if Gi.;2 N D G; with NAG, then either G;.;=N or

N=G;. The factor groups Sit are called the chief factors.

i
Note. Chief series is an invariant series that can not be defined in a non trivial
manner. The chief factors need not be a simple group. For example take A4
and consider the series
A=Go2 Gi=Ve={L, (12)(34), (13)(24), (1 (2 3)}=Gi2{e}.
Then it is easy to see that each Gj A G and there is no normal subgroup of G
Gi_Va

between G;.; and G;. But the chief factor
G, {e}

=V, which is not simple

because {I, (1 2)(3 4)} is normal in V4.

18



1.7.4 Theorem. Any two invariant series for a given group have isomorphic
refinements.
Proof. Let the group G has two invariant series
G=Go2GD2...0G~{e}, (1)
G=HioH>...oH={e} (2
of a group G. Since G+ is normal in G and (GiNH;) is a subgroup of G,
therefore, Gi+1(GinH;)=(GinH;) Gi+1 1.e. Gi+1(GinH;) 1s a subgroup of G.
Define,
Gi=Gi+1(GiNHj); 0<1 <s-1, 0< j< t.
Similarly define,
Hi =Hi1(HkNGy); 0 k<t-1,0<r<s.
Since Hj+1cHj, therefore, (GinHj+1)c(GinH;). But then Gi+i(GinHj+1)
cGi+1(GinHj) 1.e. Gij+1=Gij. Gi 1s normal in G and H; is normal in G,
therefore, (GinHj;) is normal in G and Hence Gi; A G. Now by use of (1) and
(2) we get,
Gi,0 = Git1(GinHp) = Gi+1Gi = Gi and G; ¢ = Gi+1(GiNHy) = Gi+1Gs = Gty
Consider the series
G=Go=Go02Go1 =Gp22...2G0,=G1=Gi1p2Gy1 =Gi2D...D
G11=G= G202 Gt =622 ... 262 =G5= G302 G311 =G3p2 ... 2 Gy
=Gs= G402 ... 2Gs1 =Gs102Gs12 2 .. 2 G141 =Cs. 3)
and
H=Ho=Hoo2Ho1 =Ho22 ... 2 Hos=Hi=Hip2Hiy =Hi22 ...
S His=H>=H,ooHyy =Hop > ... oHys=Hs=H3;p2oH3; =H3;p > ... 2
H;s=Hs=Hs9o> ... o Ht1 =Heio DHei2 2 ... 2 Hes=Hs. 4)
for G. By above discussion the series (3) and (4) are invariant series and are
refinements of series (1) and (2). Clearly both the series in (3) and (4) have
st+1 terms.
As Gi+AG, therefore, Gi+1 A Gi. Similarly H;+1 A H;. Hence by
Gi+1(GiNHj) - H;1(G; nHj) o Gi,j - Hj; .
Gi11(GinHjy)  Hj(GipnH)  Gijm Hiin

Zassenhaus Lemma

Thus there is a one—one correspondence between factor groups of series (3)

19



1.7.5

and (4) such that corresponding factor groups are isomorphic. Hence the two

refinements are isomorphic.

Theorem. In a group with a chief series every chief series is isomorphic to
given series.
Proof. As by the definition of chief series every chief series is isomorphic to
its refinement. Let G=G¢2GD...0G={e}, (D)
and G=HooH>...oH={e} 2)
are two chief series of group G.
Since Gi+ 1s normal in G; and (GinH;) is a subgroup of Gi, therefore,
Gi+1(GinH;j)= (GinH)) Gi+1 1.e. Gi+1(GiNH;) is a subgroup of G. Define,
Gi=Gi+1(GinHj); 0<i <s-1, 0< j< t.
Similarly define,
Hi=Hi1(HkNGy); 0 k<t-1,0<r <s.

As G; is normal in Gj and Hj+ is normal in H;, therefore, (GinH;+;) is normal
in (GinH;). Since Gis 1s normal in Gjy; , therefore, Gi+1(GinHj+1) is normal
in Gi+1(GinH;). Now by use of (1) and (2) we get,
Gi, 0 = Gi+1(GiNHo) = Gi+1Gi = Gi and Gj ¢ = Gir1(GiNHy) = Git1Gs = Gin
Hence we have a series

G=Go=Goo2Go1 =Go22... 2Gt=G1= G102 G11 =Gi22 ...
2G11=G= G20 2621 =G222... 2G62:=G3= G302 G631 =G322 ... 2 Gy
=G=Gu92 ... 2Gs1 =Gs102Gs122D -.. 2 G141 =Cs. 3)
Since each G; for 0< i <s occurs in subnormal series (3), Hence (3) is a
refinement of subnormal series (1).
Similarly, series

H=Ho =Hoo 2 Hoy =Ho22 ... 2 Hos=Hi=Hip 2 Hiy =Hi2 2

. 2His=H=Hyo 2 Hoy =Hop 2 ... D Has=Hs=Hsp2oHsp =Hs22 ... 2
His=Hs=Hsp> ... 2 Ht1 =Hu102He122 ... 2 Hers=He 4)
is a refinement of subnormal series(2). Clearly both the series in (3) and (4)
have (st+1) terms. But then by Zassenhaus Lemma series (3) and (4) are

isomorphic. Since by definition of chief series, series (1) is isomorphic to

20



1.7.6

1.8

1.9

1.10

1.11

series (3) and series (2) is isomorphic to series (4). Hence series (1) and (2)

isomorphic. It proves the result.

Definition. (Derived series). Let G be a group. Define 8o(G)=G and &(G)=
8(6i.1 (G) for each i>1. Then 6,(G)= &(G). Then the series
G=60(G)=2 81(G)2... 20(G)={e}

1s called derived series for G.

KEY WORDS
Normal series, subnormal series, Zassenhaus lemma, Jordan Holder theorm,

Commutators etc.

SUMMARY. This chapter contains subnormal and normal series,
refinements, Zassenhaus lemma, Schreier’s refinement theorem, Jordan
Holder theorem, composition series, derived series, commutator subgroups
and their properties, Three subgroup lemma of P. Hall, Chief series, derived

series and related theorems.

SELF ASSESMENT QUESTIONS.

(1) Write all the composition series for octic group.

(2) Find composition series for Klein four group.

(3) Find all the composition series Z/<30>. Verify that they are equivalent.

(4) If a, b are eclements of a group for which a’=(ab)’=(ab”)’=e then
[a, b, b]=e.

(5) If x, y are arbitrary elements in a group of exponent 3 then [x, y, y] =1.

SUGGESTED READING.

(1) The theory of groups; IAN D. MACDONALD, Oxford university press
1968.

(2) Basic Abstract Algebra; P.B. BHATTARAYA, S.K.JAIN, S.R.
NAGPAUL, Cambridge University Press, Second Edition.
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2.0 OBJECTIVE. Objective of this chapter is to study some more properties of
groups by studying their factor group. Prime fields and finite field extensions
are also studied.

2.1 INTRODUCTION. In first Chapter, we have study some series. In this

chapter, we study central series, Nilpotent groups, Solvable groups. Solvable
groups have their application in the problem that ‘whether general polynomial
of degree n is solvable by radicals or not’. Prime fields and finite field
extensions are also studied.

In Section 2.2, we study central, upper and lower central series
of a group G. It is shown that upper and lower central series has same length
and is equal to the least length of any central series.

In Section 2.3, we study Nilpotent groups and show that every
factor group and subgroup of Nilpotent group is again Nilpotent. We also see
every Sylow subgroup of a nilpotent group is normal and direct product of

Nilpotent groups is again Nilpotent.
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2.2
221

2.2.2

In Section 2.4, we study solvable groups and their properties.
Next section contains some definitions and finite field extensions are studied
in Section 2.6. In the last Section, we study about prime fields and see that
prime fields are unique in the sense that every prime field of characteristic
zero is isomorphic to field of rational numbers and the fields with

characteristic p are isomorphic to Z,=Z/<p>, p is prime number.

CENTRAL SERIES

Definition (Central series). Let G be a group. Then normal series
G=Go2G12GD... 2Gr=(e)

G; G

cZ( ) V i > 0.(ie. all the factor
Gi+l Gi+

is central series for G if

i

groups are central subgroup of

i+1 i+1

).

Example. If G(#{e}) is abelian group. Then G=G¢ o G;={e}. Then G; is

normal in G. Further ﬂ:G. Since G is abelian, therefore,

Gy

Z(E) =7(G)=G. Hence So c Z(E) . It shows that G has a central series.
Gy Gy Gy

Theorem. Prove that the series G=G¢2G2G,2... 2G,=(¢) is a central series
iff [G, Gi]=Gis1.
Proof. Let
G=G¢2G12G22... 2Gn=(e) (1)
be given series of group G.
First we assume that it is a central series of G i.e. GiAG and
G; G

G c Z( ). Let x and y are arbitrary elements of G and G; respectively.
i+l i+l

and —

i+1 i+1

Then xGi+; and yGiy; are arbitrary elements of

respectively.

Since Gi cZ G ), therefore, xGi+1 YGir1= yGi+1 XGitg 1.€. XyGis1= yXGirg
i+l i+l

23



2.2.3

224

But then x'y'xyGi1= Gis1 i.e. [X, y]€Gi:1. Hence the subgroup <[x, y]> =[G,
Gi]=Gi+1.

Conversely, suppose that [G, Gi]=Gi+1. By (1), Git1 < Gi, therefore,
[G, Gi] < Gi. Let x and y are arbitrary elements of G and Gj, then x'yx=yy
'x'yx = y[x, y]' €G; (because y and [x, y]" both are in G;). Hence series (1) is
normal series. Since [G, Gi]=G;j: , therefore, for xeG and yeGi; we have [Xx,
y]€Gir. Hence x'y'xyGis1= Gis1 i.e. XGi+1 yGit1= yGir1 XGis1. Since xGis

G

i+1

yGi+1= yGis1 XGir holds for all xeG and yeGiyy, therefore, yGiyy € Z( ).

Hence Gi c Z( G ) and the result follows.
i+l i+l

Definition (Upper central series). Let Zo(G)={e} and let Z(G) be a subgroup

Zi(G) _ Z( G ) for each i>1. If Zy(G)=G for some
Z,1(G) Z; 1(G)

of G for which

positive integer s then the series
{ej=Zo(G)c ZI(G)c...c Z(G)=G

is called upper central series.

Example. Show that every upper central series is also a central series.

Solution. Consider the upper central series {e}= Zo(G)c Zi(G)c...c

Zi(G) =7 ©) ) for each i>1. By definition, 4G

Z(G)=G, = is a
Z;_1(G) Z;_1(G) Z;_1(G)

central subgroup, therefore, it is normal in 7 (G()G) ie. g'Z(G) g Zi(G)
i—1

eZi(G)= g'lgigZi(G)e % V gie Zi(G) and geG. Hence g'lgigeZi(G) \v
i—1

gi€ Zi(G) and geG and hence Zi(G) is normal in G.

Further gZi1(G)gi Zi.i(G)= gi Zia1 (G) gZi(G)= ggi Zi1(G)=
2i8Zi1(G) = g"'g"' 881 Zi1(G)= Zia(G) = [g, gil€Zii(G). Hence <[g, g>=[G,
Zi(G)]c Zi.. It proves the result that every upper central series is a central

series for G.
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2.2.6

Definition.(Lower central series). If we define v1(G)=G and yi(G)=[yi.1 , G],
then the series
G=11(G)2 12(G)2... D1r+1(G)={e}

is called lower central series.

Since we know that G =y,(G) A G. If we suppose that vi.;(G)AG , then
for x=[gi.1, g]€vi(G); g €G and gi.;1 €Yi-1(G). Now for g*eG

(g*)"[gi1, glg* = [gir, gl =[gu®, ] But by induction y.(G)AG |
therefore (g*)'l[gi-l, glg*e[vi.1(G), G]= 7i(G) i.e. yi(G)AG for each i. Hence
above series is a normal series.

Further [;.1(G), G]= vi(G)= [1i-1(G), G]c yi(G). Hence it is central
series for G. Now we can say that every lower central series is also a central

series.

Theorem. If G has a central series G=G¢2G12G,2... G=(¢) then G.; < Zi(G)
and G; 2 ¥i+1(G) for 0<1 <r.
Proof. We will prove the result by induction on i. When i=0, then G~={e} ,
Go=G, v1(G)= G and Zy(G)={e}. Hence for this case G,.cZi(G) and
Gi2Yi+1(G) holds.

Let us suppose that result hold for all i<r i.e. G.i1cZi.i(G) and
Gi.1ovi(G).

Take an element xeG,;. We will show that x lies in Zi(G). Let y €G.
Then [x, y] €[Gri, G]= Gri+1. As by induction hypothesis Gri+1 < Zi1(G),
therefore, [x, y] €Zii(G). Then [x, y]Zi.1(G)= Zi.1(G). Equivalently, x'ly'
1xyZi_l(G)ZZi_l(G) or xZi1(G)yZi.1(G)=yZi.1(G) xZi.1(G). It means that the

G

elements xZ;.1(G) and yZ;(G) of the group G
i—-1

commute. But y was
(&)
Zi1(G)

NS

arbitrary element of G, which shows that yZ;.;(G) is arbitrary in and

& Now the centre of

hence xZ;.1(G) is in the centre of .
Zi_1(G) Zi_1(G)

Z;(G)
Z;_1(G)

, by definition of upper central series. It then follow that xeZ;i(G).

Hence G, c Zi(G).
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2.2.7

2.3
231

2.3.2

For second case by induction assumption Gi.12vi(G). Then y;+1(G) =
[7i(G), G] C[Gi.1, G]. But by definition of central series [Gi.;, G]=Gi. Hence
1i+1(G)Gi.

Corollary. If G is nilpotent group then its upper and lower central series have
the same length, and this is the least length for any central series.
Proof. Let G be a nilpotent group and

G=G2G2G2... 2G=(e)
be its central series of least length r. Further suppose that

{e}=2Zo(G)c ZI(G)c...c Z(G)=G
be its upper central series and

G=11(G)2 12(G)=... Dy1(G)={e}
be its lower central series.

Since GicZi(G) and Givi+ 1(G) for 0< 1 <r. For i=r, G; D 7+ 1(G). But
then v+ 1(G)={e}. This implies that t+1< r+1. Since every lower central series
is again a central series, therefore, if t+1< r+1, then we get a central series of
length lower then r, a contradiction. Hence t+1= r+1. Now we can say that
length of lower central series is equal to length of central series of least length.

Further for i =r, Go < Z{(G) = Z(G)=G. Butthens < r. Nowifs<r,
then we get a central series (which is upper central series) of length less then r,
the least length of central series. Hence s = r. Now above discussion, proves

the result.

NILPOTENT GROUPS
Definition (Nilpotent group). A group G is called nilpotent group of class r if
it has a central series of length r. i.e. if G=G¢2G12GD... DG,=(e) is a central

series of G.

Example. Every abelian group is nilpotent group of class 1. In fact a group is

abelian if it is nilpotent group of class 1.

Theorem. Prove that finite p-group is nilpotent or every group of order p" is

nilpotent, p is prime number.
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2.3.3

Proof. Since G is a finite p-group, therefore o(G)=p" for some n>1. We will
prove the result by applying induction on n. If n=1, then o(G)=p. But every
group of prime order is abelian and hence is nilpotent of class 1. Therefore,
result holds for n=1. Suppose result holds for all group of order p™ , m<n. Let

o(G)=p". As p is prime which divides order of G, therefore, o(Z(G))=p', 1<t

<n. As Z(QG) is normal in G, the subgroup has order p™* which is less

than order of G. Then by induction hypothesis

is nilpotent of class at

most n-t. Let G = Go - G - G2 D ...D h= 7Z(G) where
2(G) ZG) Z(G) ZLG) 2(G)
Gi Ai and [ Gi G ]c Gis for all 0< i <n-t-1, be the central

Z(G)  Z(G) Z(G)’ Z(G) ~ Z(G)

series for . Now consider the series

G 2G1 262 ...2GnFZ(G) 2 Grir1=1e}.
G . G

Z(G) Z(G)

Since we know that %A% iff KAG containing H, therefore,

implies that each G;A G, 0< 1 < n-t-1. Gy 1s also normal in G (because centre

of a group is always normal in G). Hence it is a normal series of G. As
G G Gi+l
Z(G) ZG) G’

[ 1< therefore, for all xeGi and yegG,

[x,¥]Z(G) Zf(i}) (show it). Hence [x, y] € Gt 1.e. [Gi, G]€Giyg, 0 < i<n-t-1.

Further for i=n-t, xeZ(G) and ye G, [x, y]={e}. Hence {e}=[Gu.t, G] =Gn-t+1-

Therefore, it is required central series for G.

Theorem. Let G be a nilpotent group of r, then

(1) each factor group is nilpotent of class <,

(i1) each subgroup is also nilpotent of class <r.

Proof. It is given that G is nilpotent of class r, therefore, G has a central series

G=G2GD... oG {e}.
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where each GiAG and [Gi.j, G]cGi, 11 <r. Let H be a subgroup of G,
therefore, H=HNG; is subgroup of G. It is also subgroup of H. Since HAG and
GiAG , therefore, HNG; A HNG. Then the series

H=Hi> Hi>... oH,o{e} (1)
is a normal series for H. Now

[Hi.;, H]= [HNGi.1, H]C[Gi.1, G] <Gi and

[Hi.1i, H]= [HNG;i.1, H]c[H, H] cH.
Hence [Hi.;, H] =«GinH=H;. Hence (*) is central series for H. It proves

the result.

(if) Let HAG. Consider the factor group % Since GiAG and HAG , therefore,

HG; AE. Also
H

GiH=HG; AG and contains H as its normal subgroup. Hence

for i=r, Hli}r 2% =H and for i=0, %:% Since G; < Gi.1, therefore,

Gi _ HG;

HG; cHG;.;. But then q L . Now by above discussion the series

2T ~H @)

H
. . H i
1s normal series of . Let [ Gi

,%] =<[xgiH, yH]>. Since for xeH,

xH=Hx=H, therefore, [xgH, yH]=((xgi)'IH)(y'1H)(xgiH)(yH)=gi'lx'lHy'1
HxgiH yH=g'Hy'HgiHyH= gy giyH=[g;, y]H=[g;, y]hH. Now [gi, y]€Gi.i

for all gieG; and yeG, therefore, [g;, g]hHeGi_TlH. But Gi,; and H are

i—1

normal subgroup of G, therefore, Gi.;H=HG;.;. Hence [xgH, yH]e

HG; G, _HG;,

,%] S—q It shows that series (2) is a central series for

But then [

H
% . Hence % is nilpotent of class at most r.

Theorem. If G is a nilpotent group and H(#{e}) is a normal subgroup of G,
then HNZ(G) #{e}, Z(G) is the centre of G.
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2.3.6

Proof. It is given that G is nilpotent of class r, therefore, G has a central series

G=G2GD... oG >{e}.
where each GiAG and [Gi.;, G]cGi, 1<1 <r. Let H#{e}be a normal subgroup
of G. Let us suppose that HNZ(G)={e}. Since G is nilpotent of class r,
therefore, Gr.i#{e}. As [Gr1, G]=G={e}, therefore, every element of G,
commutes with every element of G. Hence G, < Z(G). Now by our
assumption HNG.1.cHNZ(G)={e}. Further HNGo(=G)=H #{e}, therefore,
there exist integer k , 1<k <r-1 such that

HNGy.#{e} and HNGg ={e} (1)

Consider [HNGy.1, G] <[Gk.1, G] < Gk and [HNGy.1, G] c[H, G] c H

(because H is normal in G). Hence [HNGx.1, G]JcHNGy={e}. But then HNGy;
cZ(G). Therefore, HNGy. 1. HNZ(G)={e}, a contradiction to (1). Hence a

contradiction to the assumption that HNZ(G)={e}. It proves that HNZ(G)
#{e}.

Theorem. Prove that in a nilpotent group every proper subgroup is properly
contained in its normalizer.
Proof. It is given that G is nilpotent(of class r), therefore, G has a central
series

G=Go2GD... 2Go{e}.
where each G; A G and [Gi.;, G]cGi, 11 <r. Let H be a proper subgroup of
G. Then [Gr.1, G]cG={e}cH (because {e}cH). Since H#G=Gy, therefore,
there exist a positive integer k such that Gy ¢ H and Gy:; cH, 0<k <r-1.But
then [Gy, H][Gx, G]=Gy+1cH. Thus heH and xeGy, [x, hjeH= x'h"'xheH.
Equivalently, x 'h'xeH or x'hxeH i.e. x'HxcH V xeGy . Further for xeGy,
x'eGy. Hence (x'l)'le'lgH 1.e. xHx'lgH. But then xHx'lgH:> H c x'Hx.
By above discussion H = x'Hx or xH=Hx V xeGy. Therefore, by definition of
normalizer of H. GycN(H). But H is a proper subgroup of Gi. Hence
H ¢ N(H). It proves the result.

Definition (i)(Sylow’s subgroup) Let G be a finite group of order p"q,
gcd(p, q)=1, then a subgroup H of order p™ is called Sylow’s p-group or p-
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2.3.8

2.3.9

Sylow group.
(i) Maximal subgroup. Let G be a group. The proper subgroup H of G is
called maximal subgroup if HEKcG, then either K=H or K=G.

Theorem. Prove that in a nilpotent group all the maximal subgroups are
normal.

Proof. Let G be a nilpotent group and M is a maximal subgroup of G. Then
M=G i.e. M is a proper subgroup of G. But we know that a proper subgroup of
a nilpotent group is always a proper subgroup of its normalizer. Therefore,

McN(M). As M is maximal subgroup, therefore, N(M)=G. Hence M is
+

normal in G.

Theorem. Prove that in a nilpotent group all the Sylow p-subgroups are
normal

Proof. Let P be a Sylow-p subgroup of nilpotent group G. It is sufficient to
show that N(P)=G. We know that for a Sylow-p subgroup N(P)=N(N(P)).
Now let if possible N(P)#G. Then N(P) is a proper subgroup of G and hence
will be a proper subgroup of its normalizer i.e. N(P)c N(N(P)). But this is a
contradiction to the fact that N(P)=N(N(P)). Since this contradiction arises due
to the assumption that N(P)=G. Hence N(P)=G. Therefore, every Sylow-p

subgroup of nilpotent group G is normal.

Theorem. Prove that a finite direct product of nilpotent groups is again
nilpotent.
Proof. For proving the theorem, first we will show that direct product of two
nilpotent groups is again nilpotent. Let H and K are two nilpotent groups.
Since the length of a central series can be increased (by repeating term {e} as
many time as required), therefore, without loss of generality, we can suppose
that central series of H and K have same length r and these series are as:

H=HoH2... oHio{e},
where each H;jA H and [Hi.;, Hl c H;, I€1 <.
Similarly,

K=KooK;>... 2K o{e}.
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2.3.10

where each K;AK and [K.j, K]cK;, 1<i<r.
Since, H; < H;.1 and K; < Kj., therefore, H; x K;c Hj.1 x Kj.1. Consider the
series
HxK= HoxKo 2 H;xK| ... DHxK;2{(e,e)} (1)
As h'lhiheHi, k'kikeK; v heH, hjeH;, keK and kijeK; (because H;AH and
KiAK), therefore, (h, k)'(h;, ki)(h, k)=(h", k")(h;, ki)(h, k)= (h'hh, k'kik)
eH;xK;. Hence for each 1, H;xK; A HxK and Hence (*) is normal series.
Let [(hii, ki), (h, k)] be an arbitrary element of [H;.1xKj.;, HxK]
Since
[(hi1, ki), (h, K)J=(hi1, kir)™ (b, k) (hi, kior)(h, k)
=(hii”, ki (0, k) (hioy, kio)(h, k)
= (it "0 hith, ki 'k ki)
= ([hi1, h], [ki.1, k])€ ([Hi1, HL[Ki.1, K]).
As [Hi.;, H]cH; and [Ki;, K]cK; for 1< i < r, therefore, [(hii, ki), (h, k)]
eH;xK;. Hence [H;.1xK;;, HxK] < H;xK;. It shows that series (1) is a central
series for HxK. Therefore, HxK is nilpotent. Take another nilpotent group T.
Since HxK is nilpotent, therefore, by above discussion (HxK)xT= HxKxT is
also nilpotent. Continuing in this way we get that if H;, Ha,..., H, are

nilpotent then H;xH,x... xH, is also nilpotent.

Theorem. Let G be a finite group. Then the following conditions are
equivalent.

(1) G is nilpotent.

(11) All maximal subgroup of G are normal.

(ii1) All Sylow p-subgroup of G are normal

(iv) Element of co-prime order commutes

(v) G is direct product of its Sylow p-subgroups

Proof. Let G be a finite group. We will prove the result as:

()=(ii). It is given that G is nilpotent. Let M be a maximal subgroup of G. If
M=G, then M is proper subgroup of its N(M), normalizer of M. But than
N(M)=G. Hence M is normal in G.

(if)=(iii). Let G, be a Sylow p-subgroup of G. We have to prove N(G,)=G.

Suppose that N(G,)#G. Since G is finite, therefore, there exist a maximal
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subgroup M of G such that N(G,)cMcG and M=#G. Since G, is Sylow p-
subgroup of G and N(Gp,)cM, therefore, N(M)=M. Further by (ii) , N(M)=G.
Hence M=G, a contradiction. Hence N(G,)=G i.e. G, is normal in G.

(iii)=(iv). Let x and yeG be such that (o(x), o(y))=1. Since the result holds

for x=e or y=e, therefore, without loss of generality we suppose that x#e and
y#e. Then o(x)=m(>1) and o(y)=n(>1), gcd(m, n)=1. Let m=pft1 pgz ..pyT and

Bl [32 Bs

n=q;'q5°..qs*, where p; and q; are distinct primes and ojand f;are

positive integers. Since p; and q; are distinct primes, therefore, gcd(p;, q;)=1.
We know that if o(x)=p”, then xeG,, Sylow p-subgoup.
Similarly yeGq, Sylow g-subgoup if o(y)=q". By (iii) GpAG and Gq AG,

therefore, for xe G, and yeG, x'y'xye GpNGq={e}. Hence x'y'xy=e i.e.

Xy=yX.
m
If we take m; =—0 Then ged(m;, my, ..., m;)=1. Hence we
p;"
can integers such that aj, ay, ..., a, such that ajm;+...+ ajm;+ ...+am~=1. Now
x=x' =x&mitetaimptotame _amy L aimi @M - Bor 1<i<r, choose

oy (o5
x; =x%™  Then x = xj...Xi...x, and (xi)]‘Dil :(x)aimipil =(x)4M =e¢.
Hence o(xi)|p?°i i.e. o(x;) is a power of p;, therefore, for each i, there exist
Gy, (Sylow pi-subgroup) such that xje G, . Now by above discussion
XiX;=XijXi. Similarly y=yi...yi...ys , yi € qu and all y, commute with each

other. By the same reason x; y=yjxi. Hence xy=xi...Xi...Xr y1...yt...y¥s =
Vi Ve Vs X1. . Xje W X =YX
(iv)=(v) It is given that elements of co-prime order commute, we have to

prove that G 1is direct product of its Sylow subgroups. Let o(G)=

p?lpgz...p?f, pi’s are distinct primes. Since, for 1< i <r , piOLi | 0o(G), G

always have Gp. Sylow pi-subgoup of order piOLi .
Let xe Gpi and ye Gpj . Then order of x is some power of p; and

order of y is some power of pj, therefore, gcd(o(x), o(y))=1. Now by given
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24.1

condition xy=yx. Let xeG, then o(x)|o(G). Therefore, o(x)zpll3 lpgz ...prl3r =u,
v

0<B; <a;. If we take u; = 5
pil

. Then ged(uy, wy, ..., u)=1. Hence we can

integers such that aj, ap, ..., a; such that aju;+...+ aju;+ ...+au=1. Now x=x

:Xa1u1+...+aiui+...+arur _ Xalul a;uy a u,

x4 x3 U For 1<i<r, choosex; = x*i'i

uppl’

Bi ) ) .
Then x=x;...x:...x and (x))" =(x)""P1 = (x)*" =e. Hence o(x))|p! i.c.

o(x;) is a power of p;, therefore, for each i, there exist Gy, (Sylow pi-subgroup)
such that xj€ G, . Therefore, by given condition xixj=xjx;. But thenG . AG.
hence Gpi is unique sylow p; subgroup of G. Now for x; eri, 1<i<r,
X EGplez'“GPr cG. 1e. Gnglez...Gpr cG. In other words

G=Gp Gp, .Gy -

For given i, let if possible, et € Gp, NGy, .Gy, | Gp. -Gy - Then

p

teGp, =o(t) is some power of p; and teGp, .Gy Gy, -Gy . Let

T Pr

— ] —
k= j1;[0pj . Then t" = e (because Gpl ...GpHGpi+l ...Gp
J#l

. is a group of order k

and t is its element). But then pjk, a contradiction. Therefore, t=e i.e.

Gp, NGp,..Gp, | Gp..,--Gp ={e}. It proves that G is direct product of its

Sylow subgroups.

(V)=(i) We know that each Sylow subgroup is a p-subgroup and each p group
is nilpotent. Now using the fact that direct product of nilpotent group is
nilpotent group, G is nilpotent (because by (v) G is direct product of p
subgroups).

SOLVABLE GROUP.
Definition.(Solvable group). A group G is said to be solvable if there exist a
finite subnormal series for G such that each of its quotient group is abelian i.e.

there exist a finite sequence G=G¢2G12GD... Gy=(e) of subgroup of G in

which each Gj;; i1s normal in G; and Gi

1s abelian for each i, 0 <i<n-1.
i+1
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24.3

Note. If G is nilpotent group, then G has a central series, G=G¢2G12G,D...

G; G .
L cZ( ). Since Gi+1 A G, therefore,
i+l i+l

Gn=(¢), where each GiAG and

Gi+1 A G; also. More over Gi cZ( ), therefore, being a subgroup of

1+1 1+1

L is abelian also. Hence G is solvable i.e. every

commutative group,
i+l

nilpotent group is solvable also.
But converse may not be true. Take G=S3 and consider the series
S3:G02A3: Glg {e}:Gz.

Trivially {e} A As;. Since index of Az in S; is two, Az A S3. Therefore, it is a

normal series for S;. Clearly order of So and S are prime numbers i.e. 2

G, G,
and 3 respectively, therefore, the factor groups are abelian. Hence G is
solvable group.

It is also clear that each G; A G, therefore, it is a normal series for G.

Since Z(S3)={e}, therefore, %:A3 g;Z(SQzZ(%). Hence S; is not
e e

nilpotent.

Theorem. Prove that every subgroup of a solvable group is again solvable.
Proof. Let G be solvable group. Then G has a subnormal series
G=G2G12G22... 2Gy=(e) (D

such that Gi is abelian for each i, 0 <i < n-1. Let H be a subgroup of G.
i+1

Define Hi=HNG; for all i. Since intersection of two subgroups is always a
subgroup of G, therefore, H; is a subgroup of G. Further since Gj:1AG;,
therefore, Hi+:1= HNGi1A HNG=H;. Then the series

H=H,2oH2H,2... 2Hy=(e)

1s subnormal series of H.

Define a mapping ¢: Hi— GGi by setting ¢(x)= xGi+1 V xeH;. Now

i+1
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xeH=HNG; = xeG;. But then xGiji e Gi , therefore, mapping is well
i+1

defined. Further for x and ye H;, we have ¢(xy)= xyGi+1= XGir1YGi-1=0(X)d(y).
Therefore, ¢ is an homomorphism. Further ker ¢={xeHj| ¢(x)=Gis1=(identity

of GGi )}. Therefore,

i+1
xeker ¢ iff ¢(x)=Gis; iff XGis1=Gis iff xeGisp iff xeHNG; iff xeHjy.
Hence ker ¢= Hi:;. Then by Fundamental theorem on homomorphism,
H.

q L~ ¢(H;). Being a subset of an abelian group Gi , O(H;) is also abelian.
i+1 i+l

1 1 is also

Since

is isomorphic to an abelian group, therefore,
i+l i+l

abelian. Hence H is solvable.

Example. If G is a group and H is a normal subgroup of G such that both H

and % are solvable, then G is solvable.

. ) G . ) .
Solution. Since ﬁ is solvable, therefore, there exist a subnormal series

G_Go_ G, _Gr_y 1)
H H H H
Gi
Where each G; is a subgroup of G containing H and each factor group H
i+l
H

is abelian. Now each %A%, therefore, (xH)'lnyHe% vV xeG;j and

yeGi:1. But then x'lnye% V xeG;j and yeGiy; which further implies

Gj
: ) H G;
that x'yxe G;,; V xeG; and yeGiy ie. Gi,jAG;. Since H ~ Ji
Gir1 Giy
H

therefore, Gi is abelian also. Further % =H= G=H.
i+1
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2.4.6

Since H is solvable, therefore, there exist subnormal series

H=H,oH;oH;>... oH,=(e) such that H; is abelian for all 0 <1 <n-1.
1+1

Now by above discussion series,
G=Go2G12G2... 2Gy=H=H(2oH2oH,>... DH\,=(e)
is a subnormal series for G such that each factor group of it is abelian. Hence

G is solvable.

Theorem. A group G is solvable if and only if GY, k™ commutator subgroup
is identity i.e. G¥={e}.

Proof. Let G¥={e} for some integer k. We will show that G is solvable. Let
Ho=G, H=G", H,=G"?,..., H=GY. Since G"=(G"")!, therefore, G" is a
(-1

o

G=H2>H,oH,>... oHi=(e)

is abelian. But then series

normal subgroup of GV and

is a subnormal series for G such that each factor group of it is abelian. Hence
G is solvable.
Conversely, suppose that G is solvable group. We will prove that

G%=¢ for some integer k. Let G=N¢o2N;2DN,D... DNi={e} be a solvable

series for G. Then each N; is normal in N;.; and h is abelian for all 1<1 <

i
k. Since we know that % is abelian iff the commutator subgroup G cH,
therefore, Ni_l(l) c N;. Thus
gD = NO(l) =N,
G = (G(l))(l) = Nl(l) c N,. Continuing in this way we get

G < Ny ={e}. But then M = {e} . It proves the result.

Corollary. Every homomorphic image of a solvable group is solvable.

Proof. Let G be a solvable group and G* be its homomorphic image under the
mapping ¢. Now if [x, y] = x'y"xy € G, then ¢(xy"'xy) = ¢(x) ¢(y™) 0(x)
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2.5.2

2.5.3

O(y) = ¢y dX)O(y) = [0(x), d(y)] €G*. Similarly G** = ¢(G¥)

=¢(e) = e*. Hence G* is solvable.

Corollary. Prove that every factor group of a solvable group is solvable.

Proof. Let G be solvable group and H be its normal subgroup of G. Consider

the factor group % and define a mapping ¢: G—> % by setting ¢(g)=gH V

geG. Then ¢(gig2)= giHg,H=0¢(g:)d(g2). Hence ¢ is an homomorphism.

Further for each gH we have geG such that ¢(g)= gH. Hence % is

homomorphic image of a solvable group. Therefore % is solvable.

SOME DEFINITIONS.

Ring. A non empty set R is called associative ring if there are two operations
defined on R, generally denoted by + and . such that for all a, b, ¢ in R:
(1)atbisinR,

(2) atb=b+a,

(3) at(b+c)=(atb)+c) (called as associative law under addition)

(4) 0 € R such that 0+a=a+0=a,

(5) For every a in R, there exist (-a) in R such that a+(-a)=(-a)+a=0,

(6) abisinR,

(7) a(bc)= (ab)c (called as associative law under multiplication)

(8) a(b+c)=ab+ac and (atb)c)=ac+bc (called as distributive laws)

Beside it if there exist 1 in R such that 1'a= a'l1=a for every a in R, then R is

called associative ring with unity.

Integral domain. An associative ring R such that ab= 0 if and only if a=0 or

b=0 and ab=baforallaandbinR, then R is called an integral domain.

Field. Every integral domain in which every non-zero element has an inverse

1s called field.
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2.6.1

2.6.2

2.6.3

Vector Space. Let F be a field. Then a non empty set V with two binary
operations called addition (+)and scalar multiplications(’) defined on it, is
called vector space over F if V is abelian group under + and for a e F, ve V ,
av € V satisfies the following conditions:

(1) a(v+tw) =av+ aw forall aeF andv,win 'V,

(2) (a+p)v=avtfv,

(3) (ap)v=a(Bv)

@) lv=v

For all a, B e F and v, w belonging to V. v and w are called vectors and

o, B are called scalar.

FIELD EXTENSION
Definition.(Field extension). Let F be a field; the field K is called the

extension of F if K contains F or F is a subfield of K.

Example. The field C (of all complex number) is an extension of field R (of

all real numbers).

Note. As it is easy to see that every extension of a field acts as a vector space
over that field, therefore, if K is an extension of F, K is a vector space over F
and dimension of K is called degree of extension of K over F. It is denoted by
[K:F]. If [K:F] is finite, then it is called finite extension otherwise it is called
infinite extension. C is a finite extension of R, while R is not finite extension

of Q (the field of rational numbers)

Theorem. Let L, K and F are fields such that L is a finite extension of K, K is
a finite extension of F, then prove that L is finite extension of F also.

Proof. Since L is a finite extension of K, therefore [L:K] =m(say) and the
subset {I ,l,,.1,} of L is a basis of L over K. Similarly take [K:F]=n and

{k.k,,..k, } as a basis of K over F. We will show that the set of mn elements

{lkj:l<i<m1<j<n} act as a basis of L over F. First we show that every
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element of L is linear combination of elements of Ik; over F. Let | be an

arbitrary of L. Since {1, ,1,,..1,,} is a basis of L over K, therefore,

I =1k, + 1Ky +.t1 ko3 ki €K (1)
Further using the fact that {k, k,,..k, } is a basis of K over F, we write

ki = fiuky + fioky +ot fioky s fj € F, 1<i<ml< j<n

On putting the values of k;in (1) we get

F=1(F K+ foky +o+ Tk + 1 (T Ky + Tk +o0+ oK)
ot L (P ky + oKy +oc+ k)

On simplification we write

m n
oot flnky + frolnks +o 4 frplpky = 2 X fijlik
i=1j=1

i.e. | is linear combination of I;k; over F.
Now we will show that Lk;;1<i<m,1<j<n are linearly independent over F.

let

ok +apliky + oyl + oKy + o lhKs +o ok
> ajeF,

ot Al K Famlnks +oF ok, =0

which after re-arrangement can be written as

I (o Ky + oKy 4 oK) + 15 (o Ky + agn ks + o+ appky)

+ ot g (k) + 0o ks +o oK) = 0.
As F cK, therefore, ok, +ajk,+..+a;k, eK for 1<i<m. Since | are
linearly independent over K, therefore, ok, +ak, +...+a;k, =0. Now using

the fact that k;; 1< j<n are linearly independent over F, we get that a; =0.
Hence Ik;;1<i<mii<j<n are linearly independent over F and hence
{likjs1<i<m,1<j<n} is basis of L over F. As this set contains nm element, we

have nm=[L:F]=[L:K] [K:F].

Corollary. If L is a finite extension of F and K is a subfield of L containing F,
then [L:F]= [L:K] [K:F] 1.e.[K:F] divides [L:F].

Proof. Since it is given that [L:F] is finite, therefore, for proving above result,
it is sufficient to show that [L:K] and [K:F] are also finite. As FcK ,

therefore, any subset which is linearly independent over K, is linearly
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independent over F also. Hence [L:K] is less then [L:F] i.e. [L:K] is finite. As
K is a subfield of L containing F, therefore K is a subspace of L over F. Hence
dimension of K as a vector space over F is less then that of L i.e. [K:F] is
finite. Now by use of Theorem 2.6.3, we get [L:F]= [L:K] [K:F] . Hence [K:F]
divides [L:F].

PRIME FIELDS
Definition. A Field F is called prime field if it has no proper subfield. (If K is
subfield of F containing more than two elements and K+ F, then K is called

proper subfield of F).

Example. (i) Set of integers {0, 1, 2, ..., p-1} is a field under addition and
multiplication modulo p, p is prime number. The order of this field is p. As
order of every subfield divides the order of field, the only divisors of p are 1
and p itself. Hence above field has no proper subfield. Therefore, this field is
prime field and generally denoted as Z,,.

(i) Field of rational numbers is also prime field. Let K be a subfield of Q
(field of rational numbers) then 1€K. Let m/n be arbitrary element of Q, As
m=1+1+...1, (taken m times), meK, similarly neK. But then n inverse 1i.e.
(1/n)eK and then m/neK. i.e Q < K. Hence Q=K, Showing that Q has no
proper subfield. i.e. Q is a prime field.

Theorem. Prove that any prime field P is either isomorphic to Q (field of
rational numbers) or Z, (field of integers under addition and multiplication
modulo p, p is prime).

Proof. Let e be the unity (multiplicative identity) of P. Define a mapping
¢ :Z—>P by ¢(m)=me, meZ. It is easy to see that it is a ring homomorphism
and Ker¢ is an ideal of Z. Since Z is a principal ideal domain, therefore, there
exist an integer q say such that Ker¢=<qg>. Consider the following cases:

Case (i). g=0, then ¢ is one —one mapping. Hence Z= ¢p(Z) < P. Clearly ¢(Z) is
integral domain. We know that if two integral domains are isomorphic then

there field of quotient are also isomorphic. Q is the field of quotient of Z and
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2.9

2.10

211

let Q" be the field of quotients of ¢(Z), then Q= Q". Since ¢(Z) < P ,
therefore, Q* c P. As P is prime field, therefore Q* = P. Hence P=Q.

Case (ii) If q#0, then g>0, q can not be 1 because if g=1, then ¢(q)= qe =0 ,
zero of field P, implies that e=0, a contradiction. Hence g>1. Further if gq=ab;
a>1, b>1, then ¢(q)= qe =abe=aebe=0 implies that either ae=0 or be=0. A
contradiction that q is the smallest integer such that qe =0. Hence g#ab.
Therefore q is some prime number p (say). But then <p> is a maximal ideal
and Z/<p> =Zp becomes a field. Now by fundamental theorem of
homomorphism. Z,= ¢(Z). As Z, is a field, therefore, §(Z) is also a field. But
then ¢(Z)=P. Hence Z,= P.

KEY WORDS

Central series, Nilpotent, Solvable, Prime fields, extensions.

SUMMARY. In first Chapter we study Central series, Nilpotent groups,

Solvable groups, upper and lower central series of a group and prime fields .

SELF ASSESMENT QUESTIONS.

(1) Prove that direct product of solvable group is again solvable.

(2) Prove that Ss is not solvable. In fact S, is not solvable for all n>4. S, is
symmetric group of degree n.

(3) Prove that every group of order pq, p°q and pqr is solvable where p, q and r
are distinct primes

(4) Prove that a finite p group is cyclic if and only if it has exactly one
composition series.

(5) Prove that every field has a subfield isomorphic to prime field.
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STRUCTURE

3.0 OBJECTIVE.

3.1 INTRODUCTION.

3.2 ALGEBRAIC EXTENSION AND TRANSCENDENTAL EXTENSIONS.

3.3 ROOTS OF POLYNOMIALS.

3.4  SIMPLE EXTENSIONS.

3.5 CONJUGATE ELEMENTS.

3.6 CONSTRUCTION BY STRAIGHT EDGE AND COMPASS

3.7 KEY WORDS.

3.8 SUMMARY.

3.9 SELF ASSESMENT QUESTIONS.

3.10 SUGGESTED READINGS.

3.0 OBJECTIVE. Objective of this lesson is to know more about field extensions
and about the geometrical constructions using straight edge and compass.

3.1 INTRODUCTION. Let us take a polynomial x*-2 over Q (field of rational

numbers). This polynomial has no rational root. Then it is general question
‘Does there exist a field which contain all the roots of this polynomial’. For
answering this question we need the extension of the field Q. Therefore, in this
chapter we study algebraic, transcendental and simple extensions. We also
study the conjugate element.

In Section 3.2 we study algebraic and transcendental extensions. In
Section 3.3 we study about roots of a polynomial over the field F. Next two
Sections contain conjugate elements and simple extensions. At the last we
study construction by straight edge and compass and see the application of

algebra in geometrical constructions.
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3.2
3.2.1

3.2.2

3.2.3

ALGEBRAIC AND TRANSCENDENTAL EXTENSIONS.
Definition. An element a€K is called algebraic over F if it satisfies some non-

zero polynomial over F. i.e. if there exist elements B,,B,.....8, in F, not all

zero such that Bpa" +Blan_1 +o By =0.

Minimal polynomial of aeK over field F. Smallest degree polynomial in
F[x] satisfied by a is called minimal polynomial of a over field F. If the
coefficient of highest degree of minimal polynomial of a is unity of F, then it
is called minimal monic polynomial of a. It is unique always. For it, Let
X" +ox" 4+, and x"+B,x"" +....+B, be two minimal monic polynomials
of a. Then a"+a,a"'+..+a,=0 and a"+B,a""' +..+B,=0. Equivalently
(o, —=Ba" " +...+a, —B, =01i.e. a satisfies a polynomial (o, —B,)x"" +...+a, —B,
of degree less than n, a contradiction. Hence minimal monic polynomial of a
is always unique. Minimal polynomial of a is irreducible also. Note that
polynomial p(x) is irreducible over F if it can not be written as product of two
non-constant polynomials in F[x]. Let if possible p(x)=h(x)g(x), where p(x) is
the minimal polynomial of a in F[x], h(x) and g(x ) are non-constant
polynomials in F[x]. Then 0= p(a)=h(a) g(a). As h(a) and g(a) are the element
of K, therefore, either h(a)=0 or g(a)=0. It means either a satisfies h(x) or
g(x), polynomial of lower degree then that of degree of p(x), a contradiction.

This contradiction proves that p(x) is irreducible over F.

Definition. Field F(a). Let F be a field, then F(a) is called the smallest field
containing F and a. In other word, if K is an extension of F containing a, then

intersection of all subfields of K which contains F and a is the smallest field

aga™ +oga™ T 4t apatay,

-1
Boan +B1an +....Bn_1a+Bn

containing F and a. Consider the set T={

2

a;,B;€F, nand m are any non-negative integers}. Then it is easy to see that

T becomes a subfield of K. Since T contains F and a and F(a) is the smallest
field containing F and a, therefore, F(a) c T. As a is in F(a) , therefore,

@™ +a, @™ +...+a, a+a, and Bea"+pa"t+.. B, ,a+p,cF@. Now
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3.24

Boa" + Blan_l +..+By_ja+PB, €F(a), therefore, inverse of

Boa™ +PBa" ! +...+B,_ja+B, also  belongs to F(a). Hence

aga™ +oya™ 4oy ja+ Oy

Boa" + Blan_l +ot Byja+ By

discussion F(a)=T. Here we see that F(a) is the field of quotients of F[a],

€F(a) and hence T cF(a). Now by above

where F[a] is set of all polynomials in a over F. Now we will study the

structure of F(a), when a is algebraic over F.

Theorem. The element acK will be algebraic over F if and only if [F(a):F] is
finite.

Proof. First suppose that [F(a):F]=n(say). Consider subset {1, a, ..., a"} of
F(a) containing n+1 elements. Since the dimension of F(a) is n, these

elements will be linearly dependent over F i.e. we can find «o,a,,...,a, in F,

n

not all zero, such that o,a"+a,a"" +....+a, =0. Since a satisfies a non-zero

olynomial o, x" +o,x" " +...+a, in F, therefore, a is algebraic over F.
0 1 n s s

Conversely, suppose that a is algebraic over F, then by Definition

n

3.2.1, a satisfies some non zero polynomial in F. Let p(X)= x" +a,x"" +...+a,

be the smallest degree monic polynomial in F such that p(a)=0. i.c

n-1

"Iy . .+a,=0.Butthen a"=-0,a"" -...—q,.

a" +o,a

Further

n+1 1

a™ =—qa"-..—aja=-o,(-,@"" —...—a,)...—a,a which is again a

n-1

. . . 2 ..
linear combination of elements 1, a, a%,...,a over F. Similarly, for non-

. . +k - . . . -
negative integer k, a" kis linear combination of elements 1,a, az,. at Pover F.
Consider the set T={a,a"" +a,a"" +..+a, ,a+o,;a, cF for1<i<n}.
Let h(@)=a,a" ' +aa"" +..+a,,a+a, and t@@)=pa"" +p,a" " +..+B, a+a,
are two arbitrary elements of T. Then T is closed under addition. Since every

. . . . 2 -1
power of a is linear combination of the elements 1, a, a’,...,a"" over F,

therefore, h(at(a)eT i.e. T is closed under multiplication too. Further
h(a)-t(a)eT.
Now we will show that for non-zero element u(a), h(ayu(a)™' €T . Since

u(a)=y,a" " +y,a" " +...+y,a+a, 20, therefore, p(x) does not divides u(x).
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3.2.6

3.2.7

3.2.8

Since p(x) is irreducible, therefore, gcd(p(x), u(x))=1. Now we can find two
polynomials g(x) and h(x) in F[x] such that p(x)h(x)+tu(x)g(x)=1 or
equivalently p(a)h(a)+u(a)g(a)=1. As p(a)=0, therefore, u(a)g(a)=1. Hence g(a)
is inverse of u(a). Now h(a)u(a)™' =h(a)g(a) is also in T. Here we have shown
that T is a subfield of K containing F and a. Hence F(a)cT. Also it can be
easily seen that T is contained in F(a). Hence T=F(a).

2

Now we will show that the subset {1, a, a”,.. .,an'1 } of T acts as

a basis for F(a) over F. Since every element of T is of the form

o, a" ! +o,a" ! . +a, a+a,, therefore, every element of T is linear

2

combination of elements of the set {1, a, a ,...,an'1 }. Now we have to show

that these elements are linearly independent over F. Let
o, @" ' 4. +a,a+a,=0;a;eF . Then ‘a’ satisfies a  polynomial
o X" o, x" 4o, x+a, of degree n-1 which less then n, the degree of

minimal polynomial p(x) over F. Hence it must be a zero polynomial i.e. each

a; =0. Now it is clear that [F(a):F]=n. Hence F(a) is a finite extension of F.

Definition. If the minimal polynomial of a€K is of degree n, then ‘a’ is

algebraic over F of degree n.

As the minimal polynomial of ¥2 is x-2. therefore, v2 algebraic over Q of

1 1
degree 2. Similarly 23,34 are algebraic over Q and are of degree 3 and 4

respectively.
Note. If acK is algebraic of degree n, then [F(a):F]=n. See the problem 3.

Definition. An extension K of F is called algebraic extension of F if every

element of K is algebraic over F.

Theorem. Prove that every finite extension K of F is algebraic extension of F.
Proof. Let [K: F]=n and k is arbitrary element of k. Consider n+1 elements 1,

k, kz, ..., k". As dimension of K is n over F, these elements of K are linearly

dependent over F. Hence o, +oc1k+oc2k2 +...+opk" =0 with at least one of
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3.2.9

3.2.10

aj € F is not zero. In other words, we can say that k satisfies non zero

polynomial o+ o X+ OL2X2 +...+o,x" over F, k is algebraic over F. Hence

K is algebraic extension of F.

Theorem. Let K be an extension of F. The elements of K which are algebraic
over F form a subfield of K.

Proof. Let S be the set of all elements of K which are algebraic over F. Let a
and b are two arbitrary elements of S. In order to show that S is a subfield of
K, we will show that a+b, a-b, ab and ab™! all are in S. Since field F(a, b)
contains all elements of the form a+b, a-b, ab and ab'l, it is sufficient to show
that F(a, b ) is a finite extension of F. Suppose that a is algebraic of degree n
over F and b is algebraic of degree m over F. Then by Note 3.2.6, [F(a): F]=n
and [F(b): F]=m. Further a number which is algebraic over F is also algebraic
over every extension of F. Hence b is algebraic over F(a) also and therefore,
[F(a, b):F(a)] < [F(b):F]=m. By Theorem 2.6.3, [F(a, b): F]= [F(a, b): F(a)]
[F(a): F]. Therefore, by above discussion [F(a,b): F] < mn i.e. finite. Now by
Theorem 3.2.8, F(a, b) is an algebraic extension of F. Hence a+b, a-b, ab and

ab™' all are algebraic over F and hence belongs to S i.e. S is a subfield of K.

Corollary. If a and b in K are algebraic over F of degrees n and m
respectively, then a+b, a-b, and a/b (b#0) are algebraic over F of degree at
most mn.

Proof. Given that [F(a):F]=n and [F(b):F]=m. Since a number which is
algebraic over F is also algebraic over every extension of F, therefore, b is
algebraic over F(a) also and satisfies a polynomial of degree at most m. Hence
[F(a, b):F(a)] < [F(b):F]=m. By Theorem 2.6.3, [F(a, b):F]= [F(a, b):F(a)]
[F(a):F]. Therefore, by above discussion [F(a, b): F] < mn i.e. finite. Now by
Theorem 3.2.8, F(a, b) is an algebraic extension of F. Hence a+b, a-b, ab and
ab all are algebraic over F. Since [F(a, b): F] < mn, every element of F(a, b)
satisfies a polynomial of degree at most mn over F. Since a+b, a-b, ab and ab™
all are in F(a, b), therefore, there minimal polynomial is of degree at most mn

and hence are algebraic of degree at most mn over F.
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3.2.11 Note. F(a, b) is the field obtained by adjoining b to F(a) or by adjoining a to

F(b). Similarly we can obtain F(3;,a,,...,a,) by adjoining a; to F, then a, to

F(a;), a3 to F(a;, ap) and so on and at last adjoining a, to F(ay, a,,..., an.1).

3.2.12 Theorem. If L is an algebraic extension of K and K is an algebraic extension
of F, then L is an algebraic extension of F.
Proof. Let u be an arbitrary element of field L. We will show that u is

algebraic over F. As u is algebraic over K, therefore, u satisfies the
polynomial o +oX+...+X", aj €K . Since K is algebraic extension of F,
therefore, each o; is also algebraic over F. As o is algebraic over F,
therefore, [F(o): F] is finite. Since a; is algebraic over F, therefore, it is
algebraic over F( o) also. Hence [F(og)(a;): F(ag)] = [F(ag,o1): F(og)]
is finite extension. Similarly we can see that for 0<i<n-1,
[F(ag,aq,...,ai): F(og,aq,..,aj_1)] is finite. Now by Theorem 2.6.3,
[F(og, 0, 0n-1): F]= [F(og,0,.;0n-1) s F(0tg, 0, 0n-2)]

[F(ag, 0, 00n-2) : Fatg, 5.0 3)]

....... [F(ag,0p): F(ag)][F(ag): F]

is finite because for each i, [F(o,ay,..,ai): F(og,0q,..,aj_1)]is finite. We

also see that the polynomial o+ o X+...+ x" has all its coefficients in the
field F(ag,0,..,0n_1) , therefore, u is algebraic over F(o,ay,..,an_1) also.
Hence [F(ag,0,..,0q_1)(U): F(ag,0,..,00n_1)] is finite. Now
[F(ag, 0, 0n_)(U) - F ]

= [F(og,0q,..,0n_U): F(og,ap,...an_1)] [F(og,0q,..,0n_1): F] 1is
also finite. But then F(og,a,..,an_;,U) 1s algebraic extension of F. As
ueF(ag,0q,..,00n_1,U) , therefore, u is algebraic over F. Hence L is algebraic

extension of F.

3.2.13 Definition. A complex number is said to be algebraic number if it is algebraic
over the field of rational numbers. Complex number which is not algebraic is

called transcendental.
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3.2.14 Example.(i) Show that +/2 +3/5 is algebraic over Q of degree 6.
Solution. Let oo =+/2 +3/5. Then a.—+/2 =3/5 . Cubing on both sides we get

o —30%2 + 60242 242 =5
Then

o’ -5= \/5(30c2 +60> —2). Squaring on both sides we get
o -100> +25= 2(30c2 +60> —2)2 ie. o satisfies a polynomial

x0 —10x> +25—2(3x2 +6x2 —2)2 of degree six over Q. More over it is the

smallest degree polynomial satisfied by o. Hence ais algebraic over Q and

is of degree 6.

Example (ii) Show that Q(2+3/5)=Q(/2,3/5). Then show that
[Q(W2,3/5):Q]=6.
Solution. First we will show that Q2 +3/5)cQ(2,35). Since
V2 €eQ(W2,3/5) and 3/5eQ(2,3/5), therefore, V2 + /5eQ(2,3/5).
But Q(2+3%5) is the smallest field containing v2 + /5 . Hence
QW2+35)c Q2. 35).

On the other hand a=+2 + 35 € QW2+3/5), then
a? =2 + 3/25+2v2.3/5 also belongs to Q(+/2 +3/5). Equivalently,

a2 —2=35( /542 +42) =5 0 ++/2) (1)

Cubing (1) on both sides, we get
(02 =2)> =5( o ++/2)% = 5(c® + 30242 + 60+ 24/2)
=50 +300+53a +2)/2 .
= (@2 -2)% —50° -300=53a +2)V2 € Q2 +35).
Since o € Q(W2 +3/5), therefore, 5(3a%+2)e Q(W2+35). But then
Ba?+2)"t e QW2 +3/5). Hence
GBa?+2)'Ba? +2/2 =42 e QW2 +35)

and hence
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3.2.15

a-+2 =2 +35-42 =35 e Q2 +3/5)

Since /2 , 35 e Q(\/E+%/§), therefore, Q(\/E, %/g) c Q(\/E—i- %/g) . Hence

QW2,3¥5)=QW2+35).
As 2 satisfies the polynomial x2-2 , therefore, /2 is algebraic of degree
over Q. Hence [Q(\/E ):Q]=2. The general element of the field
Q(\/E)=a+b\/5; a,beQ.

Clearly, % # a+b\/§. Because, if %/g = a+b\/5 , then
35-b2 =a. As left hand side is an irrational while right hand side is
rational number, a contradiction. Since /5 satisfies the polynomial
x> —5 over Q, which is irreducible over Q, therefore, [Q(% ):Q]=3.

As 35 is algebraic over Q, therefore, it is algebraic over
Q(\/E). But then [Q(\/E, %) : Q(\/E)] <3. Because 35¢ Q(\/E),
[Q(\/E, %):Q(\/E)] #1. Hence [Q(\/E, %) : Q(\/E)] =3 and hence
[Q(W2,35):Q1=[Q(2, ¥5):Q(v211Q(2): Q] =3.2=6.
Since Q(\/E-i-%/g) = Q(\/E, %), therefore, [Q(\/E+%/§) :Q]=6.

Example. Let g(x) be a polynomial with integer coefficients, prove that if p is

i
a prime number then for 1>p, d—(&

dx! (p-1!

coefficients each of which is divisible by p.

) is a polynomial with integer

Solution. As we know that for given integer n and m, np _ync_where
np_is the number of permutations of n distinct things taking m at a time and

ne is the number of combination of n different things taking m at a time.

Further, np and nc_, both are integers, we get that
np n(n—-1)...n—m+1) . .
w00 =D ) is an integer. In other words, product of m
m! m!
i Xk
consective positive integers is always divisible by m!. As _i(( 1)') =
dx* (p—1):
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3.2.16

Xk—l

p

k(k—l)...(k—i+l)( z if k>1 and zero otherwise. By above discussion

k(k—1)...(k =1+1) is the product of i consective integers hecce divisible by i!.

But i=p, hence p! also divides k(k-1)...k—i+1) and hence p divides

— - i i
k(k=1)...(k D Now by above discussion d—.( 8t

(p—D! dx' (p—1)!

with integer coefficients each of which is divisible by p.

) is a polynomial

Theorem. Prove that number e is transcendental.

Proof. Suppose f(x) is a polynomial of degree r with real coefficient. Let

Fx)=f(x)+f 1(x) +.f1(x);f k (x) is the k™ derivative of f(x) with respect to
x. Consider e *F(x). Then di(e_XF(x)) =—e *f(x). As e *F(x) is
X

continuously differentiable singled valued function in the interval [0, k] for
positive integer k, by mean value theorem we get

e “F)-e"F(0) d
k-0 dx

(€ F(x))x=p,k :0< 0 <1
On simplification, we get,
F(k)—eF(0) = —ke (170K £ (0, k) . We write these out explicitly:
F(1)—eF(0) =—e 1Of(0k) = ¢,

F(2)-eF(0) = —2¢ 20792 (0,k) = ¢,

F(n)—e"F(0) = —ne (7O)f(0, n)=¢,
Suppose now that e is an algebraic number ; then it satisfies some relation of

the form
cpe +cp_j€" .4 cpe+cy =0; Co, C,...,Cn are integers and co>0.
Now

c1(F(1)—eF(0) =— "W k) = ¢
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0, (F(2) — e2F(0) = —2e 201792 (0,k) = ¢,

+...
+c¢, (F(n)—e"F(0) = —ne~(1-0n)g (0,n) =€, . Equivalently

¢iF(1) + cyF(2) +...+ ¢, F(n) = F(0)(c e™ + ¢y _1e" T +...+ cle) = c1&) +... + Cp&p
Since

cpe” +cy 1€+ e =—cq,

therefore, above equation reduces to
coF(0)+ciF() +crF(2)+...4+c,F(n) =cig) +...+¢cL €, (*)

Since the equation (*) holds for all polynomials f(x), choose

f(x)= xP11-x)P(2-x)P...(n=x)P; p is a prime number so

(p-D!

that p > n and p > cp. When expand, f(x) is a polynomial of the form

1
()P o agxP axP’
— xP7 4 + +o
(p-D! (p-D! (p-D!

where a, ai, ..., are integers.

, **)

Consider the following cases:

(i) when i>p.
By Example 3.2.15, f i(X) is a polynomial whose coefficients are all multiple
of p. Thus for any integer j, i( j) is a multiple of p.
(if) i<p-1. Since f(x) has roots 1, 2, ..., n, each with multiplicity p and zero is
root of f(x) with multiplicity p-1. therefore, f i(X) is zero for x=0, 1, 2, ..., n.
(iii) i=p-1. Since f(x) has roots 1, 2, ..., n, each with multiplicity p and zero is
root of f(x) with multiplicity p-1, therefore, f p-1 (x) is zero forx=1,2, ..., n
and by (**), fP71(0) = (n!)P. Since, p > n, therefore, fP71(0) is not divisible
byp.

As F(x) = f(x)+f1(x)+...fr(x), therefore, F(j)= f(j)+f1(j)+...fr(j).
From the above discussion we conclude that F(j), 1< j<nis a multiple of p.
Further by case (iii) ,f p_1(0) is not divisible by p and by case (i) and (ii)

f i(0) is divisible by p, resulting that F(0) is not divisible by p. Since p > ¢y,
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3.3
33.1

therefore, cyF(0)+c|F(1)+cyF(2)+...4+c,F(n), left hand side of (*) is not

divisible by p.
_ 01 _i0: Y (n—i0:)P(i0: )P
Since & = e (1-16;)"...(n —10;)" (16;) 1;0<9i <1
(p-D)!
e"nP(n!)P .
Thus |¢g; |< (—1)', which tends to zero as p—. Therefore, we choose p
p-1!

such a large prime so that |cjg; +...4+c,&, [<1. But cgF(0) +...+¢c,F(n) isan
integer, therefore, cjg; +...+c,€, is an integer. Hence cg| +...+c,€,=0. But
then p divides cjg; +...+c,&,, a contradiction. Hence contradiction to our

assumption that e is algebraic. Therefore, e is transcendental.

m

Example. For m>0 and n are integers, prove that e is transcendental.
Proof. If a number b is algebraic then b* is also algebraic. Since b is algebraic,

therefore, b satisfies polynomial
cpx™ ey x4 ox +cp.

1

But then bm for m>0, satisfies the polynomial

1
cpx M+ cn_lxm(n_l) +...+¢c;x™ +¢q . Hence if b is algebraic then b™m is also

algebraic.

m

Let us suppose that t=e" is algebraic, then t" =e™is also

n

algebraic. As t"is algebraic, therefore, by above discussion, t™ is also

n

algebraic. But t™ =e, therefore, e is also algebraic, a contradiction. Hence a

m m

contradiction to our assumption that e® is algebraic and hence e is

transcendental.

ROOTS OF APOLYNOMIAL.
Definition. Let K be an extension of field F, then acK is called root of

f(x) eF[x] if f(a)=0.
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3.3.2

3.3.3

3.3.4.

Definition. The element a €K is a root of f(x) €F[x] of multiplicity m if
(x-a)") f(x) and (x —a)erl | f(x)i.e. (x-a)™ divides f(x) and (x —a)mJrl does

not divides f(x).

Note. (i) Let K be an extension of field F, If f(x) €F[x], then any element
a €K, f(x)=(x-a)g(x)+f(a), where g(x) eK[x] and degree of g(x) = degree of
f(x)-1.

(i1) If K is an extension of field F, a €K is a root of f(x) €F[x], then in K[x],
(x-a)[f(x).

(ii1) A polynomial of degree n over a field can have at most n roots in any
extension field

(iv) If p(x) is an irreducible polynomial in F[x] of degree n>1, then there exist
an extension E of F in which p(x) has a root. Further, if f(x) €F[x], then there
exist an extension E of F in which f(x) has a root. More over [E:F] < degree of
f(x).

(v) If f(x) is a polynomial of degree n (=1) over a field F, then there exists an
extension E of F which contains all the root of f(x). The degree of extension of

this field over F is at most n! i.e. [E:F] <n!.
(vi) Let f(x) =c,x" +Cn_1Xn_1 +...+cx+c¢p be a polynomial with integer

coefficients, then f(x) will be irreducible over the field of rational numbers Q

if we can find a prime number p such that p|c,_;...., p|c;, plcg, p/c, and

P | co.
(vii) Let k be a positive integer, then polynomial f(x) is irreducible over the
field of rational numbers if and only if f(x+k) or f(x-k) is irreducible. These

results are easy to prove.

Definition. If f(x) €F[x], a finite extension E of F is said to be splitting field
over F for f(x) if over E, but not over any proper subfield of E, f(x) can be
factored as a product of linear factors. Since any two splitting fields over F of

f(x) are isomorphic, therefore, splitting field of f(x) is unique.
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3.3.5. Example (i). Consider the polynomial f(x)= x°-2 over the field of rational
1 1 1

numbers. The roots of the polynomials are 23, 23, 23 % ; ® 1is cube root

1
of unity and is a complex number. As the field Q(23) is the subset of real

1
numbers, it does not contain ®. As [Q(23):Q] =3, the degree of spitting field

is larger than 3. Also by Note 3.6.3(v), the degree if splitting field is at most 6.
Now we can see that if E is the splitting field over F of x*-2, then [E: F]=6.

(ii) If f(x)= x*+ x*+1, then f(x)= x™+2 x*+1- x*= (x*-x+1)( x*+x+1). As ® and

o’ are the root of the polynomial x*+x+1, therefore, roots of polynomial

(x*-x+1) are -® and ~®”. Since all the roots are contained in the field Q(m).

Hence the splitting field is Q(®). More over [Q(®): Q]=2.

(iii) Consider the polynomial x*+x*+1. As x’-1= (x’-1)(x*+x’+1). Choose ®

as primitive 9" root of unity. Then 1, o, o> , o , 034, > , 036, 0)7, w® are

the roots of the polynomial x-1. Further, 1, 0)3, ®® are the roots of the

polynomial x>-1. Hence o, wz, w4, ws, (07, o® are the roots of the

polynomial (x6+x3+1). Since all these roots are contained in the field Q(®),
Q(w) is the splitting field of the polynomial x*+x*+1. If f(x)= x®+x>+1, then
fix+1)= (x+1)*+(x+1)+1= (x*+6x"+15x+20x*+15x* +6x+1 )+ (x> +3x*+3x +1)
+1= x%+6x7+15x*+21x’+18x*+9x+3. By Eisenstein Criterion of irreducible,

the polynomial x%+x>+1 is irreducible over Q. Hence [Q(w): Q]=6.

(iv) Show that algebraic extension may or may not be finite extension.

Solution. Algebraic extension may be finite extension. Consider an

extension Q(\/E) of Q. Since every element of Q(\/E) is of the form
X:a+b\/§;a, beqQ, therefore(x—a)2 =2b%ie. every element of Q(\/E)

satisfies a polynomial of degree at most 2. Hence every element of Q(\/E) is
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34.1

3.5
3.5.1

algebraic over Q, therefore, Q(\/E) is algebraic extension of Q. More over

[Q(\/E) :QJ=2.1.e. it is a finite extension also.

Algebraic extension may not be finite extension. Consider the set S of all
complex numbers which are algebraic over Q. Clearly it is an algebraic
extension of Q. Let if possible, [S: Q]=n (some finite number ). Now consider
the polynomial x""'+2. It is irreducible over Q. (By Eisenstein criterion of
irreducibility) If a complex number ‘a’ is a root of x"14+2, then [Q(a): Q=
n+1. Further by our choice a€S, therefore, Q(a)cS. But then we have that
dimension of S as a vector space over Q is less then dimension of subspace
Q(a) of S over Q, a contradiction and hence a contradiction to the assumption
that S is a finite extension of Q. It supports the result that every algebraic

extension need not be finite extension.

SIMPLE EXTENSION.
Definition. An extension K of F is called simple extension if there exist an

o in K such that K=F(a.).

Example. Let K be an extension of F such that [K:F]=p , p is prime numer
then K is a simple extension.

Solution. Let a €K . As K is finite extension of F, ais algebraic over F.
Consider F(a). Since, p >1, a¢F. But then F(a) is a subfield of K
containing F. Hence F(a ) is the subspace of the field K over F and hence
dimension of F(a ) as a vector space divides the dimension of K as a vector
space over F ie. [F(a):F] divides [K:F]. Because [F(oa): F]>1, the only
possible condition is that [F(a ): F]=p. But then K=F(a ). Hence K is a simple

extension of F.

CONJUGATE ELEMENTS.

Definition. Let K be an extension of the field F. Elements o and  of K are
said to be conjugate over F if there exist an isomorphism o : F(a) — F(B) such
that o(a)=p and o(0)=0 V deF. In other words, o acts as identity

mapping on F and take o to 3.
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3.5.2 Theorem. Let K be an extension of the field F and the elements o and B of
K are algebraic over F. Then o and B are said to be conjugate over F if and

only if they have the same minimal polynomial.

Proof. Let us suppose that o and B are conjugate over F. Further let
p(x)=x"+ cn_lx(n_l) +...+c¢x+c¢( be the minimal polynomial of a.over F.
Then 0=p(a) =a" +c, 0™V 4. +cja+cq . Now

0=0(0)=o(a" +c, 0"V 4. +cia+cy)

= 0=c(a") + G(Cn_l)G(OL(n_l)) +...4+0o(c)o(a) +o(cp)

Using the fact that (o) =p and o(8)=0 V 6 €F, above equation reduces to

0=B"+c, BV +..+cB+cq ie. B satisfies the polynomial p(x). Let r(x)
be the minimal monic polynomial of . But then r(x)[p(x) where p(x) is

irreducible polynomial over F. Since r(x) and p(x) both are monic irreducible
polynomials over F, we have r(x)=p(x). Hence o and 3  have the same
minimal polynomial.

Conversely, suppose that they have the same minimal
polynomial p(x) of degree n. Then by Theorem 3.5.4, [F(o):F]= [F(B):F]=n.

Now 1, o, a2, ...o""!

is a basis of F(a ) over F and the general element of
F(a) is aota; o +as o’ + ...+anan_1; a belongs to F. Similarly 1, B, Bz,
..Bn_l is a basis of F(B) over F and the general element of F(P) is
apta; B +a, B2+ ...ta, Bn_l. Define a mapping o:F(a)— F(B)by

n—l)

c(ag+ajo+...+a,_ja =a +aIB+...+an_1Bn_1. Since a; are unique,

therefore, o is well defined. Now we will show that ¢ is an isomorphism. It

is easy to see that ¢ is one-one and onto mapping. Only thing is to show that

it is a ring homomorphism. Let ag+a;f+...+ an_an_l and
by +bif+...+ bn_lﬁn_l be the two arbitrary element of F( ). Then

o((ag+a,0+...+a, 10" ) +(bg+bja+..+ b, o))

:G((ao +b0)+(a1 +b1)0(,+...+ (an_l +bn_1)0tn_l))
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3.5.3

=(ag +bg)+(a; +b)B+...+(ay_; +by_ )"
=ag+af+..+a, P +bg+bB+...+b, B!

=o(ag+ao+..+a, (0" ) +o(by+bjo+...+b, ja" ).

1ot n-t ool
=Y ajo , byp+bja+...+b, ja” = X bja
i=0 =0

Since ag+ajo+...+a,_ o'

n-1 1 n—1 1 n-1 1 n—1 1 n-1 1 n-1 1
Let (X ajoa )X boa)=Xco , then o2 aja )X boa)=2Xcp .
i=0 i=0 i=0 i=0 i=0 i=0

Consider the polynomial

n-1 i n-1 i n-1 i
gx)=(Z ajx)( X bjx')—- ¥ ¢ix (*)
i=0 i=0 =0

in F[x],

then g(a)= (nz_lai(xi)(nilbi(xi) —nZ_lciai =0and then p(x)g(x) 1i.e.
i=0 i=0 i=0

g(x)=p(x)h(x). Since p(B) =0, therefore, g(B)=p(B)h(B)=0.

n—1 i n-1 i n-1 i.
Now by (*) (X aif' ) (X bif)= X ¢iff ie.
i=0 i=0 i=0
n-1 . n-1 : n-1 . n—1 :
o( ¥ a;0')( X bja')=(X a;B")( = b;p'). Hence o is an isomorphism.
i=0 i=0 i=0 i=0

More over if we choose a;=1 and a;=0 for all other 1, then o(a) = and if we
choose all a;=0 for >0, thenc(ap)=a( i.e 6(d)=06 V 6 €F showing that c

is a non-zero isomorphism. It proves the result.

Theorem. Let K be an extension of the field F and the elements o and f of K
are transcendental over F. Then o and 3 are conjugate over F.

Proof. Consider the polynomial ring F[x]. Let F[a ] be the sub-ring of K
generated by F and o (similarly F[ B ] is sub-ring of K generated by F and ).

n . n :
Then the mapping o:F[x]— Fla] defined by o( Xcix')= Ycia'; ¢; €F is
=1 i=1

n . n .
an onto ring homomorphism. Further if o(Xc¢;x')=c(Xdix'), then
i=1 i=1
n i I i . . .
2cjoo = Ydjo . This further implies that

i=1 i=1 i

(¢ —di)oci =0i.e. a is algebraic

n
=1
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3.6

3.6.1

3.6.2

3.6.3

over F, a contradiction that ois transcendental. Hence c; =d; and hence

LU DL : L :

Ycix = Xd;x i.e. o is one-one. Hence o is an isomorphism. Thus

i=1 i=l1

F[x]zFla]. Now o can be extended to a unique isomorphism
h(x)

0:F(x) > F(a), defined by 6(—) :w , where F(x) is the field of
gx)  glo

quotient of F[x] and F(a) is the field of quotient of F[a]. Now it is clear that

O(x)=a and 0O(a)=a VaeF. Similarly, we have an isomorphism

¢:F(x) > F(B) such that ¢(x)=f and ¢(a)=a VaeF. Consider the
mapping (pe_l. Then (pO_1 :F(at) > F(B) such that (pe_l(oc)=[3. Since ¢

and 0! both are isomorphism, therefore, (pe_1 is also an isomorphism. Hence

o and 3 are conjugate over F.

CONSTRUCTION WITH STRAIGHT EDGE AND COMPASS.
As in our school class construction, by the use of scale and
compass we can draw any line of given length, circle of given radius, and can

construct right angle and sixty degree angle.

Definition. A real number a is said to be constructible by straight edge and
compass if by the use of straight edge and compass we can construct a line

segment of length o. Here by straight edge mean a fundamental unit length.

Note. If a real number a is constructible by straight edge and compass we

will use to say that a is constructible.

Theorem. Let F be a field. Then a point a is constructible from F if and only
if we can find a finite number of real numbers A;, A ,..., A, such that
[F(A1):F]= 1 or 2; [F(A1, Aasy..oy Ai): F(A1, Az s..., Ai)]= 1 or 2 for i=1, 2,...,n;
and such that a lies in the plane of F(Aj, A7,..., Ay).

Proof. By a plane of F, we mean set of all points (X, y), where x and y are
from F and a real number a is constructible from F if it is point of intersection

of lines and circles in the plane of F or it is point of intersection of lines and
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3.6.4

3.6.5

circles in the plane of some extension of F. If we take two points (a;, b;) and
(az, by) in the plane of F then equation of line passing through these points is
(bi-by)x+(az-a1)y +(aibz)- a,b;=0 which is definitely of the form ax+by+c =0 ;
a, b, ceF. Similarly we can see that equation of circle in the plane of F is x*+
y*> + ax + by + ¢=0. Since the point of intersection of two lines in the plane of

F always in F, point of intersection of line and circles , circle with circle either
lies in F or lies in the plane of F(ﬁ ) for some positive y in F. Thus line and

circles of F leads to a point in F or in quadratic extension of F.

On similar steps as discussed above, we get that lines and circles in

F (\/ﬁ ) leads to a point in F (\/ﬁ ) or in quadratic extension of F (\/ﬁ AY2)

for some positive vy, in F(y/y;). Continuing in this way we get a sequence of

extensions such that [F(\/ﬁ,...,\/z):F(\/y_,...,wlyi_l )]= 1 or 2 for each i,
positive real number y;e F(\/y_,...,wlyi_l) and ae F(\/ﬁ,dy yeees Y ) -

Now by above discussion, if o is constructible then we can find a
finite number of real numbers A, A, ,..., A, such that [F(A):F]=1 or 2; [F(A,
A2yeeny M) F(Ap, A2y, Ais)]= 1 or 2 fori=1, 2,...,n and aeF(A, Az ,..., Ayp).

Conversely if yeF is such that ﬁ is a real number then 7y is a point of
intersection of lines and circles in the plane of F. Now aeF(Aj, Az ,..., Ay) ,
therefore, a is a point of intersection of lines and circles in the plane of F(A,,
A2 ,..., Aa1). Hence a is constructible. In other words a real number o is

constructible from F if and only if we can find real numbers A, A, ,..., A, such

that A7 € F,22 € F(A{, Ay, A;_y) fori=1, 2, ..., n such that e F(Ay, As,..., An).

Note. Since it quite easy to see that every rational number is constructible,
therefore, by above theorem a real number o is constructible, we start from F,

the field of rational numbers and get an extension of F( in which a lies.

Therorem. A real number a is constructible from Fy if and only if we can find
real numbers A, Ay ,..., Ay such that K% € FO,X% e Fy(M, My, Ai_p) fori=1, 2,

..., nsuch that aeFo(A1, Az,..., Ap).
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3.6.6

3.6.7

3.6.8

3.6.9

Proof. Replace F by Fin the proof of Theorem 3.7.3.

Corollary. If o is constructible, then o lies in some extension F of Fy of
degree a power of 2.

Proof. As we know that real number a is constructible if and only if we can

find a finite number of real numbers A;, A, ,..., A, such that 7»% ek,
32 €F(A, Ay, Aiy) for i=1, 2, ..., n such that aeF(Ay, As ..., Ay). But then

[Fo(At, A2 sy M) Fo(i, Az seeny Ai)]= 1 or 2=2% [ a=0or I, for i=1, 2,...,n.
Since [F()()\,l, 7\,2 seens kn)Z F()]: [F()()\,l, 7\,2 geens 7\4n)3 F()(?\,l, 7\,2 geees 7\.11_1)] [F()()\,l, 7\,2

ooy M)t FoMty Az sy An2)]... [Fo(Ay): Fol= 220 F8n—1%-%31 s g nower of 2.

Corollary. If a real number a satisfies an irreducible polynomial over the field
of rational numbers of degree k, and if k is not a power of 2, then a is not
constructible.

Proof. Since a real number o is constructible if and only if it lies in an
extension K of Fy, a power of 2. If a satisfies an irreducible polynomial of
degree k then [Fo(a):F]=k. Since k is odd, it can not be a power of 2 and hence

it is not constructible.

Theorem. Prove that 60° angle is constructible.

Proof. As we know that if an angle 6 is constructible if and only if cos0 is
constructible. Let 0=60° , then cos0=cos60° =%:> cos@-%=0 1.e. cosO

satisfies an irreducible polynomial of degree 1=2°, a power of 2, over the field

of rationals. Hence cos0 is constructible and hence 0=60° is constructible.

Theorem. Prove that it is impossible, by straight edge and compass alone,
to trisect 60° angle.

Proof. By the trisection of 60° angle by straight edge and compass alone mean
we have to construct 20°. As we know that 20° is constructible iff cos20” is

constructible. Let 0=20°. Then 30=60° and cos30=cos60°. But then 4cos’0-

60



3.6.10

3.6.11

3cos@=% or 8¢0s°0-6c0s0-1=0 i.e. cosd satisfies the polynomial 8x>-6x-1. Let

f(x)= 8x’-6x-1, then f(x-1)= 8(x-1)’-(6x-1)-1= 8x’-24x*+18x-3. Since 3 is a
prime number which divides every coefficient, except the leading coefficient
of the polynomial f(x-1) and 3* does not divide constant coefficient of the
polynomial f(x-1). Then by Eisenstein criterion of irreducibility, f(x-1) is an
irreducible polynomial over field of rational numbers. But then f(x) is also
irreducible over field of rational numbers. Therefore, [Q(cos0):Q]=3 which is
not a power of 2. Hence cosO is not constructible. Equivalently 0 is not
constructible. Hence we can not trisect 60° by straight edge and compass

alone.

Theorem. By straight edge and compass it is impossible to duplicate the cube.
Proof. As by duplicate of a cube means construction of cube whose volume is
double the volume of given cube. Let us consider the cube of unit length side.
Then the volume of cube is 1. For duplicating this cube, we have to construct a
cube of volume 2 units i.e. we have to construct a number o such that o’=2.
Since 2 is a prime number which divides every coefficient, except the leading
coefficient of the polynomial x*-2 and 2* does not divide constant coefficient
of the polynomial x*-2. Then by Eisenstein Criterion of irreducibility, x>-2 is
an irreducible polynomial over field of rational numbers. Hence [Q(a):Q]=3

1.e. a 1s not constructible. It proves the result.

Theorem. Prove that it is impossible to construct a regular septagon.

Proof. Since for construction of regular septagon we need the construction of
2n . 2n . . .
an angle - We will show that 6 = = is not constructible. Equivalently we

have to show that cos® is not constructible. Since
70 =21 = 40 =2711-30 = cos 40 =cos(2n-30)=> cos 40 = cos30
= 2c05°20-1 =4 cos’0- 3cosd
= 2(2¢0s0-1)* -1=4 c0s’0- 3cosd
= 8cos'0 +1-8c0s’0 =4 cos’0- 3cosd

=8¢05'0 - 4 c0s°0- 8cos*0+3cos0+1=0
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3.7

3.8

3.9

3.10

=(cos 0-1)(8cos’0 +4 cos’0- 4cosb-1)=0

Since for given 0, cos® # 1, therefore, cosO-1#0. Hence cosO satisfies the
polynomial f(x)=8x" +4x’- 4x-1. Since f(x+1)=8(x+1) +4(x+1)*- 4(x+1)-1 =
8(xX*+3x743x+1)H4(x*+2x+1)-4(x+1)-1= 8x>+28x*+28x+7.

Since 7 is a prime number which divides every coefficient, except the leading
coefficient of the polynomial f(x+1) and 7* does not divide constant
coefficient of the polynomial f(x+1). Then by Eisenstein Criterion of
irreducibility, f(x+1) is an irreducible polynomial over field of rational
numbers. But then f(x) is also irreducible over field of rational numbers. By
above discussion we get that cos satisfies an irreducible polynomial of degree

three. Hence cos0 is not constructible. It proves the result.

KEY WORDS.
Algebraic, Transcendental, Root, Simple, Conjugate, Construction,

Straight edge, Compass.

SUMMARY. Algebraic, transcendental, simple extensions, conjugate
element, roots of a polynomial over the field F and application of algebra in

geometrical constructions are studied in this Chapter.

SELF ASSESMENT QUESTIONS.

(1) Prove that sin m” is constructible.

(2) Prove that regular pentagon is constructible.

(3) If aeK is algebraic of degree n, then [F(a):F]=n.
(4) Prove that regular 9-gon is not constructible.

(5) Prove that it is possible to trisect 72° by straight edge and compass.

SUGGESTED READINGS.
(1) Topics in Algebra; I.N HERSTEIN, John Wiley and sons, New York.
(2) Modern Algebra; SURJEET SINGH and QAZI ZAMEERUDDIN, Vikas

Publications.
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4.0  Objective. Objective of this lesson is to study about normal and separable

extension.

4.1 Introduction. In previous Chapter we came to know about some extension
and splitting fields of polynomial f(x) in F[x] over F. There are many fields
which have no proper algebraic extension; we call such field as algebraically
closed fields which are studied in Section 4.2. Separable extensions are
studied in Section 4.4. In Section 4.6, we study about rational symmetric
functions. Now there is an interesting point “Does there exist an extension K
of F such that if it has a root of an irreducible polynomial p(x)eF[x], then it
contains all the root of that polynomial, We call such an extension as normal

extension of F which are studied in Section 4.7.
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4.2
421

4.2.2

Algebraically closed field.
Definition (Algebraically closed Field). Field F is called algebraically closed
if it has no proper algebraic extension. i.e. if K is an algebraic extension of F

then K=F.

Theorem. Let F be a field. Then the following conditions are equivalents:

(1) F is algebraically closed.

(i) Every non constant reducible polynomial in F[x] is of degree 1.

(ii1) Every polynomial of positive degree in F[x] can be written as the product
of linear factors in F[x].

(iv) Every polynomial of positive degree in F[x] has at least one root in F.
Proof. (i)=(ii)

Let F be algebraically closed and let f(x) is an
irreducible polynomial of degree n in F[x]. Since f(x) is irreducible, there exist
an extension K of F such that [K:F]=n, containing at least one root of f(x).
Since K is a finite extension of F, therefore, K is algebraic extension of F. But
F is algebraically closed, therefore, K=F. Hence n=1 and hence every
irreducible polynomial in F[x] is of degree 1.

(i)=(iin)

Let f(x) be a non constant polynomial in F[x].
Then by unique factorization theorem on polynomials, polynomial f(x) can be
written as the product of irreducible polynomials over F. By (ii), every
irreducible polynomial is of degree 1, therefore, every polynomial over F can
be written as the product of linear factor in F[x].

(ii)=(iv)

Let f(x) be a polynomial of degree n(>1) over F.
Then by (ii1), f(x)=a(x-a;) (x-az)... (x-an); ajeF. Since a;’s are roots of
f(x) which all lies in F, proves (iv).

(iv)=(i)

Let K be an algebraic extension of F and k be an
arbitrary element of K. let f(x) be the minimal polynomial of k over F. By (iv),
f(x) has at least one root in F. let a be that root. Then f(x)=(x-a)g(x), where

g(x) is in F[x]. On applying the same process on g(x) and continuing in this
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4.2.3

4.3

43.1

43.2

4.3.3

way we get every root of f(x) lies in F. Hence k lies in F, therefore, KcF, but

then K=F. Hence F is algebraically closed.

Theorem. Algebraically closed fields can not be finite.

Proof. Let F be an algebraically closed field. If possible it has finite number of
element say aj, a,..., a, . Consider the polynomial (x-a;)(x- az)...(x-ap)+1.
This is a polynomial in F[x] which has no root in F, a contradiction that F is

algebraically closed. This contradiction proves that F can not be finite.
Example. The field C (field of complex numbers) is algebraically closed.

More about roots.
Definition. Let f(x)=ayx" +...+a,_x+a, be a polynomial in F[x], then

the derivative of f(x), written as f '(x) is the polynomial nOLOXn_l ot a,

in F[x].
Example. Consider the polynomial a0x3+oclover the field F with

characteristic 3, then the derivative of this polynomial is zero over F.

Theorem. For f(x) and g(x) in F[x] and any o in F,
(i) (F)+g(x) =f (x)+g (x)

(ii) (af (x)) =af (x)

(ili) (F(x)g(x) =f ()gx)+f(x)g (x)

Proof. These results can easily be proved by use of Definition 4.3.1.

Theorem. The polynomial f(x) in F[x] has a multiple root if and only if f(x)

and f v(X) have non trivial common factor.

Proof. Since we know that if f(x) and g(x) in F[x] have a non trivial common
factor in some extension K of F, then they have a non trivial common factor in

F[x]. So, without loss of generality suppose that all the roots of f(x) lies in F.

Let o be a root of f(x) multiplicity m>1, thenf(x) = (x—a)™g(x) . But then
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435

£'(x)=m(x —a)™ Tgx)+(x —o)™g (x) = (x —a)t(x)i.e. (x-0) is a common

factor of f(x) and f '(x) .
Conversely suppose that f(x) has no multiple root, then

f(x)=(x—ap)E—-05)...(xX—0y); degree of f(x)=m. Then

f’(x) = I%l(x—ocl)...(x—oci)...(x—oam), where  denote that term is omitted.
i=1

From here we see that no a; is a root of the polynomial

f’(x): I%l(x—ocl)...(x—oci)...(x—oam), therefore, they have no non trivial
i=1

factor in common. In other words, f(x) and f '(x) have a non trivial common

factor if and only if f(x) has multiple root.

Corollary. If f(x) be an irreducible polynomial in F[x], then
(1) If the characteristic of F is zero, then f(x) has no multiple roots

(i1) If the characteristic of F is p#0, f(x) has a multiple root if it of the form
f(x)= g(x").

Proof. (i)Since f(x) is irreducible, its only factors are 1 and f(x) in F[x]. Let
f(x) has multiple roots, then f(x) and f v(X) has a non trivial common factor. It
mean f(x)| f ’(x) .As f '(x) is a polynomial of degree lower then f(x), the only
possibility choice is that that f '(x) =0. But in case when characteristic of F is
zero, f '(x) can be 0 only when f(x) is constant polynomial. Hence f(x) has no
multiple root in F.

(i) Let f(x)=a,x" + ...(xixi +ox+0,, then f'(x) =0 only when ia; =0 ; 2<
1 <n. Since characteristic of F is p#0, io; =0 only when p|ia; . But p does not
divide a;, therefore p|i. Hence i=pki for some ki. Now

pk

F(x) = ayx" +o0ix! + o = o xPEn +axPR 4o, =g(xP).

Corollary. If the characteristic of F is p#0, then for all n> 1, the polynomial

xP —x e F[x] has distinct roots.
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44.1

4.4.2

443

444

445

Proof. As the derivative of the polynomial xP —x =pxP 1 1=-1inF , the

polynomial and its derivative has no non trivial factor in common. Hence
polynomial xP —x has no multiple roots i.e. all the roots of the polynomial

xP —x are distinct.

Separable extensions.

Definition. Separable polynomial. Let p(x) be an irreducible polynomial in
F[x], then p(x) is called separable over F if it has no multiple root in its
splitting field. In other words we say that all the roots of p(x) are distinct.

Otherwise p(x) is called inseparable polynomial over F.

Definition. An arbitrary polynomial f(x) is separable over F, if all its

irreducible factors are separable over F.

Definition. An element a in extension K of F is called separable over F, if it
satisfies some separable polynomial over F. In particular, if it’s minimal

polynomial is separable over F.

Separable extension. An algebraic extension K of F is called separable

extension of F if every element of K is separable over F.

Example (i). Let F be field with characteristic zero. Then every algebraic
extension K of F is separable.

Solution. Let a be an arbitrary element of field K. Since K is algebraic
extension, therefore, a satisfies some irreducible polynomial over F. By
Corollary 4.2.4(i), this polynomial has no multiple root. Therefore, minimal

polynomial of a over F is separable. Hence K is separable extension of F.

Theorem. Let characteristic of F is p(#0). Then every algebraic extension K
of F is separable if and only if the mapping ¢ : F—>F given by o(a)=a’ is an
automorphism of F.

Solution. Suppose c(a)=a” V aeF. Then
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o(a+b)=(a+b)P’ =aP+PC;aP b+PCaP2b% +...+bP. But for 1< i
< p-1, each PC; is a multiple of p and hence is zero in F, therefore,
o(a+b)=aP +bP =c(a)+o(b) and o(ab)=aPbP =c(a)s(b). Hence o is a
ring homomorhism on F. Further, suppose that aP? =bP which further implies

that (a—b)P =0. But then a-b =0 i.e. a=b. showing that ¢ is one-one also. If

o is onto also, then we have b in F such that o (b)=a i.e. b’=a. Equivalently
we say that pth root of every element is also contained in F.

Now we prove theorem as: Let K be an

algebraic extension of F and ¢ be an automorphism on F given by o(a)=aP .
Let a be arbitrary element of K and g(x) be the minimal of polynomial of a
over F. Then g(x) is irreducible polynomial over F. Let if possible g(x) has

multiple roots. Since characteristic of F is p#0, by Corollary 4.2.4(ii),
g(x)=h(x")= apx? +...+a,_1xP +a,; rp=n =degree of g(x). Since with the
help of o we can identify o :B}) in F, therefore, h(x")=

BOx™ +...+BP_xP +BP. Again with the help of o we have

h(x")=Box" +...+Br_ix +B;)P .
Then g(x)=Box" +...+B,_;x+B;)P is a reducible polynomial over F, a

contradiction and hence a contradiction to the assumption that g(x) is not
separable. Now it follow that every algebraic extension K of F is separable.
Conversely suppose that every algebraic
extension K of F is separable. We will show that c(a)=a" is an automorphism
on F. Since this mapping is one—one homomorphism. In order to show that o
is an automorphism, it is sufficient to show that o is onto also. Let if possible
G is not onto i.e. there exist aeF such that o(b)=a for all b in F. In other words,
there does not exist b in F such that b’=a. Simply we say that polynomial f(x)=
xP-a has no root in F. Let o, oy, ..., o, be the roots of x"-a. Then K=F(a, ...,
ap) is the splitting field of f(x). Further if a and B are two roots of f(x), then
a’-a=0 and BP-a=0. But then o’-p"=0. Equivalently, a=p. Thus all the roots of

f(x) are equal. Let ;= apx=...=0, =a.. Then K=F(a).
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4.4.6

4.4.7

Now xP-a =xP- o’ = (x-a)". Since o is algebraic
over F and does not belong to F, therefore, degree of a is more than one. Let
g(x) be the minimal polynomial of a over F. Since a satisfies the polynomial
f(x) also, therefore, g(x) divides f(x). Let h(x) be a monic irreducible factor of
f(x), then a is a root of h(x). Hence g(x)/h(x) and hence g(x)=h(x). But then
f(x)=g(x)". Now p=deg(f(x)) = deg(g(x))=r deg(g(x)). Since deg(g(x))>1,
therefore, deg(g(x))=p. Hence r=1. But then f(x) becomes the minimal
polynomial for a. As f(x) has multiple roots (namely a), therefore, f(x) is
inseparable polynomial. Hence o is not separable and hence K=F(a) is
inseparable. Since K is algebraic extension of F which is not separable
extension of F, a contradiction. This contradiction proves that o is an

automorphism on F.

Corollary. If F is a finite field then every algebraic extension of F is
separable.

Proof. Since F is finite field, its characteristic is finite prime number p (say).
Since characteristic of F is p, therefore, mapping ¢ :F—F, defined by o (a)=a"
for all aeF, is an one-one homomorphism. Since F is finite, this mapping is
onto also. Hence is an automorphism on F. Now by Theorem 4.3.4, every

algebraic extension of F is separable also. It proves the result.

Problem. Let F be a field with characteristic p(#0). Then element a lying in
some extension of F is separable over F if and only if F(a”)=F(a).
Solution. Let K be an extension of F and aeK be separable over F. The

minimal polynomial f(x) = B +le+...+Bn_1xn_1+xn of a over F is

separable.  Let  g(x) = Bf+PPx+..+ Bﬁ_lxn_1 +x".  Then
g(aP) = Bg + B{)ap +..+ Bg_lap(n_l) +aP" . Since the characteristic of F is

p(#0), therefore, g(aP)=(By +Pyx +...+ Py x" L +x")P=f(a)P =0 i.e.a’isa

root of g(x). Also g(x) is irreducible over F. In fact if h(x) is a factor of g(x),
then h(x") is a factor of g(x") in F[x]. But g(x")=f(x)’ and f(x) is irreducible

over F implies that h(x?) =f(x)* ; 0< k < p. Since the derivative of h(x") with
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4.5.
45.1

respect to x is zero over F, therefore taking derivative of h(x*)=f(x)* on both
sides, we get kf'(x)k_1 =0. Butthen k=0 or p.
For k=0, h(x)=1. For k=p, h(x") =f(x)"
i.e. h(x?)= g(x”) and hence h(x)=g(x). Here we see that the only divisors of
g(x) are 1 and g(x) itself. Hence g(x) is irreducible over F. Then [F(a):
F]=n=degree of g(x). As [F(a): F]=n, we get [F(a"): F]=[F(a): F]. Since
a’eF(a), therefore F(a’)cF(a) . Now by above discussion F(a")=F(a).
Conversely, let F(a?)=F(a) and suppose that a is
not separable over over F. The minimal polynomial of a over F is not

separable. This gives that f(x)=g(x") and so a is a root of g(x). Clearly degree

of g(x) is T m (say). Hence [F(a"): F] < m < n. Since F(a")=F(a) , therefore,
p

[F(a): F]= [F(a):F(a")] [F(a"): F] <m i.e. n<m, which is not true. Hence a
contradiction to the assumption that a is not separable. Hence a is separable

over F.

Some definition.
Definition. Let K be field. An isomorphism from K to itself is called an
automorphism on K. Two automorphisms ¢ and t of K are said to be distinct

if o(a) # t(a) for some a in K.

4.5.2 Theorem. If K is a field and if 61, 5,...,0,, are distinct automorphisms of K,

such that ajoj(u)+aoy(u)+...+a,6,(u) =0 V ueKthen all aj, ap,...,a,

are 0 in K.

Proof. Let if possible we can aj, aj,..,a, in K, not all 0, such that

ajoj(u)+arop(u)+...+a,0,(u) =0 VueK. Remove all ai=0, then after

renumbering we obtain the minimal relation such that
ajoj(u)+arcr(u)+...+a,0,(u) =0 (D)

forall ueKandeach a; #0,1<i<m.

Since oy(u)#0 V uek, therefore, if ajo1(u)=0 V ueK, then a; must be

zero in K, a contradiction that all a; in (1) are non zero, therefore, m>1. As the
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45.3

454

45.5

automorphisms are distinct, therefore, there exist an element ¢ in K such that

G1(c) # oy (c). Since cuek, therefore, by (1)

ajoj(cu)+aroy(cu)+...+a,0p,(cu) =0

= ajoq(c)oj(u)+arcy(c)oy(u) +...4a,0y,(c)oy,(u) =0 2)
On multiplying (1) by o7(c) and subtracting it from (2) we get
az(oa(c)—o1(c))oz (W) +...+ay (o (¢) —o1(c))opy (u) =0 (3)
Since an#0 and by our choice 6,(c)—oj(c)#0, therefore, we get a relation

in which at least one of a;#0 and containing at most m-1 terms, a contradiction
that (1) is the minimal relation. Hence contradiction to the assumption that

ajoj(u)+a,op(u)+...4a,6,(u) =0 YueK and at least one of az0.

Therefore, if aj61(u)+ay0,(u)+...+a,6,(u) =0 V ueK then each a;=0.

Definition. Fix Field of G. Let G be a group of all automorphism of K, then
the fixed field of G is the set of all elements ‘a’ of K such that
c(a)=a VoeG. In other words, the fixed field of G is the set of all

elements of K which are left fixed by every element of G.

Lemma. Prove that fixed field of G is a subfield of K.
Proof. Let a, b be two elements of the fixed field. Then c(a)=a Voe G and

o(b)=b VoeG. But then c(a—b)=0c(a)-oc(b)=a-b VoeG. Hence
a-b belongs to fixed field of G. As e=o(bb™) =c(b)o(b ' )Vo e G implies
that (o(b)) ' =c(b")VoeG and b~ =(c(b)) ' =c(b")VoeG. Hence
bl also belongs to the fixed field of G. Now G(ab_l)

=o(a)s(b") =o(a)(s(b)) ' =ab~! Vo eG i.e. ab” belongs to fixed field of
G. Hence fixed field of G is a subfield of K.

Definition. Group of automorphism of K relative to F. Let K be an

extension of the field F. Then the group of automorphism of K relative to F is

the set of all automorphisms of K which leaves every element of F fixed. It is
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4.5.6

generally denoted by G(K, F) . Hence oceG(K, F) if and only if o(a)=a for

every o in F.

Lemma. Prove that G(K, F) is a subgroup of the group of all automorphisms
of K.

Proof. Let o; 0, e G(K, F). Then oy(a)=a and o,(a)=a forall aeF.
Since (o) =a= Ggl(oc) =a VaeF, therefore, 651 belongs to G(K, F).

Now (0167 ) (@) =0y(c5 (a)=cy(a)=a Vo eF. Hence 6,05 €G(K, F)

and hence G(K, F) is a subgroup of the group of all automorphism of K.

Example (i) Let K be the field with characteristic zero, then show fixed field
of any group of automorphisms of K contains Q (the field of rational number).

Solution. Let H be a subgroup of group of automorphisms on K and F be fixed

field of H. Then F is a subfield of K. Let % be an arbitrary element of Q and

6 be an arbitrary element of H. Since 1€F, therefore, c(1)=1. Now

a=kly.441 , therefore, o(a)= ?Qﬁ b+4"281) = ?QI? hoil%u..zf 9;(%)) =a
atimes atimes a times

for all oceH. Hence aeF. Similarly beF. As F is a field, therefore, b

and hence ab'e F. Q c F.

Example (ii). Show that every automorphism o of K, field with characteristic
zero, leaves every rational number fixed.

Solution. Since Q is a prime field, Q is contained in every field with
characteristic zero. Let e be the unit element of K, then e is unit element of Q
also. Let o be an arbitrary automorphism of K. Since e.e = e, therefore,
c(e.e) =ac(e) = o(e)o(e) =o(e), but then oc(e)o(e) =e.c(e). Hence o(e) =e.

Further a=g+4e> 44e, therefore, o(a)= ?(g{) o -ché@)) =a. Similarly,

a times atimes

o(b)=b. Therefore, a and b belongs to the fixed field of group of
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automorphism of K which contains . Hence ab™ also belongs to the same

fixed field. But then 0(%) :% V%e Q. It proves the result.

Example (iii). Let K be the field of complex numbers and F be the field of
real number. Find G(K, F) and the fixed field under G(K, F).
Solution. General element of K is a+ib, a and b are real numbers. Let
ceG(K, F), then o(a)=a and o(b)=b. Since i’*=-1, therefore, o(i*)= o(-1)=-1.
As o(i®)= o(i)’= -1, therefore, o(i)=i or —i. Then we have two elements in
G(K, F), o1 and o, where o (a+ib)=a+ib and oy(atib)=a-ib. Hence G(K, F)
={o1, 02}. Let c+id is in the fixed field of G(K, F), then &(ct+id)= oa(ctid).
But then c+id=c-id, which holds only when d=0. Hence fixed field contains
only real number. Here in this case the fixed field is F itself.

1
Example (iv). Let F=Q (the field of rational numbers) and K=Q(23). Find
G(K, F) and the fixed field of G(K, F).

1 2
Solution. The general element of the field K is a+b.23 +¢.23, a, b, ceF. Put

W | =

2> =o. Then general element of K is a+bo+ca’. Let ceG(K, F), then

c(a)=a, o(b)=b and o(c)=c. Since o =2, therefore, G(OL3) =0(2)=2.

1
Hence G(OL)3 =2. As the only root of (5(0()3 =2, 23 =a, lies in K. Hence

2

o(a)=a. But then o(a+ba+ c.ocz) =a+ba+ca”ie. o is identity

transformation. Hence G(K, F)={I}. Trivially the fixed field of G(K, F) is K
itself.

Example (v). Let F=Q and K= Q(®), ® is primitive fifth root of unity i.e. ®
2 3 4

satisfies the polynomial 1+x+x“+x~+x  which is irreducible over F.
Therefore, General element of K s oc0+oclc)+0c2c)2 +0L3(o3

;a0,0,00,03 € F. Let ceG(K, F). Then o and o(w) are conjugate over F

i.e. o(w) is also a root of polynomial 1+x+ x% +x> +x*. Since the roots of

above polynomial are o, 0)2, 0)3, 0)4, therefore,
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o(w)=0 or ® or ® or o' Ifo(w)= o', 1<i<4, denote o by
ci. Then G(K, F)={ o), 62, 03, 4}. If we denote the fixed field of G(K, F) by
KG(K,F) , then og+ojo+ OL2(O2 + (13(,03 € KG(K,F) if

2+0c30)3)

ci(og +ajo+ a20)2 + a30)3) =05(0p+ 0O+ 0O
— 2 3\ _ 2 3
=03(0p + 0O+ 00" +a30” ) =04(0) + 0O+ 007 +0307).
Using the fact that o’ =1, above equalities reduces to,
2 3_ 2 4
Op TAO+AO™ +0A30 =0p+AO" +0r® + 030
=0+ (11(1)3 +Ooym+ (13(,04 =0+ 0(.10)4 + 0(.2(,03 + 0(.3(02 .
Since 1+ o+ o™+ o+ 034=0, therefore, ©'=-1-0- ©>-»°. But then the above
equality reduces to
2 3
Op tAO+ O + 30
— 2 3
=0 — 0y + (o3 —0y)o+ (0 — 0y )0 — a0
— 2 3
=0 —0o3+ (0 —o3)o—a30” + (0] —o3)n
— 2 3
=ap—0o —oo+ (o3 —o)o” +(oy —ap)o”.
These equality will hold simultaneously if a;=0a, =03 =0. Hence the

general element of Kg i ) 1s ag i.e. Kgk, r)=F.
_ 2 2 _ 4 _ 3 _ .3 _

Further, o(0)=0", o3(0)=0" =04(®), o3(0)=0" =c3(®) and
40) == ; 4 _ gl 2 3 4
6r(mw)=w=0c(w) i.e. 65 =1 of G(K, F). Hence G(K, F)={o;, 63, 65,05 }
is a cyclic group generated by c,. Consider the subgroup H = {o}, 64} of

G(K, F). Let ag +o o+ a2w2 +oc3033 € Ky . Then

2+0c30)3)

ci(og +ajo+ a20)2 + a30)3) =04(0p+0j0+0H0
Equivalently,

op+oo+ oc20)2 + oc3033 =a+ oclo;)4 + oczo)3 + oc30)2
On further simplification, we can write

op +oo+ (120)2 + 0(.3(03

=0 —0oy —oyo+(a3 —al)mz +(op —ocl)(o3 .
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These two will be equal if oy =0 and o, = a3. Hence general element of Ky

s o +oc2(032 +033). Here we observe that index of H in G(K, F) i.e. no of

distinct coset of H in G(K, F)= [Ky:F].

45.7 Theorem. If K is a finite extension of F, then G(K, F) is a finite group and its
order , 0(G(K, F)) < [K:F].
Proof. Let [K:F]= n with uj, uy,..., u, is a basis of K over F. Further suppose
that f},f,,...,f,,; are distinct automorphisms of K. Consider the system of n
homogeneous equation in (n+1) variable x;, X, ..., Xn+1 as:
fitupxy +H)xy +.+ g (U)X =0,

fi(up)xy +f(up)xy +..+f 1 (up)xpy 41 =0,

fi(up)xy +fo(up)xy +o o+ £ (up)xp 4 =0.
It always has a non trivial solution say x;=a;, X,=a3, Xp+1=an+1, in K.

Therefore,
fitupa; +f(upay +..+ £, (u)ag . =0

fi(up)ay +1fr(up)ay +...+ 4 (up)ay, =0,

fi(un)a; +f5(ug)ay +..+ 1y (up)ap; =0.
Let u be the arbitrary element of K, then u=oju; +...+ aju,, ; aieF. Since
alfl (u)+ a2f2 (u)+...+ an+1fn+1 (u)
=ay(fi(upay +fr(upay +...+ 1, (uag )

+ay(fj(up)a) +1H(up)ay +...+ 1 (up)ay )

+oy (fi(up)ag +f(up)ag +..+fp(Un)ans) .
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4.6
46.1

4.6.2

Now by above discussion,
aifj(w)+arfh(u)+...+a,, 4,11 () =0 V ueK. But then by Theorem 4.5.2,
each a;=0, A contradiction and hence contradiction to the assumption that

0o(G(K, F)) > [K:F]. Hence o(G(K, F)) < [K:F].

Symmetric rational functions.

Definition. Ring of polynomials in n variables. Let F be a Field. An

. i i .
expression of the form Zail...ainxll..x}lﬂ; o 0,0 €F is called

iy > Oy oo
polynomial in n variables Xj, X,..., Xo. The set of all such polynomials is
denoted by F[xi, Xa,..., Xu]. If we define component wise addition as one
operation and multiplication of the polynomial using distributive laws as the
second operation. Then F[x}, Xa,..., X,] becomes ring.

If F is field, F[xi, X2, ..., Xa]
becomes an integral domain. Now we can talk about field of quotient of F[x;,
X2, ..., Xp]. It is denoted by F(xi, Xa,..., X,). It elements are quotient of
polynomials from the ring F[x, X2, ..., X,]. Let S, be the symmetric group of

degree n considered to be acting on the set {l1, 2, ..., n}. Let

r(xy, ....Xy)€F(xq, ...,x,). Define the action of o €S, on r(xy, ...,x,) by

o(r(Xq, - Xp)) =1(Xg(1), s Xg(n)) - Now we define:

Symmetric rational function. Let r(xy, ...,Xx,)€F(x{, ....,x,;) . Then
r(Xy, ...,Xy)1s called symmetric rational function in F(xy, ...,x,) if
o(r(xy, ...,Xy)) =1(Xq, ...,X,) for all oS, . In other words, these are the

rational functions which are left fixed by S,. Since symmetric rational
functions lies in the fixed field of S,.. They form subfield of F(x;, ...,x,). Let
S denote the field of symmetric rational functions.

Example. Function given below are elementary rational function..

(1 If aj=x;+xp, ap=x;Xy, then a;, a,, are elementary symmetric
functions in x; and x,.

(1) If a; =x; + X +X3, a5 =X Xp +XpX3 +X3X], a3 = X|X2X3, then a;, a,,
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4.6.3

ay, are elementary symmetric functions in Xy, X, and xj.
(111) If a1 = X1 +Xp +X3+Xy4, 2y = XXy +X1X3 +X1Xg4 +XpX3 +XpXyg +X3Xg,
a3 = X1XpX3 T X1XpXyg4 +X[X3Xg4 +X9X3Xy, a4 =X1X3X3X4, then ar, ajp,

a3, ay4 are elementary symmetric functions in x|, Xp, X3 and x4.

n
(iv) If a;= Xxj, a3 = X XX}, a3 = X X{XjX,...,dp =
i=l1 <] i<j<k i

X;, then aj,

IN=E

a, az,...,a,, are elementary symmetric functions in X;, X,..., X, .

Theorem. Let F be field and F(xy, ...,x,) be the field of rational functions in
X1, -..,Xyover F. Suppose that S is the field of symmetric rational functions;
then

(1) [F(xq, ...,xp) :S]=n!

(i1) G(F(xq, ...,xy), S)=Sn, the symmetric group of degree n.

(ii1) If ay, ay, ..., a, are the elementary symmetric functions in x;, Xj,..., X,
then S=F(a;, ...,a,).

(iv) F(xq, ....,x,)is the splitting field of over F(ay, ..,a,)=S of the

n-1

polynomial t" —a;t +aztn_2...+an (-D".

Proof. (i) As S, is the symmetric group of degree n on set {1, 2,..., n} and
G(F(xq, -.»Xy), S) is a group of automorphisms of F(xq, ...,X,) which
leaves every element of S fixed. Letr(x;, ...,x,)€S. Then by definition of
symmetric rational function, for ceS,, o(r(x, ...,Xy))=1(X], s Xp)
vr(Xq, ....Xp)€S. But then by definition 4.5.5, o€ G((F(xy, ....X,), S).
Hence o(G(F(xy, ...,x,),S)=n!. By Theorem 4.5.7,

[F(xq, -»Xy): S] 2 0(G(F(xq, ..., Xpy),S) 2n!

*)
As aj, ay,..., a, are elementary symmetric functions in x;, Xa,..., Xp, therefore,

aj, as,..., a, are contained in S. But then F(ay, ay,..., a,)=S. Hence
[F(xq{, ....xp):F(a, ..,ap)]=[F(xq, ....X):SI[S:F(ay, ...,a,)]
(**)

Consider the polynomial
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4.6.4

4.7
4.7.1

" —at" T rart" 2 (=) a,.
It is polynomial over F(a;, ..,a,). Since aj, a,..., a, are elementary

symmetric functions in xi, Xa,..., Xy, therefore, we have

" —at" T ast" 2 (- e, = (=X )(t—Xg)o(t—X ).
Here we see that X, X,..., X, are the roots of above polynomial, therefore,

n-1 n-2

F(X{,...,Xy) is splitting field of t" —a;t"™ +a,t""“..+(-1)"a,, proving
(iv). Further we know that if K is the splitting field of some polynomial f(x) of
degree n over the field F, then [K:F]<n! . Hence

[F(xq, ....xp):F(aj, ..,ay)]<n!

(***)

By (*) and (**) we get that

[F(xq, ....,xp):F(aj, ..,ay)]=n!
Using (***), we get [F(xy, ...,X,):F(ay, ...,a,)]=n!.
But then

[F(xqy, ....,xy):S][S:F(ay, ...,a,)]=n!.

Since by (*),[F(xq, ...,x,):S]=n!, therefore, we get [F(xj, ...,x,):S]=n!
and [S:F(a;, ...,a)]=1li.e. S=F(ay, ...,a,), proving (i) and (iii).
Further, n!=[F(x;, ...,x,):S]= 0O(G(F(x;, ...,x,),S) = n! implies that

o(G(F(xq, ...,xy),S)=nl!, proving (i).

Note.(i) By above theorem we come to know that symmetric rational functions
in n variables is a rational function in the elementary symmetric functions of
these variables. More sharply we can say that: A symmetric polynomial in n

variables is a polynomial in their elementary symmetric functions.
Normal extension.

Defnition. Normal extension. A finite extension K of field F is called normal
extension of F if the fixed field under G(K, F) is F itself.
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4.7.2

4.7.3

Example. In 4.5.6, as discussed in example (iii) and (v), K is a normal

extension of F while in example (iv), K is not a normal extension of F.

Theorem. Let K be a normal extension of F and let H be a subgroup of
G(K, F); let Ky ={xeK | o(x)=x V ceH}be the fixed field under H. Then
(1) [K: Kg]=0o(H) . (i) H=G(K, Ky).
Proof. Since H leaves every element of Ky fixed, therefore, HCG(K, Kg).
Hence 0o(G(K, Ky)) = o(H). Moreover [K: Ky] > 0(G(K, Ky)). Hence [K:Ky]
> 0(H). As Ky is a subfield of K, we can find aeK such that K=Ky(a); this a
must therefore satisfy an irreducible polynomial over Ky of degree m=[K: K]
and no nontrivial polynomial of lower degree. Let 61, G2, ..., o be the distinct
elements of H, where o is the identity of G(K, F). Then o(H)=h. Consider the
following functions:

n n

o) = Xoj(a), ap = X oj(a)oj(a), ..., a, = [1oj(a).

i=1 i<j i=1

Let ceH, then ©0y,00,,...,00} are all distinct elements of H. Hence

{0Gy,060,,...,66},} ={0],09,...,0p } . Now

n n
o(ay)=o(xoi(a))= Xocj(a)= Zoj(a) VoeH,
i=1 i=1 i=1

n
o, remains invariant under every ¢ € H and hence belongs to Ky. Similarly
each o; belongs to Ky.
Consider the polynomial
_Jh h-1 h
(x—-0o1(@)(x-05(a))...(x—op(@)=x —a;x +..+(-D) ay.
The roots of this polynomial are a=oj(a), 65(a), ...,on(a). As o; €Ky,

xP —oclxh_l +...+(—1)hoch is a polynomial over Ky with a as its root. Since

the degree of minimal polynomial of a is m, therefore, h > m. Hence [K:Ky] <
o(H). Now by above discussion, [K:Ky] = o(H). Further o(H)= [K:Ky] >
0(G(K, Kp)) = o(H) implies that o(H)=0(G(K, Ky)). Hence H=G(K, Ky).

Note. Let K be a normal extension of F, then Kgx, p=F and [K: Kgxk, F)]
=0(G(K, F).
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4.7.4 Theorem. Let K be finite extension of field F, characteristic F is zero. Then K
is a normal extension of F if and only if K is splitting field of some polynomial
over F.
Proof. Since characteristic of K is zero; K is simple extension of F. Hence
K=F(a) for some a €K. Let 6, G, ..., G, are distinct elements of G(K, F)

where o) is the identity of G(K, F). Consider the following functions:

n n
o) = Xoj(a), ap = X oj(a)oj(a), ..., a, = [1oj(a).
i=1 i<j i=1
Then it is easy to see that o, a,, ..., o, are elementary symmetric functions
in 61(a), o2(a) ...,on(a)(show that o, a,, ..., a, are elementary symmetric

functions in G1(a), G2(a) ...,on(a))
Let us suppose that K is normal extension of
field F. Then by definition of normal extension, F is fixed field of G(K, F).

Consider the polynomial

1

(x—o1(a))(x =65 (a))...(x —c,(a)) =x" —ox" T +..+(-D)"a, .

The roots of this polynomial are a =oc;(a), c,(a), ...,o,(a). Since each q; 1s

left fixed by each ¢ e G(K, F) and hence belongs to fixed field F of G(K, F).

1+...+(—1)nocneF[X]. Since a €K and o; is an

Therefore, x" —oyx"~
automorphism on K, ci(@) also belongs to K. As K is smallest field

1

containing all the roots of the polynomial x" —o;x"™ +...+(-D)" o, € F[x],

14 .+(=1)"0, over F. Hence K is splitting

K is splitting field of x" —ax"
field of some polynomial over F.

Conversely, suppose that K is splitting field of
polynomial f(x) over F. We want to show that K is normal extension of F. We
proceed by applying induction on [K: F]=n. If n=1, then K=F. Since fixed
field of G(K, F) is contained in K=F and contains F, therefore, fixed field of

G(K, F) is F itself and the result is true in this case. Assume that result is true

for any pair of fields K; and F; of degree less then n that when ever K; is
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splitting field of some polynomial over F;, then K; is normal extension of F,
also.

If f(x) €F[x] split into linear factors over F, then K=F,
which is certainly a normal extension of F. So, assume that f(x) has an
irreducible factor p(x) €F[x] of degree r >1. Since every irreducible
polynomial over the field of characteristic zero has no multiple roots, let
oy, 0y,...,0, are distinct roots of p(x) all lies in K. Consider the field F(a,).
Since F < F(a), therefore, f(x)eF(a;)[x]. But then K is splitting field of f(x)
over F(a;) also. Since [K:F]=[K:F(a)][F(a;):F] and [F(o):F]=r>1, we have
[K:F(a)]<[K:F]. Hence by induction hypothesis K is normal extension of
F(a,) and Hence fixed field of G(K, F(a,;))=F(a;).

Let weK be arbitrary element which is left fixed by
every ceG(K, F). We will show that oeF. Let 5, G(K, F(a,)), then o, leaves
every element of , F(a,) fixed and hence also leaves every element of F fixed,
therefore, 6;€G(K, F). Then by assumption &;(®) = o for every c,€G(K,
F(ay) and hence belong to the fixed field F(a;) of G(K, F(a,). Since every
element of F(a,) is of the form Br_lotf_l +Br_2oc{_2 +...+Bo; Br_1> --Bo €F
, we have

o=PB,_jo0]  +B, ral 2 +..+By. Since we
always have an automorphism c;€K such that ;e G(K, F) and oi(ou)= a; .

Further by our choice &;(®w)=, and o;(B)=P V eF we have
©=0;(0) = Br10i (e ) +Br20i (e ) +...+ By
Equivalently, B,_jol ' +B, 0l 2 4. +By—o=0;i=12,...r.
Thus the polynomial
Broyx TP, _ox" 2 +...+Pg—® of degree at most 1 -1 has ay, oy,

..., o, as r distinct root. This is possible only when all the coefficients of the
polynomial are zero; in particular By —® =0. Hence ® =f € Fand hence F is

the fixed field of G(K, F) i.e. K is normal extension of F.
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4.75 Corollary. If K is an extension of field F(characteristic F=0) such that

4.8

[K: F]=2, then K is normal extension of F.

Proof. Since characteristic of F is zero, therefore, K=F(a) for some acK. It is
given that [K:F]=2, therefore, a satisfies an irreducible polynomial of degree
two. Let f(x)=x"+bx-+¢c be its minimal polynomial of a over F. One of the root
of f(x) is @ and v be another root of f(x). Butthen v+a=-b=v=-b-a
which lies in K. Hence all the root of f(x) lies in K. Since K is smallest
extension which contains all the root of f(x), K becomes splitting field of the

polynomial f(x). Hence by Theorem 4.7.4, K is a normal extension of F

Example. Show by an example that normal extension of normal extension of a
field need not be a normal extension of that field. In other words if L is normal
extension of K and K is normal extension of F, then L may not be a normal
extension of F.

1
Solution. Let F=Q(field of rational numbers), K=Q(\/§) and L=Q(24).

Since~/2 satisfies an irreducible polynomial x>-2 over F, [K: F]=2. Then by

Corollary 4.7.5, K is normal extension of F.
1
As 24 ¢ Q(\/E )and satisfies the polynomial

1
x2 =2 over Q(\/E), therefore, [Q(24):Q(\/5)]=2. Again by Corollary
4.7.5, L is normal extension of K.

1
Since 24 satisfies the polynomial x*-2 over F

1 1 1 1
which is irreducible over Q. Its roots are 24, -24,i24 and -i24. Since the

1
imaginary root of polynomial x*-2 does not lies in L=Q(24), L is not splitting

field of x*-2 over Q. Hence L is not a normal extension of F.

KEY WORDS.
Normal, Separable, splitting field, rational, Algebraically closed, Symmetric.
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4.9

4.10

411

SUMMARY. In this chapter, we study algebraically closed fields, rational

symmetric functions, normal extensions and fixed fields.

SELF ASSESMENT QUESTIONS.

(1) Prove that every automorphism on K must leave rational number fixed.

(2) If K is an extension of field F, char F=p#0 and a€K is separable over F,
then F(a) is separable extension of F.

(3) Prove that for given fields FcLcK, if K is separable over F, then it is

separable over L also.

SUGGESTED READINGS.

(1) Topics in Algebra; LN HERSTEIN, John wiley and sons, New York.

(2) Modern Algebra; SURJEET SINGH and QAZI ZAMEERUDDIN, Vikas
Publications.

(3) Basic Abstract Algebra; P.B. BHATTARAYA, S.K.JAIN, S.R.
NAGPAUL, Cambridge University Press, Second Edition.
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5.0  Objective. Objective of this chapter is to study the Fundamental Theory of
Galois. With the help of splitting field K of polynomial f(x) over the field F,
Galois Group G(K,F) of the polynomial {(x) is obtained in order to see that the
general polynomial of degree n>4 is not solvable by radicals.

51 Introduction. In this chapter, we study about perfect fields in the Section 5.2.
In next section, we study about Galois group of a polynomial and Galois
Theory. In Section 5.4, by the use of Galois Theory, we see that general
polynomial of degree n > 4 is not solvable by radicals. As there are
polynomials (for example x*+1, x*+x+1 having primitive second root of unity
and primitive third root of unity) whose all roots are primitive n™ roots of
unity called as n™ cyclotomic polynomials, are studied in Section 5.5. In last
section we study about finite fields and show that for given prime p and
positive integer n, there always exist a finite field of order p".

5.2  Perfect field.

5.2.1 Definition. A field F is called perfect if all finite extensions of F are separable.
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5.2.2

5.2.3

5.3

531

5.3.2

Theorem. Prove that any field of characteristic 0 is perfect.

Proof. Let F be a field with 0 characteristic. Let K be finite extension of F.
Then K is algebraic extension of F also. Therefore, every element k of K
satisfies some irreducible polynomial over F. Since characteristic of F is 0,
therefore, every irreducible polynomial is separable over F. Hence every
element k of K is separable over F. i.e. K is separable extension of F.

Therefore, every finite extension K of F is separable over F. i.e. F is perfect

field.

Theorem. Prove that a field F of characteristic p (#0) is perfect if and only for
every ac F, wecan find binF such that b’=a.

Proof. Proof follows from Theorem 4.4.5.

Galois Theory.

Definition. Galois Group. Let K be the splitting field of some polynomial
f(x) over F. The Galois Group of {(x) is the group of all automorphisms of K

leaving every element of F fixed.

Lemma. If K is a normal extension of field F(characteristic of F =0) and T is a
subfield of K containing F, then T is normal extension of F if and only if
o(T)T for all ce G(K, F).
Proof. Since K is normal extension of F, therefore, K is a finite extension of F.
Hence T is also a finite extension of F. Since the characteristic of T is zero,
therefore, T=F(a) for some a in T. Suppose that T is normal extension of F.
Then to prove that 6(T) < T for all e G(K, F).

Since T is normal extension of F, therefore, G(T, F) is a finite
subgroup of G(K, F). Let 6}, G2,...,6m be the m distinct elements of G(T, F)

where o) is identity element. Since c(a),...,om (a) are the elements of T,

1

consider the polynomial p(x)= (x-61(a))...(X-6m ()= x" = x" " +...+ (=D ap,

where a;, 0,..., Oy are elementary symmetric function in c;(a),...,0m (a).

Further each o; is invariant under elements of G(T, F). Since T is normal

extension of F, therefore, each o; belongs to F. Hence p(x) is a polynomial
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5.3.3

over F with a as its root lying in K. Now for e G(K, F), o(a) is also a root
of p(x). But all the roots of p(x) lies in T, therefore, o(a)eT. Since T=F(a) and
[T: F]=0(G(T, F))=m, the arbitrary element t of T is of the form

-1 -2
tzBlam +B23m +...+Bm;Bl,Bz,...BmEF.

Then for ceG(K, F),
o(t)=o(Ba™ ! +Byam 2 +...+Bpy)
=o(B)o(a)™ ! +6(B)o(@)™ ? +...+ 5(Bp)

=B1o(a)™ ! +Bro(a)™ 2 +.. 4+ By

By above discussion, o(t)e T V o € G(K,F). Hence o(T)c T Vo e G(K,F).

Now suppose that 6(T) = T Vo € G(K, F), we will show that T
is normal extension of F. Since K is normal extension of F, therefore, G(K, F)
is finite. Let G}, ©2,...,0, be the n distinct elements of G(K, F) where o, is
identity element. Since T=F(a) for some ain T and o(T)c T Vo e G(K,F),
we get that 6y(a),...,on (a) are the elements of T. Consider the polynomial
f(x)= (x-61(2))...(x-0n (a))= x"—ax" 4. +(=)"a, where a;, ay,..., 0, are
elementary symmetric function in Gy(a),...,c, (a). Further each a; is invariant
under elements of G(K, F). Since K is normal extension of F, therefore, each
a; belongs to F. Hence f(x) is a polynomial over F with a as its root lying in T.
Since a is a root of f(x) and T=F(a) is the smallest field containing all the roots
of f(x), T becomes splitting field of polynomial f(x)eF[x]. Hence T is normal

extension of F.

Theorem. Show that Galois group of a polynomial over a field is isomorphic
to a subgroup of group of permutation of its root.

Proof. Let f(x) be a polynomial over the field F. Let K be the splitting field of
f(x) over F. Then K is normal extension of F. Therefore, the Galois group
G(K, F) of f(x) is of finite order [K:F]= n, say. Let o), ©2,...,0, be the n
distinct elements of G(K, F). Let S={a;, 0,..., am} be the set of m distinct
roots of f(x) in K and P be the set of all those permutations on S which
changes only those elements of S which are not in F i.e. P is the set of all

those permutations on S which leaves every element of F fixed. If y; and y»
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are two elements of P then the composite mapping y;y, also fixes every
element of F. But then y;y,eP. Equivalently, we have shown that P is a
subgroup of group of all permutations on S.

Let 5eG(K, F). Take o as the restriction of 6 to S. If a is a
root of f(x) in K, then (o) = o*(a) is also a root of f(x) in K. Since S is the set
of all the root of {(x), therefore, c*(a)e S. Hence 6* is a function from S to S.
Being a restriction of 6, 6* is a one-one and onto mapping which leaves every
element of F fixed. Hence o*eP.

Define a mapping 6 from G(K, F) to P by

0(c)=c V oeG(K,F)

0 is one-one. Let o; and o, belongs to G(K, F). If 6 (o;)= 6 (o), then

c1*=0,* . But then 6,*(a)=0,*( a) for all aeS. Equivalently, ci(a)=c2(a) for
all aeS. Since K=F(a;, 0,..., am), therefore, every element of K can be
obtained from F and oy, ay,..., ayn. Hence if BeK, then o(B)=c2(B) for all
BeK. Hence o= o,. Therefore, mapping 6 is one-one.
0 is onto. Let g be any element of P. Then g is a permutation on S leaving
those elements of elements of S fixed which are in F. Obtain an extension
mapping g* of g. i.e. a mapping such that g*(oc)zg(a) for all a belonging to S
and which leaves every element of F fixed. Clearly such a mapping g* 1s
obtainable in G(K, F) because K=F(a,, ay,..., om). Hence mapping 0 is onto
also.
0 is homomorphism. Let 6, and o, belongs to G(K, F). Then 6(c6,) =
(o102)*, the restriction of 6,6, on S. But then

(0102)*(0)= o102() =61(02())= G1(02* ()= o1*0r* () V aLeS.
Hence (0102)*= o1*0,* and hence 6(o;02)=(0102)*= ©1*6,*=0(51)0(02),

proving that 0 is an isomorphism from G(K, F) to P.
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5.3.4 Theorem. Let f(x) be a polynomial in F[x], K its splitting field over F and
G(K,F) its Galois group. For any subfield T of K which contain F, let G(K,T)
={ce G(K, F)| o(t)=t for every teT} and for any subgroup H of G(K, F) let
Ku ={xeK| o(x)=x for every 6eT}. Then association of T with G(K, T) sets
up a one-one correspondence of the set of subfield of K containing F onto the
set of subgroup of G(K, F) such that
(1) T=Ksx, 1)

(i) H=G(K, Kg)

(111) [K:T]=o(G(K, T)), [T:F]= index of G(K, T) in G(K, F)

(iv) T is normal extension of F if and only if G(K, T) is a normal subgroup of
G(K, F).

(v) When T is normal extension of F, then G(T, F) is isomorphic to G(K, F)/
G(K, T).

Proof. (i) By Theorem 4.7.2, if K is a normal extension of F, H is a subgroup
of G(K, F) and Ky is the fixed field under H. Then [K: Ky] =0(H) and
H=G(K, Ky). It is given that K is the splitting field of polynomial f(x) over F.
Since FcT, therefore, f(x)eT[x]. But then K is splitting field of f(x) over T.
Hence K is normal extension of T also. Therefore Kok 1=T.

(i1) Again by Theorem 4.7.2, H=G(K, Ky). (write prove the theorem 4.7.2). By
this theorem we get that any subgroup of G(K, F) is of the form G(K,T)
corresponding to the subfield T of K containing F. Define a mapping from the
set of all subfields of K containing F and the set of all subgroup of G(K,F) by
setting ¢(T)=G(K,T). This is an onto mapping as for given subgroup G(K,T)
we have T as its fixed field. This is one-one mapping as if ¢(T1)= ¢(T>), then
G(K,T1)= G(K,T2). But then Kgk 1) = Kg(k 1,)- Since Ty and T, are subfield of

K containing F, by (i) T; =T,. Hence there is one to one correspondence
between the set of all subfields of K containing F and the set of all subgroup of
G(K,F).

(ii1) Since K is normal extension of T, therefore, by Theorem 4.8.2, [K:T]
=0(G(K,T)). Further K is normal extension of F, therefore, [K: F]= 0G(K,F).
As K is finite extension of T and T is finite extension of F, therefore,
[K:F]=[K:T][T:F]. Equivalently o(G(K,F))=[K:T] o(G(K,T)) ie. [K:T]=
0(G(K,F))/ o(G(K,T))= index of G(K,T) in G(K, F).
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(iv) By Theorem 5.3.2, T is normal extension of F if and only if
o(T)cT forall ceG(K, F).

As K is normal extension of T, therefore, fixed field of G(K,T) is T itself.
Therefore, T is normal extension of F

if and only if 1(c(t))= o(t) for all teT, ceG(K, F) and 1eG(K,T)

if and only if o 'to(t)=(t) for all te T, 5eG(K, F) and t1e G(K,T).
But then by definition of G(K,T), 6'toeG(K,T) for all ceG(K, F) and
1eG(K,T). Hence T is normal extension of F

if and only if o'toeG(K,T) for all 5eG(K, F) and 1eG(K,T)

if and only if G(K,T) is normal subgroup of G(K, F).
Hence T is normal extension of F if and only if G(K,T) is normal subgroup of
G(K, F).
(v) It is given that T is normal extension of F. But By 5.3.2, T is normal
extension of F if and only if o(T))cT for all ceG(K, F). Let o be the
restriction of o on T i.e. 6 (t) = o(t) for every teT. Since o leaves every
element of F fixed, therefore, o also leaves every element of F fixed and
hence G*EG(T, F). Define a mapping v : G(K, F)— G(T, F) by y( G):G*.
The mapping is well defined as if ©,=03, o1(k)=0c,(k) for every ke K. But then

c1(t)=o(t) for every t €T. Equivalently, GT (t)= G; (t). Hence Gik = (5; and
hence y(o))= y(o) i.e. mapping is well defined.

Since (6162) (1)=(c162)(1)=01(G2(t)= 0, (53 (1) =07 (G (1)) = 5153 (1)

V teT, therefore, (6162)*: GTG;. Then W(G]Gz):(ﬁlﬁz)*: GTG; = y(o)y(o2)

i.e. y is an homomorphism of G(K,F) into G(T,F). By fundamental theorem

G(K,F) _

on homomorphism, ~y(G(K,F)). Now we evaluate Ker y. Let o€

Ker v, then y(o)=I, where I is the identity of G(T,F). Then o =l i.e. ¢ (t)=t

for every t in T. Since o (t)= o(t)=t, therefore, ceG(K, T) and vice versa.

Hence GE.F) =y(G(K,F)). Further o( G(K.F) )= o(G(K.F)) _
G(K,T) G(K,T)"  o(G(K,T))

(i11)). Since [T: F]=0(G(T: F). Therefore, image of G(K, F) in G(T, F) is all of
G(K,F)
G(K,T)

[T:F] (by

G(T, F). Hence =G(T,F). It completes the proof of theorem.
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5.4

Solvability by radicals.

Consider general quadratic polynomial x*+a;x+a, over the field F. This

polynomial then can be taken over the field F(a;, a;), extension of F obtained

by adjoining a; and a, to F. Let a and f are its roots, then a =—a, +\/a12 —4a,

and B=-a;— a12 —4a, . We see that there is a formula, which expresses the

roots of p(x) in terms of a; and a, and square roots of rational functions of
these.
Consider general qubic polynomial t(x)=x’+a;x*+a,x+as. Then by

Cardan’s formula if we let

2 3 3 2
p:az—a—l, qzzﬂ—m+a , p=3-d, /P 9 and
3 27 3 2 V27 4

3 2
QZi/ —%— 123_7+q7 (with cube roots chosen properly) then the roots of

. a a a
equation x*+a;x*+arx+a; are P+Q—?l, mP+m2Q—?l, 032P+03Q—?1;

o(#1) is cube root of unity. We see that there is a formula, which expresses
the roots of p(x) in terms of a; and a, and square roots of rational functions of
these. Similarly we obtain the roots of q(x) in terms of a;, a, , a3 , by taking
relations between square roots and cube root of rational function in a;, a; and
a3. Now the over all observation is that we can obtain an extension of F(aj,a,,
a3) by adjoining square root and then a cube root to F(a;,a; , a3) , which
contains all the roots of q(x). Similar formula can be obtained for bi-quadratic
equations. Can we obtain such an formula for fifth degree equations. ? The

answer is no. In mathematical terms we say that every polynomial of degree
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54.1

5.4.2

5.4.3

less then or equal to four is solvable by radical while general polynomial of
degree more than four is not solvable by radicals.

Definition. For given field F, polynomial p(x) in F[x] is solvable by radicals
over F if we can find a sequence of fields F1=F(,), F2=F(®,), ..., Fi=Fk.1(®k)
=F(®1, ®2,..., o) such that o] eF, 07 €F,...,0X eF_; such that the roots
of p(x) all lies in Fy.

Remark. If K is the splitting field of p(x) over F, then p(x) is solvable by

radical over F if we can find a sequence of fields FcF=F(®,) cF,=F(®:) <
...cF=F.1(wy) such that o €F, of €F,...,oF € F_, such that the roots of

p(x) all lies in Fy and Fyx cK.

Theorem. If the field F contains all the n™ roots of unity, a is nonzero element
of F, and K is the splitting field of the polynomial x"-a over F, then

(i) K=F(u); u is the root of x"-a

(ii) The Galois group of x"-a over F is abelian.

27
Proof. Take a=e¢ " . Then o is n™ root of unity such that o™ #1 for 0<m<n.

We call a as primitive n™ root of unity. Trivially 1, a, az, e o™ all are root
n™ roots of unity. All these are distinct as if o = o , 0<i<j<n-1, then o =], a

contradiction that o™ #1 for 0<m<n.

. . 2 -1 ..
If u is root of x"-a in K, then u,ua, ua”,..., ua" " are distinct

roots of x"-a. By our assumption o lies in F, therefore, all the roots of x"-a lies
in F(u) and F(u) is smallest such field. Hence the splitting field of x"-a is F(u)
and thus K=F(u).

If 61, o, are two elements in the Galois group G(K=F(u), F) of

x"-ai.e. 61, o, leaves every element of F fixed. But then o;(u) and o,(u) are
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5.4.4

5.4.5

n—1

also roots of x™a . Since u,ua, ua’,..., v’ are only distinct roots x"-a,
therefore, o1(u)= ua' and o,(u)=ua’ for some positive integers i and j. Then

6162(0)= o1 (02(0))= o1 (va!)=c, (u) o1 (a')=ua'. Similarly c0,(u)=

ua’™ =ua'. Therefore, 616, and ©,06, agree on u and F, hence on all of

K=F(u). But then ©,0, = 6,0}, whence the Galois group is abelian.

Corollary. If F has all n™ root of unity, then adjoining one root of x"-a to F,
where a belong to F, is a normal extension.
Proof. It is clear from Lemma that K=F(u), u is root of x"-a, is splitting field

of x"-a over F. Hence K is normal extension of F.

Theorem. If F is a field which contains all n™ root of unity for every positive

integer n and if p(x)eF[x] is solvable by radicals over F, then the Galois group

over F of p(x) is a solvable group.

Proof. Let K be the splitting field of p(x) over F and G(K,F) is Galois group of

p(x) over F. Since p(x) is solvable by radicals, there exist a sequence of fields
FcF,=F(w) cF=Fi(®) < ...cF=Fx.1(®y),

such that o' €F, of €F,...,0f eF_; and where KcFy. As we pointed out

without loss of generality we may assume that Fy. Since FCF; for all 1<1 <k,
therefore, p(x) also belongs to Fi[x]. Hence F is the splitting field of p(x) over
F;. Hence F is normal extension of F; also.

By assumption F contains all the n™ root of unity for all positive

h

integer n, therefore, each Fi; also contains all the n"™ root of unity. In

particular, Fi.; also contains all the ;" root of unity. If we take a polynomial
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5.4.6

xi —(oiri €Fi.[x], then by Theorem 5.4.3, Fi=F;.;(®i) is normal extension of

Fi.1. Since Fy is also normal over F;.;, therefore, by Theorem 5.3.4, G(Fy, F) is
normal subgroup of G(Fy, Fi.;). Consider the chain

G(Fy, F) © G(Fy, F1) © G(Fi, F2)o ..o G(Fy, Fi1) 2{e}  (¥)
Since for each 1, 1< 1 < k , G(Fx, Fi) is normal in G(Fy, F;), G(Fx, F)) is
normal in G(Fy, F) and F; is normal extension of Fi;, by Fundamental

G(F,F_)

Theorem of Galois theory, G(F.,F,_;)=
ry, G(F,F_1) G(F,F)

. Since by Theorem 5.5.3,

G(F, F_)

G(F,F_) 1s abelian, therefore,
G(F. K)

is abelian. Thus each quotient

group Gl Fiy) of the chain (*) is abelian. Thus G(Fy,F) is solvable. Since
G(F,F)

KcFy and is a normal extension of F. Again by Theorem 5.3.4, G(F,K) is a

G(K,F)

normal subgroup of G(F,,F)and G(K,F)= )
group (Fg, F) (K, F) G(F.K)

Thus G(K, F) is

homomorphic image of G(Fx, F), a solvable group. But we know that
homomorphic image of a solvable group is also solvable. Hence G(K, F) is
solvable. Since G(K, F) is Galois group of p(x) over F the theorem has been

proved.

Remark. (i) Converse part of Theorem 5.4.5 is also true; i.e. if Galois group
of p(x) over F is solvable then p(x) is solvable by radicals over F.
(i1) Theorem 5.4.5 and its converse part is also true even when F does not

contain the roots of unity.
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5.4.7

5.5

5.5.1

Theorem. The general polynomial of degree n > 5 is not solvable by radicals.

Proof. Take F(aj, ay, ..., a,), the field of symmetric rational functions in the n
variables a1, ay, ..., an. If X1, X»,..., X, are n variable such that
n n
a; = XXj, a3 = X X{Xj, a3 = X XjXjXg,...,ap = [1Xj.
i=1 i<j i<j<k i=1

Then xj, Xa,..., X, are the root of the polynomial

"+t +.. .+ an.
But then F(xi, X, ..., X,) is the splitting field of above polynomial. Since
(Theorem 4.6.3) Galois group G(F(x;, X2, ..., Xn), F(ai, az, ..., a,))=S,,
(symmetric group of degree n on {1, 2, ..., n}). Then, by Theorem 5.5.5,
tn+a1tn'1+. ..+ a, is solvable by radicals over F(a,, a,, ..., a,) if and only if S, is
solvable. As we know that S, is not solvable for n > 5. Hence the general

polynomial of degree n > 5 is not solvable by radicals.

Cyclotomic polynomials.
Let C be the field of complex numbers. Consider the complex number
i2n

2n .. 2w
op= cos— +isin—=e M . Then a"=1 and a™#1 for 1< m <n. We call a as
n n

a primitive n" root of unity. Clearly o satisfies the polynomial x"-1 over field
of rational numbers. Now the question is that what is minimal polynomial of

o?

Definition. Cyclotomic polynomial. Polynomial ¢ ,(x) defined as:
(a) ¢ 1(x)=x-1

x"-1)

b) if n>1, gu(x)=
(b) if n>1, (x) e (x)

, where d runs over all the divisors of n except for

n itself. These polynomials are called cyclotomic polynomials. @n(x) is called
n™ cyclotomic polynomial.

x*-h_x*-1 _
Nax)  (x=1)

x+1

Example. (i) ¢(x)=
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-1 _ (=D _ >

(i) #(x)= 40 oD =x"+x+1

(D 0= ¢1(();j¢;21(1<) } (x(ﬁ)(;lz TR

V) $s(x)- (;5 (;)1) - ((’;5_‘11)) Cxt i ax ext]

() 4007 A (x;j (;)1;3 x) (x + 1)(2?)22 +x+1) “xons
(vil) o (x) = -1 x-n -

AXBK)  (x-DHxZ+x+1) (X =1)
_ Y- P -DECHx 4D
x> -1) x> -1)

= xb+xP+1)

5.5.2 Observations made about the Cyclotomic polynomials from above
discussion.
(1) These are monic polynomials with integer coefficients.
(i1) Degree of @n(x) is ¢(n), where ¢ is Euler’s phi-function.
(ii1) a, 1s a root of ¢, (x) and ¢@y(x) is minimal polynomial of a,.

(1v) ¢#u(x) is irreducible polynomial over field of rational numbers.

5.5.3 Notation. When n=p", denote ¢p“ (x)= t//(m)(x) .

554 Lemma. For all m >1,

m
p _ m-1

t//(m)(x)z—X — ! —1+xP  4+x?P
xP -1

m-1

m-—1
+..+xP7DP

Proof. We will prove the result by induction on m.

If m=1, then z//(l)(x) :¢p (x). Since 1 is the only divisor of p which is less

Xp—l_xp—l

h(x) x-1

2

—1+x+x%+..+xP D Hence the

than p, therefore, g, (x) =

result is true for m=1.
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5.5.5

Let us suppose that result holds for all k <m. i.e.

k
p

_ k-
W(k)(x):XTll:1+xp
xP -1

1 k-1

k-1
+x2P xR

Consider y/(m)(x). Since l//(m)(X) =¢pm (x) and only divisors of p™ are 1,

D....p™" which are less than p™, therefore,

m m

b (X) = xP -1 _ xP 1
P A (0B () (x =Dy D0y D)

Since by induction hypothesis,

p 1 p2 1 pm—l 1 .
x-Dp V). ™DV =(x-) == T =xP 1,
x—=1 xP-1 0" 4
therefore,
pm — m-—1 m-—1 m-—1
yMx) =2 — L™ ™ ™
xP -1

It proves the result.

Theorem. For any prime p and non negative integer m, the polynomial
w (™ (x) is irreducible in Q[x].

Proof. Clearly !//(m) (x)is a monic polynomial of degree d(p™)= (p-1)p™" with

integer coefficients. Further

m m-1
P p P_1 m-1
l//(m) x)= X — = (x m_]) — ,//(1) (XP ) (1)

xP -1 xP -1

Let f(x) and g(x) are two polynomials with integer coefficients, define
f(x)=g(x) mod p if f(x)=g(x) + pr(x), where r(x) is polynomial with integer

coefficients.
p—l . .
Now (f(x)+g(x))’=f(x)? +( T pc, f(x)P " g(x)")+g(x)P. Sincepc, =0
i:l 1 1

mod p, therefore, (f(x)+g(x))’ =f(x)” +g(x)” mod p. Further, for every positive
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n .
integer a, by Fermat Theorem, a8° = a mod p. Hence if f(x)= Ya;x', then
i=0

FGOP = X(ap)PxP' =
i=0 i

1

% a:(xP)! = f(xPymodp.
=0

k k
Proceeding in the same way we get f(x)? =f(xP )modp for all

non-negative integers k.

By (1), l//(m) (x)= w(l) (xpm_1 ), therefore,

v (x _I_l)pm_l _ ((x+1)p —1))pm—1 _ ((x+1)p —1))pm—1
(x+1-1) X
l+px+p(p7_l)xz +o+xP-1
=( 2 )P
X

m-1
=xP P modp =™ (x+1) modp.
m-1
Hence l//(m) (x+1) = x(P=Dp pr(x), r(x) is the polynomial with integer
coefficients. As by Lemma 5.5.4,
m-1 m-1 m-1
y W x+)=1+x+D)P  +x+DP 4+ (x+)PDIP

Therefore, l//(m) (0+1)=p. i.e. constant term of l//(m)(X +1)is p.

Now we have a prime p such that p divides every coefficient of

w(m) (x +1) except the leading coefficient and p* does not divides the constant
coefficients of l//(m) (x+1). Hence by Eisenstein Criteria of irreducibility

w ™ (x +1)is irreducible over Q.

55.6 Theorem. For every integer n>1, ¢,(x)=(x—0M)(x-0P)..(x-6@™)),

where 81, ) 0™ are the p(n) distinct primitive nth root of unity.
Proof. We will prove the result by induction on n.
If n=1, then ¢ (x)=(x-1). Since 1 is the only first root of unity, therefore,

result is true in this case.
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5.5.7

Suppose that the result is true for all m < n. Therefore, if d | n, d <n,
we have dy(x)=(x—-0")x=0/D)..x= 02Dy where 6,7 are
primitive d™ root of unity. Now,

X —1=(x-¢)(X=62)..(X=64)5 61> S2,...» Gy are all nth roots of
unity. If we separate all primitive n th roots of unity, we get

X" —1=(x-0D)x -0, .(x -0y (x)
Where v(x) is the product of all other (x—g;). Thus by our induction

hypothesis v(x) is the product of the ¢4(x) over all the divisors d of n, d=n. i.e.
ie. v(x)= T1¢4(x). Then

d/n
d#n
b ()= "1 (x=03")(x=04)...x— 04" P)v(x)
" Ta() v(x)
d#n

=(x - 0;M)(x = 0;P)...(x = 0, D)) 1t proves the theorem.

Theorem. For every positive integer n, the polynomial ¢,(x) is a monic
polynomial with integer coefficients of degree ¢(n), ¢ is the Euler’s ¢-

function.
Proof. Since ¢, (x) = (x — 0D )(x —0P)...(x - 0Py | therefore, its degree is
¢@(n). We now apply induction on n to show that it is a polynomial with integer
coefficient.
If n=1, then ¢ (x)=(x-1)i.e. for n=1, ¢(x)is a polynomial with integer
coefficient.

Suppose that result is true for all m <n. i.e. ¢,,(x) is the polynomial

with integer coefficient.

n
. -1 : : : .
Since d)n(x):X—. By induction assumption, [[¢4(x)is a
[Tdq(x) d/n
d/n d#n
d#n

monic polynomial with integer coefficient. If we divide the polynomial x"-1
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5.5.8

by T[1¢4(x), then it is a monic polynomial with integer coefficients. Hence
d/n
d#n

@, (x) is a monic polynomial with integer coefficients.

Theorem. For every positive integer n the polynomial ¢, (x)is irreducible
over the field of rational numbers.
Proof. Let f(x) be an irreducible factor of the polynomial ¢,(x)in Q[x]. We
will show that f(x)=¢,(x). Let if possible ¢, (x)#f(x), then ¢,(x)=f(x)g(x)
for polynomial g(x). Since ¢,(x)has no multiple roots and is monic
polynomial, therefore, gcd(f(x), g(x))=1.

Let p be a prime number such that p does not divide n. If 6 is a root of
f(x) then 0 is also root of ¢, (x), therefore, 0 is primitive nth root of unity. By
our choice on p, 0 is also primitive n th root of unity. Now we will show that
0P is a root of f(x). Let if possible 6P is not a root of f(x). Then it will be root
of g(x). But then 0 is root of g(6"). Since f(x) is irreducible polynomial,
therefore, it is minimal polynomial of 0. Hence f(x)| g(6"). But g(x")=g(x)"
mod p, then f(x)| g(0)".

Let t(x)=ag+a;x+a,x"+...+ax" be a polynomial in Z[x]. Identify t(x) in
Zo[x] by 1(x) =8 +8yx +83%> +...+3,x", where 3, is residue of a; (mod p).
Then it is homomorphism from Z[x] onto Z,[x].

Since all the polynomials ¢,(x), v(x), f(x) and g(x) lies in

Z[x], Let (Zn (x), V(x), f(x)and g(x) are their respective images in Zy[x]. If
t(x)=ag+a;x+ax"+...+a,x"  and r(x)= bgtbxt+byx*+...+bpx™  are two
mgncixi , where c¢;= X ajby. Since
i—0 jrk=i

polynomials then t(x)r(x)=
1

aj=d;p+aj and b =eyp + by, therefore,
o _ o
ajbk = djekp + (ajek + bde)p + ajbk .
But then a;by =a jBk . Hence we can identity t(x)r(x) by E(x) ;(x) in Z,[x].

Hence (x" —1) =4, (x) v(x), ¢, (x)=f(x)g(x) and f(x)|g(x)P.
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5.6
5.6.1

5.6.2

5.6.3

Therefore, F(x) and é(x) have common root in some extension of
Z,. Now (x" -1) 2%(x);(x)= f(x)é(x)V(x), hence a, as a root of both
f(x) and g(x), is a multiple root of x"-1. Since derivative (x"-1) of x"-1 is
nx"'-1 20, since p does divides n; therefore, (x"-1) is relatively prime to p.
Hence (x"-1) can not have a multiple root. With this contradiction, we say that
whenever 0 is a root of f(x) , then so must 6” be one for any prime p that does
not divide n.

Repeating this argument, we arrive at: 0" is a root of f(x) for every r

that does not divide n. But 0 as a root of f(x), is also a root of ¢, (x) and hence

is a primitive n™ root of unity. Thus 0" is also a primitive nth root of unity for
every I relatively prime to n. By running r over all the number which are less
than n and relatively co-prime to n, we get every primitive root of unity is also

a root of (x). Hence ¢, (x)=f(x), therefore, ¢,(x)1s irreducible over Q. It

proves the theorem.

Finite fields.
Definition. Field F is called finite field if it has finite number of elements. For
example, set {0, 1, 2, ..., p-1} is a field under addition and multiplication

modulo p. It has exactly p elements.

Lemma. If F is a finite of order q, then an extension K of F; [K:F]=n, has ¢"
elements.

Proof. Since extension K of F is a vector space with dimension n over F. Let
Vi, V2, ..., Vy be a basis of K over F. Then elements of K are of the form a;v;+
avit+ opvat...t+ anvy 5 o €F. Since each a; has q choice, therefore, number of

elements in K are q".

Corollary. If F is a finite field, then F has p™ elements where p is the
characteristic of F.

Proof. If F is prime field with characteristic p then it has exactly p elements. F
is not a prime field, then F has a prime subfield P having exactly p elements.

Since F is an extension of P, therefore, by Lemma 5.6.2, F has p™ elements.
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5.6.5

5.6.6

5.6.7

5.6.8

Corollary. If the finite field has p™ elements then every acF satisfies

ap =a.

Proof. If a=0, then the above result is trivial. If a0, then the set of all onzero
elements form group under multiplication. Hence aP o Equivalently

aP =a.

Lemma. If the field F has p™ elements then the polynomial xP" % in F[x]

factors in F[x] as xP" _x = [M(x—-P).
BeF

Proof. Since the characteristic of field F with p™ elements is p, therefore,

1

derivative f (x) of f(x)= P _xis pmxpm_ —~1=-1%0. Hence all the roots

of f(x) are distinct. Further, by corollary 5.4.4, each element of F is a root of

f(x). Hence xP" _x = [Mx-p).
BeF

Corollary. If the field has p"™ elements, then F is the splitting field of

polynomial P —x.
Proof. Result follows by Lemma 5.6.5 and using the fact that no field smaller

than F can contain all the roots of f(x).

Lemma. Any two finite fields having same number of elements of elements
are isomorphic.

Proof. Let the two finite fields F and K have p™ elements. Then By Corollary

5.4.6, these two fields are splitting of the polynomial xP" —x . We know that
any two splitting field of the same polynomial are isomorphic (can be easily

proved), therefore, F and K are isomorphic.

Lemma. For every prime p and every positive integer m there always exist a

field of order p™ elements.
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5.6.9

5.6.10

Proof. Consider the polynomial xP" —x in Z,[x]; Z,, 1s field of integers under
addition and multiplication modulo p. Let K be the splitting field of P _x.
In K let F={aeK| aP =a }. Clearly elements of F are the roots of the
polynomial Xpm —x . Since all the roots of Xpm —x are distinct, therefore, F
has p™ elements. Further for a and b belonging to F we have a?" =a and

bpm =b. Then (ab)pm =apmbpm =ab, therefore, abeF. Since the

. . . m m m
characteristic is p, therefore,(a£b)? =aP +bP? =a+b.Hence F becomes

a subfield of K. Therefore, we always have a field of order p™.

Theorem. For every prime p and every positive integer m there exist a unique
field of order p™ elements.

Proof. Proof follows by Corollary 5.6.7 and Lemma 5.6.8.

Lemma. If G is a finite abelian group with the property that the relation x"=e
is satisfied by at most n elements of G, for every integer n. Then G is cyclic
group.

Proof. Since G is finite abelian group of order n=pft1p(2)t2 Pyt pi’s are
distinct primes, we can write G= S,, (Sp,-Sp, as the direct product of Sylow

pi subgroup of G i.e. every element geG can be written in a unique way as

g=8182... Sr, S{ €Sp... If each Sp, is a cyclic subgroup of G generated by a;
then a=aja,...a,. Let a™=e. Then afnarzn...ain =e. Now using the fact that

each element of G has unique representation, in particular ¢ has unique

representation. Hence a!" =e for 1 <i <r. But then piOLi divides m. Since p;

are distinct primes, therefore, p?l pgz ..pyT=0(G) divides m. Hence 0(G)=m.
Therefore, G will be cyclic if each S, is cyclic. i.e. in order to

show that G is cyclic it is sufficient to show that each p group is cyclic, p is
prime. Let H be a group of some prime power. Let a is an element of H whose

order is as large as possible. Definitely its order is p' for some positive integer
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5.6.11

5.7

5.8

5.9

5.8

r. More over if a'=a/ for i > j, 0<i,j<p"'-1, then a=¢. Since the order of a

2

.. r
is p" > i-j, a=e only when i=j. Hence all the elements e,a,a’,..,aP " are

r
distinct. Further all these elements are the solutions of the equation x? =e,

r
As by our hypothesis xP =e has at most p" distinct solution, therefore,

T T
e,a,a2,...,ap ~lare the only solutions of xP =e. Now if beH, its order is p’

where s < r and bpr = (bpS )pr_S =e. But then by the discussion made above

b=a' for some i. So every element of H is some power of a, therefore, H is

cyclic. Hence G is cyclic.

Theorem. Let K be a field and G be a finite subgroup of the multiplicative
group of non zero elements of K. Then G is cyclic.

Proof. Since K is a field and the multiplicative group of K is abelian. Further
for any integer n, equation x"-1 has at most n root in K and so at the most n

roots in G. The hypothesis of Lemma 5.6.10 is satisfied. Hence G is cyclic.
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SUMMARY.

In this chapter, perfect fields, Galois Theory, solvability by radicals,

Cyclotomic polynomials and finite fields are studied.

SELF ASSESMENT QUESTIONS.

(1) Prove that ¢,(x)is the minimal polynomial in Q[x] for the primitive n®
root of unity; Q is the field of rational numbers.

(2) Show that the multiplicative group of non-zero elements of a finite field is
cyclic.

(3) Find the Galois group of the following polynomials:

x2+1, x>-2 and x*-2.
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